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10.1. Logarithm

There is no escaping the need to become comfortable with the logarithmic function.
The plotting of a variable between wide limits, comparing levels without unwieldy
numbers, and 1dentifying levels of particular importance in the design, review, and
analysis procedures are all positive features of using the logarithmic function.

As a first step in clarifying the relationship between the variables of a logarith-
mic function, consider the following mathematical equations:

a=>b", x = log, a (11.1)

The variables a, b, and x are the same in each equation. If @ is determined by tak-
ing the base b to the x power, the same x will result if the log of a is taken to the base
b. For instance, if » = 10 and x = 2,

a=b"=(10)> = 100
but x = log, a = log;, 100 = 2

In other words, if you were asked to find the power of a number that would result in
a particular level such as shown below:

10,000 = 10"
the level of x could be determined using logarithms. That is,
x = log;p 10,000 = 4

For the electrical/electronics industry and in fact for the vast majority of scientific re-
search, the base in the logarithmic equation is limited to 10 and the number e =
2:71828. . . .

Logarithms taken to the base 10 are referred to as common logarithms, while
logarithms taken to the base e are referred to as natural logarithms. In summary:

Common logarithm: x = log;, a (11.2)
Natural logarithm: y = log, a (11.3)

The two are related by
log{; a=23 loglu a (l 1 4)

On today’s scientific calculators, the common logarithm is typically denoted by the
key and the natural logarithm by the [In] key.
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Using the calculator, determine the logarithm of the following numbers to the base
indicated.

(a) logyo 10°.

(b) log, €.

(c) log,, 1072

(d) log. e .

Solution

(a) 6 (b) 3 (c) =2 (d) —1

The results in Example 11.1 clearly reveal that the logarithm of a number taken
to a power is simply the power of the number if the number matches the base of the
logarithm. In the next example, the base and the variable x are not related by an in-
teger power of the base.

EXAMPLE 11.2

Using the calculator, determine the logarithm of the following numbers.
(a) log, 64.

(b) log,. 64.

(c) logo 1600.

(d) log,o 8000.

Solution

(a) 1.806 (b) 4.159 (c) 3.204 (d) 3.903

Note in parts (a) and (b) of Example 11.2 that the logarithms log,, @ and log, a
are indeed related as defined by Eq. (11.4). In addition, note that the logarithm of a
number does not increase in the same linear fashion as the number. That is, 8000 is
125 times larger than 64, but the logarithm of 8000 is only about 2.16 times larger

Since the remaining analysis of this chapter employs the common logarithm, let
us now review a few properties of logarithms using solely the common logarithm. In
general, however, the same relationships hold true for logarithms to any base.

log;() 1=0 (115)

As clearly revealed by Table 11.1, since 10° = 1,

log 10 % = logo a — logio b (11.6)

which for the special case of @ = 1 becomes

1
loglgg = _log]{}b (117)

revealing that for any b greater than 1 the logarithm of a number less than 1 is al-

ways negative.

logm ab = loglga aF lOgl(}b (118)

In each case, the equations employing natural logarithms will have the same format.
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EXAMPLE 11.4

Using a calculator, determine the logarithm of the following numbers:
(a) logyo 0.5.

4000
(b) logio 555~

(c) logyo (0.6 X 30).

Solution

(a) —0.3

(b) log;o 4000 — log;, 250 = 3.602 — 2.398 = 1.204
Check: log)o % = log)o 16 = 1.204

(c) logp 0.6 + logyy 30 = —0.2218 + 1.477 = 1.255
Check: log,, (0.6 X 30) = log,, 18 = 1.255

The use of log scales can significantly expand the range of variation of a partic-
ular variable on a graph. Most graph paper available is of the semilog or double-log
(log-log) variety. The term semi (meaning one-half) indicates that only one of the two
scales is a log scale, whereas double-log indicates that both scales are log scales. A
semilog scale appears in Fig. 11.1. Note that the vertical scale is a linear scale with
equal divisions. The spacing between the lines of the log plot is shown on the graph.

. . e I - et
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g $ o he Ei =3
i ! 4 =1
i Sii i
6 : -
1 " 1
E - -
------ EERE ¥ ! 2t
3 t - S . ==
= H 1+ b g m— - 1 o
——— - o ; EEE - - 1
- e E55 1 Bl
1 : z -
H ! i - :
L : ‘.:- B - -
T E .' - - ; . 4 :
 § — b - v
J 17 B R B + :
: i CHE
R '3
b - " i? [ t 3
2 —+ : = e
¥ ¥ i
] - FHEEHE
1 } ¥ il B 1
3 : S
+H i 8 : Biis B
1 2 4 5 6 7 B9 2 & 5 6 TR
\_."_lf ‘1\ 'l\'
=M% \ logy 7 = 09543
w!-l'l.'!ﬂm ! klgms-'“‘w:ﬂ
o ’ I, 7 = 05451
= '-';‘_'dml log,, 6 = 07741
pimi

logyy 4 = 06021 (= 60%)

gy, 5 = 016999

Figure 11.1 Semilog graph paper.
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The log of 2 to the base 10 is approximately 0.3. The distance from 1 (log;, 1 = 0)
to 2 1s therefore 30% of the span. The log of 3 to the base 10 1s 0.4771 or almost
48% of the span (very close to one-half the distance between power of 10 increments
on the log scale). Since log;, 5 = 0.7, it is marked off at a point 70% of the distance.
Note that between any two digits the same compression of the lines appears as you
progress from the left to the right. It is important to note the resulting numerical value
and the spacing, since plots will typically only have the tic marks indicated in Fig.
11.2 due to a lack of space. You must realize that the longer bars for this figure have
the numerical values of 0.3, 3, and 30 associated with them, whereas the next shorter
bars have values of 0.5, 5, and 50 and the shortest bars 0.7, 7, and 70.

about halfway (0.3) 3 (5 (30) (50)(70)

| |1 |1

0.1 0.7 1 10 100 lo

=R ]

almost three-fourths (0.5)

Figure 11.2  Identifying the numerical values of the tic marks on a log scale.

The concept of the decibel (dB) and the associated calculations will become increas-
ingly important in the remaining sections of this chapter. The background surround-
ing the term decibel has its origin in the established fact that power and audio levels
are related on a logarithmic basis. That is, an increase in power level, say 4 to 16 W,
does not result in an audio level increase by a factor of 16/4 = 4. It will increase by
a factor of 2 as derived from the power of 4 in the following manner: (4)* = 16. For
a change of 4 to 64 W, the audio level will increase by a factor of 3 since (4)* = 64.
In logarithmic form, the relationship can be written as logy 64 = 3.

The term bel was derived from the surname of Alexander Graham Bell. For stan-
dardization, the bel (B) was defined by the following equation to relate power levels
P, and P»:

G = logm %" bel (1 19)
1
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It was found, however, that the bel was too large a unit of measurement for prac-
tical purposes, so the decibel (dB) was defined such that 10 decibels = 1 bel
Therefore,

L P,
Gap = 10 logio - dB (11.10)

There exists a second equation for decibels that is applied frequently. It can be
best described through the system of Fig. 11.3. For V; equal to some value V,, P, =
V3/R,, where R;, is the input resistance of the system of Fig. 11.3. If V; should be in-
creased (or decreased) to some other level, V5, then P, = V3/R,. If we substitute into
Eq. (11.10) to determine the resulting difference in decibels between the power
levels,

P, V3IR; 2%
Gap = 10 logio 35~ = 10 logio 7 - 10]081{1( l)
1

V.
and Gap = 20 logo 7? dB (11.12)

Figure 11.3  Conlfiguration employed in the discussion of Eq. (11.12).

Frequently, the effect of different impedances (R, # R,) is ignored and Eq. (11.12)
applied simply to establish a basis of comparison between levels—voltage or current.
For situations of this type, the decibel gain should more correctly be referred to as
the voltage or current gain in decibels to differentiate it from the common usage of
decibel as applied to power levels.

One of the advantages of the logarithmic relationship is the manner in which it
can be applied to cascaded stages. For example, the magnitude of the overall voltage
gain of a cascaded system is given by

IA“?'l = ‘A‘HHA\':“A"_\‘..-‘Al‘,,l (1 113)
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Applying the proper logarithmic relationship results in

TABLE 11.2
G, =20 logyo |Ar,| =20 logo |A|-,| + 20 logo |A\';| Voltage Gain,
+ 20 logyo |4,] + =+ + 20 logyo |4,,| (dB) (11.14) Vo/Vi dB Level

In words, the equation states that the decibel gain of a cascaded system is simply the 0.5 L
sum of the decibel gains of each stage, that is, (IJ_?{)? —g
G, =G, +G,, + G, ++G, dB (11.15) . .
40 32
In an effort to develop some association between dB levels and voltage gains, 100 40
Table 11.2 was developed_ First note that a gain of 2 results in a dB level of +6 dB 1000 60
while a drop to ¥ results in a —6-dB level. A change in V,/V; from 1 to 10, 10 to 100, 10,008 50

etc.

or 100 to 1000 results in the same 20-dB change in level. When V, = V;, V,/V; =1
and the dB level is 0. At a very high gain of 1000, the dB level is 60, wh]lr: at the
much higher gain of 10,000, the dB level is 80 dB, an increase of only 20 dB—a re-
sult of the logarithmic relationship. Table 11.2 clearly reveals that voltage gains of
50 dB or higher should immediately be recognized as being quite high.

A08199 1

Find the magnitude gain corresponding to a decibel gain of 100.

Solution
By Eq. (11.10),
P, P,
(T 10 log]O Pl 100 dB — loglo Pl 10

so that
Pa o0
B 10" = 10,000,000,000
1
This example clearly demonstrates the range of decibel values to be expected from
practical devices. Certainly, a future calculation giving a decibel result in the neigh-

borhood of 100 should be questioned immediately.

A9819% 2

The nput power to a device is 10,000 W at a voltage of 1000 V. The output power
is 500 W, while the output impedance is 20 ().

(a) Find the power gain in decibels.

(b) Find the voltage gain in decibels.

(¢) Explain why parts (a) and (b) agree or disagree.

Solution

, P, 500 W 1
(a) GdB =10 10g10 P =10 IOgIO 10 kW =10 loglg 20 = —10 10g10 20

—10(1.301) = —13.01 dB

b) G, =201 % =201 VPR _ =201 \/(500 W)(20 &)
(b) = 0810 7~ v, 0810 1000 0810 1000 V

= 20 logyo 1100000 20 log;, 110 ~20 logo 10 = —20 dB

i (kV)? 10
P, 10kW  10*

(¢) R, = = 100Q #R, =20 Q
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A08199 3

An amplifier rated at 40-W output is connected to a 10-{) speaker.

(a) Calculate the input power required for full power output if the power gain is
25 dB.

(b) Calculate the input voltage for rated output if the amplifier voltage gain is 40 dB.

Solution
o OW 5 AOW  a0w
_AOW .
=316 = 126.5 mW

Vo $ Vo
(b) Gv =20 IOglo e 40 = 20 10g10 ¥
Vi Vi

7(; = antilog 2 = 100
V, =\PR=V{@E0 WY10V) =20V
Ve 20V B ]
Vj— 100 ——IOF—O.ZV—ZOOm"
v
14, 1=|—=
1 v,|
I Banduuith -1 (Paresilic Capacitances
C_.ClaaC.) of ATk and sstive
Ay !]! | . devices and fraqitengs
OTTA. — ———'Il,— | ""‘-\\ dependence of tha pain af

o v -.r\'\ the trunsistoe, FET, ov npbe)
| ‘\.‘__‘;:\
I.ow- r"’f Mad-frequency "

Highs-requcney
Frpajupssy ! . ]
-r"f 1 | | | ] T—
10 £ a 1 1M} [{ERLEL] fy I MH: IMMHET  rilag scale)
L'.
LA, = —=
v Bandwidih -
., J—
- b s e
07074, | P x\
[ | F,
},ﬁ—ﬁmw: | \/
Lra- Mid-frequency '
[regquenyy | gh-freguency
L L L -
10 fi e [ELET AT U 15H1.0KK)

[iling scale
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Figure 11.4  Gain versus frequency: (a) RC-coupled amplifiers; (b) transformer-
coupled amplifiers; (c) direct-coupled amplifiers.

—- mw mmm om mra= iy Rt i wi e ————— - Cw mrm o mm o=

For each system of Fig. 11.4, there is a band of frequencies in which the magni-
tude of the gain is either equal or relatively close to the midband value. To fix the
frequency boundaries of relatively high gain, 0.7074,,_, was chosen to be the gain at
the cutoff levels. The corresponding frequencies f; and f> are generally called the cor-
ner, cutoff, band, break, or half-power frequencies. The multiplier 0.707 was chosen
because at this level the output power is half the midband power output, that is, at
midfrequencies,

_ |V2,J _ ‘A‘}defF
“ Ro a Ro

PO mi

and at the half-power frequencies,

0.7074,, 25 A, 5
Fourn =R T TR
and P, =05P, (11.16)

The bandwidth (or passband) of each system is determined by f; and f5, that is,

bandwidth (BW) = f; — f; (11.17)

For applications of a communications nature (audio, video), a decibel plot of the
voltage gain versus frequency is more useful than that appearing in Fig. 11.4. Before
obtaining the logarithmic plot, however, the curve is generally normalized as shown
in Fig. 11.5. In this figure, the gain at each frequency is divided by the midband value.
Obviously, the midband value is then 1 as indicated. At the half-power frequencies,
the resulting level is 0.707 = 1/V2. A decibel plot can now be obtained by applying
Eq. (11.12) in the following manner:

(11.18)
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4,
A"nlui
I
0.707
| | | | |
10 £, 100 1000 10,000 100,000 £, 1MHz I0MHz  f(log scale)
Figure 11.5 Normalized gain versus [requency plot.
At midband frequencies, 20 log;, 1 = 0, and at the cutoff frequencies, 20 log,,
1/V/2 = =3 dB. Both values are clearly indicated in the resulting decibel plot of Fig.
11.6. The smaller the fraction ratio, the more negative the decibel level.
A\I
"]Umtdl[dli}
- 10 P icluo 10100 10.?00 100i000 5 I h:Hz IOI\I-1HZ loasiae)
il | N
-6dB
-9dB |-
—12dBL

Figure 11.6  Decibel plot of the normalized gain versus frequency plot of Fig. 11.5,
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s-Domain analysis Poles, Zeros and Bode Plots

S S S
1+ — || 14— || 1+ —

() @ ()
T(s)= A, o c: 2 (10.1)
S S S
+— || 1+— || 1+ —
w @
pl p2 pn

10.3 Bode Plots
Bode plot Aa Mansennsvlaiidenvesdnsiveeiniedundiua waswlaneglumie
a o sa 1 = Y N = sa 1 = 2 v &
Ansvesilanduaelowiisuiuainud wansadeuaunsiteiduielowdnguuuumildlanail
T()=TLp=Te" (10.2)

[y

Feons1veeNimioduediuaanuisanlaainaunis

T,, =20log T(s) (10.3)



A19199 10.3-1 uansms1anUasarvunadundiua

Magnitude, T | 20logT (dB) Magnitude, T | 20logT (dB)
0.001 -60 2 3
0.01 -40 2 6
0.1 -20 10 20
0.5 -6 20 26
1/~)2 -3 100 40
1.0 0 1,000 60
ransansennsnlualaainaunis
T(j)= : = ! Ztan (a)/a)O ) =7/

1+j(0/w,) \/1+(a)/a)0)2

gnswenefeglumhemgiuaiiawitiu

1
T(dB) = 20log

1+(o/w,)

2

= 20l0g1-2010g 1+ (w/e, )’ =-20log\[1+(w/a,)’

TunsaNsMANTUNAMUDIN @ << @,

1+(a)/a)0)2 =1

(% '
LY LY =

Aty dnsveneieglunmiiendiuaianussanauriniy
T(dB) = —20log+/1 = 0dB
Tunsdifisfinnsandienuiigs o >>
2 2
1+(o/ay)” =(o/ay)
T(dB) = —20log 1+ (@/a, )’

=—20log(®/w, ) = 20log @, —20log @
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3
y Yit
Y21
(a)
~
g _ 20log [T (e2,)|— 20109 [T ()|
3 20log|T ()| 4 @y~ @
=
& 20log[T (,)| 4
<

[ » (0]
Frequency, (rad/s)
(b)
Ui 10.3
s luguil 103 AUl @, fAwnNnd1 @, 8Y x decade 3B @, = 10'@; TaAn

x = log(w,/ m;) decade

f29819% 10.1. @, AN o, ag"ﬁ' decade
(N) w; = 10 rad/s, w, = 1000 rad/s

(@) @; = 10 rad/s, @, = 316 rad/s

ad o
259N
JYELUTEIIN @) TU @, WLANANNIT X = loglwy/ @;) ALY

(M @ AAWINNI @; WU x = og(1000/10)
= 2 decade

@) @ AAWINNIT ; WAU x = log(316/10)
= 1.5 decade
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10.3.1 Magnitude plot
aunsitanduaelowlunieglulamues s anunsaeueglumenvesdnnudiioulansil
+
K(ja))‘l(1+ja)/zl)[1+jzg“la)/a)k +(ja)/a)k)2]---

. (10.11)
(1+ja)/p1)[1+j2§2a)/a)n+(ja)/a)n) ]

T(jw) =

[

INAUNISN 10.11 L5I@UNSOUIADATIVYNY, Ina wazdlshe tneadl
1. K A® 951981
° 1 DoVl A . Pal o a
2. iuniaadlng (o) v30%ls (o) ognigniiin
3. /11 + (ja/p))] P sUsuulUvedlna wag [1 + (aorz)] Ao suuuuiiluvewls
. . 2. A o w .
4. 1/11 + 2L/ ®,) + (jo/ )] Aogunisidsaesvesing wag [1 + (28,0’ @,) +
. 2. A o w P
(/)] AoaNn1IASEDIvD9Tls
TunsensluwvesitanduanelauazisuaNNNITHENINANTINAIUSENBUVBIRINTUAY
TouLAazALa1NN LA NI INUNTINAY FerUsEnauvesilanduaelauazUsenaumie
1. AP (constant term)
Tun1seruaLazNEuesns19eY (K) BUAINNTIIAIIUIALAAINELNTT 20logK Lag
a W o a & A ~ A v oo a0 &
fawlawiiu 0 lugun 10.4 uansnsmvwn wagia ellA1aynaud d1ensveelaAnduay

YPWATDIBRIIVETANNTU 20loglKl wagliAwavindu £ 180°

H A

20 log |, K b A

1 1 > I 1
0.1 1 10 100 w 0.1 1 10 100

S J

(a) (b)
gﬂ‘ﬁ 10.4 Bode plot (a) magnitude plot, (b) phase plot

2. Inauazdlsfigamudnans
TunseruInRazNEYesdls (o) Buannsmasualiainaunis 20loge wasiian
wlawiiiu 90° Tuguil 105 wansnswivun wazila Jsmnuduresvuiniidusiniu 20d8/decade
YeusTinavesdlsinned nsmnuiaLazavesing (o) AMUTUVBIVUIATANVINAUY
20dB/decade  vauzfiavasdlsfidnasfiviniu -90° wazdmsuain1sansm (o) We N #e
Fnnudin Anuturesvunafinwintu 20NdB/decade  vaurfiavesdlsiianasiivindu 9ON°
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b A
90°
0.1 1.0 0 o
-20 = \ 0° L | 1 >
Slope = 20 dB/decade 0.1 1.0 10 @
(a) (b)

gﬂ‘ﬁ 10.5 Bode plot (a) magnitude plot, (b) phase plot

3. aunslnanagglisumnly
Tunsavuiauasiaues®ls [1 +  (wz)]  BuaInMsmaA1uIalaanaunis
. IS [ -1 = a 14 IS [
20log[1 + (fa/z)] wagdipunawindu tan (@/z;) Fsamrsafansaunlaainaunis 10.12 danviiu

_ JO
T, =20log|l+— (10.12)
Zl
Wo @ = 0 95veelAniiiu T, =20log1=0 uwaz s @ = o0 JNFVYIBLAWYIINY
B @
T, =20log—
Zz

1

IEsaNANTINTIATesaNAIENTUsTnaIm e osndwasd o Td1les
yunYeaNnsiiAgud waslidnvasidudunsaile o ann 9 Feenudureansmiiaviiiy
20dB/decade nsdlinIWA @ = 7, AAnsWABLLUAIANTUTRIdUeTalnTY 1519zFEnTnAad
gy Tugufl 106 (@) wansnsmidusswesuafensUszanumuagldannsdnnagndes 4

a0 S

AUsrananlafialndlAssnuasenn wasilandeawunwindu 20logl(l + ) = 20 log/2 = 3dB
AnavasilanduaigloulsaraNdiA NNy

0, w=0
1| o o
¢ =tan 1[-}: 45, w=1 (10.13)
Z
1 o
90°, w—>
& A
900 ______________________________________
H Exact
Approximate : |~ Approximate
e e e g i e ki . 45°/decade |
Exact E :
| _— H - 0° : : >
0.1z # 3dB 107, w 0.1z z 10z, w
(a) (b)

gﬂﬁ 10.6 Bode plot (a) magnitude plot, (b) phase plot
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esannnsmluindunisussunmen e 5aansauseana p=0 die @<z /10,
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g‘l.]‘ﬁ 10.7 Bode plot (a) magnitude plot, (b) phase plot
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Bode magnitude plots
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TABLE [43  Summary of Bode straight-line magnitude and phase plots.
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TABLE 143  (continued)
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Just adding all the plots. 20 1og(7.185) = 17.126.
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Z (l+j-w-t,), where r, is a real number
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Step 2: Sum the individual lines, and get the straight line approximation,
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10.4. Low-Frequency analysis bode plot
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