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ErrataList
of
" Digital Signal Processing: A Computer-Based Approach™, Second Edition

Chapter 2
1. Page 48, EqQ. (2.17): Replace"y[n]" with"x[n]".

2. Page, 51: Eq. (2.24a): DeIete"%(x[n]+x*[N—n])". Eq. (2.24b): Delete

"%(x[n] -x*[N-n])".

3. Page 59, Line5 fromtop and line 2 from bottom: Replace " - cos((wl + Wy — n)n) " with
" cos{(2T1— wy —wy)N) ™.

4. Page 61, Eq.(2.52): Replace"A cof(Q, +kQp)t+@)" with"A cog +(Qqt + @) + k Q1t)".
5. Page 62, line 11 from bottom: Replace" Q1 >2Q," with" QT > 2|Q,|".

6. Page 62, line 8 from bottom: Replace"2mQ, / wt" with"21mQ, / Q1 ".

7. Page 65, Program 2 4, line 7. Replace"x =s+d;" with"x =s+d".

8. Page 79, line 5 below Eq. (2.76): Replace” |0(n|" with" " lal" ™.
n=0 n=0

9. Page 81, Eq. (2.88): Replace" o ;A3 + oA N—p " With "o 4 AD + L +apnAN- "
10. Page 93, Eq. (2.116): Replace the lower limit "n=—M+1" on all summation signs with "n=0".

11. Page 100, line below Eq. (2.140) and caption of Figure 2.38: Replace "wy = 0.03" with
"we =0.06T1".

12. Page 110, Problem 2.44: Replace"{y[{n]} ={-1, -1, 11, -3 -10, 20, -16}" with
"Mnl}={-1, -1 11 -3 30, 28 48}" and
"(yfinl} ={-14-j5 -3-j17, -2+j5 -26+j22 9+j12}" with
"0yn} ={-14-j5 -3-j17, -2+j5 -9.73+j125 58+j5.67}".

13. Page 116, Exercise M2.15: Replace"r andn" with "r and".

Chapter 3
1. Page 118, line 10 below Eq. (3.4): Replace "real" with "even".



0.

10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

Page 121, Line 5 below Eq. (3.9): Replace” § |0(”|" with" S lal"".
n=0 n=0

Page 125, Eq. (3.16): Deletethe stray a.

Page 138, line 2 below Eq. (3.48): Replace "frequency response” with "discrete-time Fourier
transform".

Page 139, Eq. (3.53): Replace "x(n+ mN)" with "x[n + mN]".

Page 139, lin2 2, Example 3.14: Replace"x[n] ={0 1 2 3 4 5 "with
"Ixin} ={0 1 2 3 4 5",

Page 139, line 3, Example 3.14: Replace "x[n]" with "{x[n]}", and "Tk/4" with "2rk/4".

Page 139, line 6 from bottom: Replace"y[n] ={4 6 2 3 4 @ " with
il ={4 6 2 3"

Page 141, Table 3.5: Replace "N[g< -k >\]" with"Ng[<—-k>N]".

Page 142, Table 3.7: Replace "argX[< -k >\]" with "—argX[< -k >\]".
1 1 1 1q 1 1 1 1(
. .0 . .0
| R B R N I A
Page 147, Eq. (3.86): Replace 1 -1 1 _]% with A -1 1 _]%.
1- 13 ad i -1-g
-1 -1
Page 158, Eq.(3.112): Replace” ) a"z™""with"- 5 ofzZ7"".
n=—oo n=-oo

Page 165, line 4 above Eq. (3.125); Replace "0.0667" with "0.6667".

Page 165, line 3 above Eq. (3.125): Replace "10.0000" with "1.000", and "20.0000" with
"2.0000".

Page 165, line above Eq. (3.125): Replace "0.0667" with "0.6667", "10.0" with "1.0", and
"20.0" with"2.0".

Page 165, Eq. (3.125): Replace"0.667" with "0.6667".
Page 168, line below Eq. (3.132): Replace"z >|A|" with " [z]>|A]".
Page 176, line below Eq. (3.143): Replace"R " with"1/R ,".

Page 182, Problem 3.18: Replace " X(e™19/%)" with "X (-el®/?)".



20. Page 186, Problem 3.42, Part (€): Replace "argX[< —k >N]" with"—argX[< -k >yn]".

21. Page 187, Problem 3.53. Replace "N-point DFT" with "MN-point DFT", replace
"0<sk<N-1" with"0<k<MN-1", and replace "x[< n>p]" with "x[< n>n]".

22. Page 191, Problem 3.83: Replace™ lim " with™ lim ™.

n- o Z >
: W P@ oy P
23. Page 193, Problem 3.100: Replace b2 with " =A| bE

24. Page 194, Problem 3.106, Parts (b) and (d): Replace" |z <|a|" with"|z] >1/|al".

25. page 199, Problem 3.128: Replace " (0.6)*[n]" with " (0.6)"u[n]", and replace " (0.8)"[n]"
with " (0.8)"p[n]".

26. Page 199, Exercise M3.5: Delete "following".

Chapter 4

1. Page 217, first line: Replace" &N " with" &y ™.

2. Page 230, line 2 below Eq. (4.88): Replace " Gg(oo) " with"0(w)".

3. Page 236, line 2 below EQ. (4.109): Replace "decreases" with "increases’.
4. Page 246, line 4 below Eq. (4.132): Replace™” ec(ej‘*’)" with " 0(w)".

5. Page 265, Eq. (4.202): Replace"1,2,K,3" with"1,2,3".
6. Page 279, Problem 4.18: Replace” |H(ej0)|" with |H(ej"’4)|".

7. Page 286, Problem 4.71: Replace"z3 =—j0.3" with"z3 =-0.3".

8. Page 291, Problem 4.102: Replace
04+052 1412722 +122 3405274 +0427,
1+09z72+0.227
0.1+05z 1+045272 +0452 2 +052 4 +0127,
1+0.9z72 +0.2z7% '

"H(z) = with

"H() =

©o

. Page 295, Problem 4.125: Insert acomma™"," before "the autocorrelation”.

Chapter 5
1. Page 302, line 7 below Eq. (5.9): Replace "response” with "spectrum®.



8.
9.

Page 309, Example 5.2, line 4. Replace"10 Hz to 20 HZ" with "5 Hz to 10 HZ". Line 6:
Replace "5k + 15" with "5k + 5", Line7: Replace"10k + 6" with "5k + 3", and replace
"10k — 6" with "5(k+1) —3".

Page 311, Eq. (5.24): Replace" Ga(jQ —2k(AQ))" with " Ga(j(Q - 2k(AQ))) ".

Page 318, Eq. (5.40): Replace "H(s)" with "HZ(s)", and replace " with "".

Page 321, EqQ. (5.54): Replace"" with "".

Page 333, first line: Replace " Q" with "Q p”and " Q" with "Q p2"-

Page 349, line 9 from bottom: Replace"1/T" with "2r/T".

Page 354, Problem 5.8: Interchange" Q" and " Q»,".

Page 355, Problem 5.23: Replace "1 Hz" in thefirst line with "0.2 HZ".

10. Page 355, Problem 5.24: Replace "1 Hz" in thefirst line with "0.16 HZ".

Chapter 6

1.
2.

o N o v

Page 394, line 4 from bottom: Replace"al phal” with"fli pl r (al phal)".

Page 413, Problem 6.16: Replace
"H(z) = by + blgz_1 + bzz_l(z_1 + b32_1(1 +L+ by_Z T(1+ by z_l)))%" with

"H(z) = by + bz F1+ bzz_l(z_l +bgz 1+ +byz M0+ sz‘l)))H".

2
+185z+17. .
Page 415, Problem 6.27: Replace "H(z) = 3z +1852+175, with
(2z+1(z+2)
M) = 372 +1852+175,
(z+0.5)(z+2)

Page 415, Problem 6.28: Replace the multiplier value "0.4" in Figure P6.12 with "—9.75".

Page 421, Exercise M6.1: Replace"~7.6185z " with "-71.6185z °".
Page 422, Exercise M6.4: Replace "Program 6_3" with "Program 6_4".
Page 422, Exercise M6.5: Replace "Program 6_3" with "Program 6_4".
Page 422, Exercise M6.6: Replace "Program 6_4" with "Program 6_6".



Chapter 7

1.

2
3.
4

©

10.

11.

12.
13.
14.

15.
16.

17.

18.
19.
20.
21.
22.
23.

Page 426, EqQ. (7.11): Replace"h[n—N]" with "h[N —n]".
Page 436, line 14 from top: Replace " (5.32b)" with "(5.32a)".
Page 438, line 17 from bottom: Replace " (5.60)" with "(5.59)".

. Page 439, line 7 from bottom: Replace "50" with "40".

Page 442, line below Eq. (7.42): Replace" F_l(i) "with"1/ H2)".

Page 442, line above Eq. (7.43): Replace" F_l(“z) " with"F(2)".

N S T

Page 442, EqQ. (7.43): Replaceitwith"F(z) = £ D—ID .
I=10l—ayz0

Page 442, line below Eq. (7.43): Replace "where |a;|" with "where o) ".
Page 446, Eq. (7.51): Replace"B(1-a)" with "B+ a)".

Page 448, Eq. (7.58): Replace" w; <w< " with"we <o < m".

Page 453, line 6 from bottom: Replace " w, — ws" with " wg —wp".

Page 457, line 8 from bottom: Replace "length” with "order".
Page 465, line 5 from top: Add "at w= w; " before"or in".
Page 500, Problem 7.15: Replace "2 kHz" in the second line with "0.5 kHZ".

Bs

Page 502, Problem 7.22: Replace Eq. (7.158) with"Hg(S) = =——=".
s’ +Bs+Qj

Page 502, Problem 7.25: Replace"7.2" with"7.1".

Page 504, Problem 7.41: Replace"H;y (€%) = €719 in Eq. (7.161) with
) Hint(eiw) = j%)"'

Page 505, Problem 7.46: Replace "16" with "9" in the third line from bottom.

Page 505, Problem 7.49: Replace "16" with "9" in the second line.

Page 510, Exercise M7.3. Replace "Program 7_5" with "Program 7_3".

Page 510, Exercise M7.4. Replace "Program 7_7" with "M-file impinvar".

Page 510, Exercise M7.6. Replace "Program 7_4" with "Program 7_2".

Page 511, Exercise M7.16: Replace "length” with "order".



24. Page 512, Exercise M7.24: Replace "length™ with "order".

Chapter 8

1.

2.

Page 518, line 4 below Eg. (6.7): Delete "set” before "digital”.

Page 540, line 3 above Eq. (8.39): Replace" G[k]" with " Xp[k]" and " H[K]" with " X{[K]".

Chapter 9

1

2.

Page 595, line 2 below Eq. (9.30c): Replace "this vector has" with "these vectors have".
Page 601, line 2 below Eq. (9.63): Replace " 2°" with"27°".

[ +10 [ +10
Page 651, Problem 9.10, line 2 from bottom: Replace " kaf—aki% with " Hikf akl

Page 653, Problem 9.15, line 7: Replace "two cascade" with "four cascade”.

" with

-1 -2
+ +
Page 653, Problem 9.17: Replace” A »(2) = 192 _?12 -

dy + d]_Z_l + 2_2 "

"As(z) = .
2( ) 1+ d12_1+ d22_2

Page 654, Problem 9.27: Replace "structure" with "structures'.
Page 658, Exercise M9.9: Replace "alpha" with"a".

Chapter 10

1.

2.

Page 692, Eq. (10.57b): Replace" Py(a 1) = 0.2469" with "Py(a1) = 0.7407".
Page 693, Eq. (10.58b): Replace " Py(a5) = —0.4321" with "Py(a ) = —1.2963".

Page 694, Figure 10.38(c): Replace" P_,(0g)" with"P(ag) ", "P-1(ag)" with"Py(ag)",
" Po(0g)" with"P_y(ap)", "Py(ag) " with"P_5(ag)", "P-p(ag)" with " P (ag) ",
"P_q(0q)" with"Py(aq) ", "Po(ag) " with"P-q(aq)", "P(aq)" with"P-y(aq)",

" P—Z(GZ) "with" Pl(GZ) "o P_]_(Gz)" with " Po(a 2)", " Po(a 2)" with " P_]_(Gz)", and
" P_l(az)" with " P_Z(Gz) "

Page 741, Problem 10.13: Replace"2.5 kHz" with "1.25 kHz".

N-1 i n
Z .

Page 741, Problem 10.20: Replace"ZiN:Ozi "with" % g



6. Page 743, Problem 10.28: Replace "half-band filter" with a"lowpass half-band filter with a
zeroat z=-1".

7. Page 747, Problem 10.50: Interchange"Y k" and "the output sequence y[n]".

8. Page 747, Problem 10.51: Replace the unit delays "z ™" on the right-hand side of the structure
of Figure P10.8 with unit advance operators "z".

9. Page 749, Eq. (10.215): Replace"3H?(z) - 2H?%(2)" with "z 72[3H?(2) - 2H?(2)|".

10. Page 751, Exercise M10.9: Replace "60" with "61".

11. Page 751, Exercise M10.10: Replace the problem statement with "Design afifth-order IR
half-band Butterworth lowpass filter and realize it with 2 multipliers”.

12. Page 751, Exercise M10.11: Replace the problem statement with "Design a seventh-order
IR half-band Butterworth lowpass filter and realize it with 3 multipliers”.

Chapter 11

1. Page 758, line 4 below Figure 11.2 caption: Replace "grid" with "grid;".

2. age 830, Problem 11.5: Insert " g5 (t) = cos(200Tt) " after "signal” and delete
"= cos(200mmn) ".

3. Page 831, Problem 11.11: Replace "hasto be a power-of-2" with "= 0! , Where | isan
integer".



Chapter 2 (2e)
21 (@) unl=x{n]+y[n]={3 5 1 -2 8 14 @
(b) vin]=x[n]owv[n]={-15 -8 0 6 -20 0 2
(¢) dnl=y[n]-w[n={5 3 -2 -9 9 9 -3

(d) r[rl=45n]={0 315 45 -135 18 405 -9

2.2 (a) From the figure shown below we obtain

X ——sm

v[n-1]

y[n]
vin]=x[n]+an-1] and y[n]=Rv[n-1+yvin-1=(@+y)v[n—-1]. Hence,
vin=-1=x[n-1+avin-2] and y[n-1=(@+y)n-2]. Therefore,

yin] = @+y)Mn =11 = B+y)X[n -1+ a@-+y)Vn -2] =(B+v)X[n-l]+a(B+v)%

=@+yx[n-1]+ay[n-1].

(b) From the figure shown below we obtain

X[n=1] - x[n=2]

e

| x(n-4112 E[j!x[n—é] 2 |

HL W+ y[n|
y[n] =y x[n = 2] +B(x[n -1 +x[n - 3]) +a(x[n] +x[n - 4]).

X[n]

(c) From the figure shown below we obtain

X[n] + .
DL

v[n—l]= - vl




v[n]=x[n]-d;v[n—1 and y[n] =d,v[n] +V[n—1]. Therefore we can rewrite the second
equation as y[n] =d,(x{n] - d,vin —1])+ v[n-1] =d;x{n] + (1-d2Mn-1 (1)
= d,X[r] +(1—d12)(x[n—1] ~dMn-2) =dyxn] +(1-d2X[n -11-d (1- dZ)vn-2]
From Eq. (1), y[n—1]=dx[n-1+ (1— dlz)v[n - 2], or equivalently,
dy[n-1=d>X[n-1+ dl(l—df)v[n —2]. Therefore,
y[n]+dy[n -1 = d{n] + (1— dlz)x[n— 1- dl(l—df)v[n ~2]+d3(n-1 + dl(l— di)v[n - 2]
=dx[n +x[n=1, or y[n] =dx[n] +Xx[n =1 - d}y[n -1].

(d) From the figure shown below we obtain

vilAl — vilin 11 — V[n_2]

—H:-:E:I—i- z Wz {-l__-}—r y[n]

T win E u[n]

ds

X[n]

vin]=x[n]-w{n], w[n]=d;v[n=1]+d,un], and u[n] =v[n-2]+x[n]. From these equations
weget wln] =d, x[n]+dx[n-1]+dyx[n-2] —dw[n-1-d,wn-2]. From thefigure we aso
obtain y[n] =v[n-2] +W[n]=x[n-2] + w{n] —w[n - 2], which yields
dyln-J=dxn-3+dwn-1-dwn-3], and
doy[n=2]=d,x[n-4]+d,w[n-2]-d,w{n-4], Therefore,

y[n]+dy[n =1+ d,y[n-2] =x[n - 2]+ d;x[n= 3] + d,x[n— 4]

+(winl +dwin-1+dwin - 2)) -(win - 2] + dwin-3] +d,win - 4])

=x[n-2] +d,x[n] +dx[n—1] or equivalently,

y[n] =dx[n] +dx[n =1 +x[n-2] -d;y[n -1 —d,y[n- 2.

23 (@) x[nN={3 -2 0 1 4 5 2, Hence, x[-n]={2 5 4 1 0 -2 3, -3sn<3
1
Thus, xev[n]zz(x[n]+x[—n]):{5/2 3/2 2 1 2 3/2 5/2,-3<n<3 and
1
xod[n]:E(x[n]—x[—n])z{llz -7/2 -2 0 2 7/2 -1/2,-3<n<3.

(b) y[nj={0 7 1 -3 4 9 -2. Hence, y[-n]={-2 9 4 -3 1 7 (O}, -3<n<3.
Thus, yev[n]zé(y[n]+y[—n]):{—1 8 5/2 -3 5/2 8 -1, -3sn<3 and

yod[n]:%(y[n]—y[—n])z{l -1 -3/2 0 1 3/2 -1}, -3<n<3.
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2.5

2.6

(¢ wn={-5 4 3 6 -5 0 14, Hence, w[-nj={1 0 -5 6 3 4 -5, -3<n<3
Thus, we\,[n]zé(w[n]+w[—n])={—2 2 -1 6 -1 2 -2, -3<n<3 ad

Wod [N =%(W[n]—w[—n]) ={-3 2 4 0 4 -2 3,-3sn<3
(@ x[n] =dn]dgn]. Hence x[-n] =g —nJg[-n]. Sinceg[n] is even, hence g[-n] = g[n].
Therefore x[-n] = g[-n]g[-n] = g[n]g[n] = Xx[n]. Hence X[n] iseven.

(b) u[n] = g[nlh[n]. Hence, u[-n] = g[-n]h[-n] = g[n](-h[n]) =—g[n]h[n] =-u[n]. Hence
u[n] is odd.

(¢) v[n] = h[n]h[n]. Hence, v[-Nn] = h[n]h[n] = (-h[n])(-h[n]) = h[n]h[n] = v[n]. Hence
v[n] is even.

Yes, alinear combination of any set of a periodic sequencesis also a periodic sequence and
the period of the new sequence is given by the least common multiple (Icm) of all periods.
For our example, the period = lcm(N1,N2,N3). For example, if Ny =3, N> =6, and N3 =12,
then N =1lcm(3, 5, 12) = 60.

1 1 -
(@) Xpedn] = S{x[n] +x*[-n]} =§{A0n+A*(G*) "}, and

X pcal N =%{x[n] -x*[-n]} = %{Aa“ -A*(@*)™, -N<n<N.

(b) h[n]={-2+j5 4-j3 5+j6 3+] -7+j3 -2<n<2, andhence,
h*[-n]={-7-j2 3-] 5-j6 4+j3 -2-j3,-2<n<2. Therefore,

1
hpcs[n]zg{h[n]+h*[—n]} ={-45+jl5 35-j2 5 35+j2 -45-j1.5 and

1
hpca[n]=§{h[n]—h*[—n]}={2.5+j3.5 05-j j6 -05-j -25+3.53 -2<n<?2.

2.7 (a) {x[n]} = {Aa n} where A and o are complex numbers, with jo| < 1.

Sinceforn< 0, p|" can become arbitrari ly large hence {x[n]} is not a bounded sequence.

(b) {y[rl} = Aa"u[n] where A and a are complex numbers, with|a|<1.
Inthiscase [y[n] <|A] On hence{y[n]} isabounded sequence.

(©){hn}} =CB"u[n]  where C and B are complex numbers,with |§|> 1.

Since [3|n becomes arbitrarily large as n increases hence { h[n]} is not a bounded sequence.



(d) {d[n]} =4sin(wn). Since -4<dn]<4 foral valuesof n, {g[n]} isabounded

sequence.

(&) {vn]} =3cos’(w,n?). Since —3<v(n] <3 for al valuesof n, {v[n]} isabounded

sequence.

28 (a) Recall, xg,[n] =3 (X[ + x[-n)).
Since x[n] isacausal sequence, thusx[-n] =0 [In> 0. Hence,
X[n] =Xgq, [N +x4,[-N] = 2x,,[n], N> 0. For n=0, X[0] = Xe/[0].
Thus x[n] can be completely recovered from its even part.

):%%x[n], n>0,

Likewise, xod[n]zé(x[n]—x[-n] 5“0 n=0

Thus x[n] can be recovered from its odd part [Jn except n = 0.

(b) 2y [nl =y[n]-y*[-n]. Sincey[n] isacausd sequence y[n] =2y [n] 0On>0.
Forn=0, Im{y[0]} =y, [0]. Hencereal part of y[O] cannot be fully recovered from Y.alnl.

Therefore y[n] cannot be fully recovered from y [n].
2yl = yirl+y*[-n]. Hence, y[n] = 2y [n] On>0.

For n =0, Re{y[0]} =y[0]. Henceimaginary part of y[0] cannot be recovered from ydn].

Therefore y[n] cannot be fully recovered from y [ n].

29 Xg,In] =3 (X[l + x[-n]). Thisimplies, xg,[-n] =3 ({-n] +x[n]) = x,[r].

Hence even part of areal sequenceiseven.
Xoqln] = 3 ([N]—X[-n]). Thisimplies, xogl—n]= 3 (x[-n]—X[n]) =X g[n].

Hence the odd part of areal sequenceis odd.

2.10 RHS of Eq. (2.1768) is x[n] + Xeg[n —N] = 3 (4[] +x*[~n]) +3 (x[n = N] +x* [N = n])
Sincex[n] =0 n< 0, Hence
XeslN] +X [N =N] = %(x[n] +x*[N-n])= Xpedl,  0SN<N-1.
RHS of Eq. (2.176b) is
Xeal ]+ Xga[n= NI = 5 (4{n] = x* [-n]) + 5 (x{n = N] -x* [n= N])

=%(x[n]—x*[N—n])=x n, 0snsN-L

pca[
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212

xpcs[n]=%(x[n]+x* [<-n >N]) for 0sn<N-1, Since X[<—-n> ] =xN-n],it follows
that X pedn]= %(x[n]+x* [N-n]), 1sn<N-L
Forn=0, x,.J0=3(x0]+x*[0]) = Re{x[0]}.

similarly x o[ = 3(x{n] -x*[< -n>\]) =3 (] -x*[N=n]), 1<n<N-1. Hence,
forn=0, Xpca[0] =35 (x[0] - x* [0]) = jIm{x[0]}.

(3) Given Z::_oolx[n]|< %. Therefore, by Schwartz inequality,

DI e W ) 1 2

1/n, n=1,

0, otherwise The convergence of an infinite series can be shown

(b) Consider x[n] = {

viatheintegral test. Let a, =f(x), where f(x) isacontinuous, positive and decreasing

function for al x=1. Then the series z 18n and the integral J’ f(x)dx both converge or
both diverge. For a, =1/ n, f(x) = 1/n. But J’l ;dx Inx |1 =o0 —0 =o0. Hence,
Z::_mlx[ n]| = zor::l% does not converge, and as aresult, x[n] is not absolutely

1
summable. To show {x[n]} issquare-summable, we observe here a, = —, and thus,
n

(ve]

__1+1_1 H 0 1 . h
= ; 1— . Hence, zn:]_? converges, or in other

1 00 1 1
f(x)==. Now, [ —=d —ﬁ__ﬁ
(x) w: ow |l 2 X »

words, X[n] = 1/nis square-summable.

1

2.13 SeeProblem 2.12, Part (b) solution.

214

cosw, N ® Dcosoo nD w1 . © 1 TP
X,[n] = — 1<n<o. Now, zn B % SanlW' Since, anl?_?’
0 Dcosooan2 1 _
Z .0 0 <=. Therefore x,[n] issquare-summable.
n=10 m [0 6

Using integral test we now show that x,[n] is not absolutely summable.

00

!coswcx
1 X : o o :
= p x[eosint(w x)| where cosint isthe cosineintegral function.

COSW X

©|COSW X

A

Since J'l

COSW X Cosw N

dx diverges, zn 1 aso diverges.
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215 Y X°[n= S (¥eu [N+ X ol 1])?

n=-—oo n=-oo
= 3 G+ 3 xGnl+2 3 xalnkodlnl= 3 G+ 3 xGln]

as z;o:_ooxe\,[n]xod[n] = 0 since Xey[N]Xog[N] isan odd sequence.

2.16 x[n] =cos(2rkn/ N), 0<n<N-1. Hence,
N-1 N-1 -1
2 1 N
E, = Zcos (rkn/N) =3 Z(1+cos(4nkn/N) =S+ Z cos(4tkn/ N).
= n=0 =
N-1 N-1

Let C= Zcos(4nkn/N), and S= Zsin(4nkn/N).

N-1 4Tk
Therefore C+jS= ZeJ4T'kn/N Je4TNl 0. Thus, C=Re{C+}S =0.
n=0
AsC=Re[C+]g =0, itfollowsthat E, = .

2.17 (a) x1[n] =p[n]. Energy = Z:__muz[ n] = Z:__mlz = 00,
K 2

1 .
Zn- K(U[n]) IIm— =0l =}<I|£nm2K+1

1
Average power = I|m = >

02K +1

(b) xaln]=ruln. Energy= Y% (muln]) =32, n?=
S o (WnD)? = fim

1
2K+1Zn o"” =

1
Aveerage power = I|m
aoep 02K +1

z‘:__mlel2 = o, Average power =
2K A2

1
lim —— A lim 0-pZ2
T «l o| Jim 1~ Ao

] . L2
(©) xa[n] =Aoe®e". Energy:J’n:_ooleejwon _

2
371 neowlo T =

I|m

2m - —i 21 A .
(d) x[n]=Asini— +@0=Axe'®" + A" where wo=—, Ag=-—=¢€? and
M M 2

A _; 3
A1 =Ee ¥ From Part (c), energy = « and average power = A% + A% + 4A(2)A12 = ZAZ'
218 N g n=o0 H 1 <0 Th 1
= -n-1|= = +Uul-n -
: ow, U[n] HO n<0. ence, u[-n-1] EO, N> 0, us, X[n] = u[n] +4[-n -1].

n
2.19 (a) Consider a sequence defined by x[n] = 26[k].

k=-c

11



If n<0thenk =0isnot included in the sum and hence x[n] =0, whereasfor n >0,k =0is
n

, . 01, n=0,
included inthe sum hencex[n] =1 0 n=0. Thus x[n] = Zé[k]zgo n<O:u[n].

k=—00

01, n=0

. n=1,
(b) Since p[n] = BO n<0

0
" it follows that u[n—1] :Bé n<0

1, n=0,_
Hence, u[n]—p[n—l]z{o, n¢0,‘6[n]'
2.20 Now x[n]= Asin(won +(p).
() Given x[n]={0 -2 2 -J2 0 J2 2 J?} The fundamental period isN = 4,
hence wo = 21t/ 8=1/ 4. Next from x[0] = Asin(p) =0 weget ¢=0, and solving
X[1] = Asin(g +@) = Asin(it/ 4) = ~J7 wegetA = -2,

(b) Given Xx[n] :{Jé J2 -2 —Jé} The fundamental period isN = 4, hence
Wy = 214 = 172, Next from x[0]= Asin(¢) =+/2 and x[1] = Asin(r/ 2 +¢) = A cos(@) = +/2 it
can be seenthat A =2 and @ = 174 is one solution satisfying the above equations.

(c) x[n] ={3 -3}. Herethefundamental periodisN = 2, hence w, = Tt. Next from x[0]
= Asin(p) =3 and x[1] = Asin(@+T1) = -A sin(p) = -3 observethat A =3and p=12 that A =3
and @ = 172 is one solution satisfying these two equations.

(d) Given x[n] ={0 15 0 -15}, itfollowsthat the fundamental period of x[n] isN =
4. Hence wg =21t/ 4=/ 2. Solving x[0]=Asin(g) =0 weget @=0, and solving
X[1] =Asin(mt/ 2) =15, weget A = 1.5.

2.21 (@) Xq[n] =g J04Am Here, wg =041t From Eq. (2.444), we thus get

2mr  27r
=—=——=5r=5forr=1.
W, 04m

(b) X2[n]=sin(0.6Tm +0.6m). Here, wg, = 0.6T From Eq. (2.44a), we thus get

2rr - 2ritr 10
=—=——=—r=10 forr=3.
w, 06m 3

(c) Xx3[n] =2cos(l.1m - 0.5m) + 2sin(0.7m). Here, w1 =1.1m and w, = 0.71t. From Eq.
2ny, 21t 20 2nr, 21r, 20 .
(2.4449), wethusget Nq = - 1_-= rLand No = —2-" 2 —Tr2. To beperiodic
w lim 11 w, 07m 7

12



20 20
we must have N1 =N»o. Thisimplies, Tl n= = r». Thisequality holdsfor rp=11and ro =7,

and hence N = Nq =N = 20.

2y, 20 2, 20
(d) Ny =—2=—p and N2=—2=—r2. It follows from the results of Part (c), N =20
1.3t 13 03mr 3
withrp =13 and ro =3.
2 5 2mr, 5
e Ni=—===-,No=—===-1 and N3 =N»5. Therefore, N=N1=N» =N, =5 for
(e N1 1on 31 N2=gg =50 3=N2 1=N2 =N»

rn=3andry=2.
(f) Xgln]=nmodulo 6. Since Xg[n +6] = (n+6) modulo 6 = n modulo 6 = X4[n].
Hence N = 6 is the fundamental period of the sequence >~<6[n].

2rr 2rr 100
2.22 (a) wo =0.141t Therefore, N =— = =—r =100 forr=7.
W, 014m 7

2 2rr 25
(b) wg=0241t Therefore, N = — = =—r=25 forr=3.
W, 024t 3

2rr 2rr 100
(©) wg=0341 Therefore, N=—= =—1r =100 for r =17.
W, 034 17
2 2ir 8
(d) wg=0.751 Therefore, N=—= =-r=8forr=3.
w, 075m 3

2.23 x[n]=Xa(nT) =cos(QynT) isa periodic sequence for al values of T satisfying QT [N = 21T
for r and N taking integer values. Since, QT =21 / N and r/N isarational number, QT

must also be rational number. For Q, =18 and T = 176, we get N = 2r/3. Hence, the smallest
valueof N =3 forr = 3.

224 (&) X[n]=33n+3[-23n+2]+3[n] +4dn—-1]+5n—2]+29[n-3]
(b) y[n] =7 n+2]+Jn+1]-33[n]+4dn-J+9dn-2]-23n-3
(c) win|=-53n+2] +43n+2]+33n+1 +63n] —53[n—-1] +d[n -3

2.25 (&) Foraninput xi[n],i=1, 2, theoutput is
yi[n]=ax[n] +aoxi[n —=1] +asgx;[n—2] +agxj[n —4], fori =1, 2. Then, for an input
x[n]= Ax4[n] +Bx>2[n],the outputis y[n] = al(A x1[n] + sz[n]) +0(2(A x1{n=1] + Bxz[n —1])
+a3(A X1[n—=2] + Bxa[n —2]) + 0(4(Ax1[n -3 +Bxs[n- 3])
= Alapaln] + axln =1 +azxaln - 2]+ agxln - 4)

+B(0gx2[n] + 0 2xa[n— 1] +agxa[n —2] +agxz[n—4]) = Ayl + Bya[n].
Hence, the system islinear.

13



2.26

(b) For aninput x;[n], i =1, 2, the output is

yi[n]=boxi[ n] + bixij[n—1] + boxj[n —2] +agy;[n—-1 + ayyi[n—2], i =1, 2. Then, for an
input x[n] = Ax3[n] + B x>[n], the output is

y[nl = A(boxa[n] +bxa[n = 1] + boxa[n = 2] +agys[n —1] +apya[n - 2))

+B(boxa[ N + bpxa[n - 1 + boxp[n — 2] + agyo[n —1] +agzya[n - 2]) = Ayl + Byz[n].
Hence, the system islinear.

F i i=1 2 th . _Dxi[n/L], n=0,xL,+2L, K
(c) For aninput xj[n], i =1, 2, the output is y.[n]—,% 0 otherwise,

Consider the input x[n]= Ax4[n] +BXx>2[n], Then the output y[n] for n=0,£ L, +2L,K is
given by y[n] = x[n/ L] =Axqn/L]+Bxy[n/ L]=Ayin] +Byy[n]. For all other values
of n, y[n]=A M +B[D=0. Hence, the systemislinear.

(d) For aninput x;[n],i =1, 2, theoutputis yj[n]=xj[n/M]. Consider the input
x[n] = Ax4[n] + Bxo[n], Then the output y[n] = Ax4n/M]+Bxo[n/M]=Avyqn] +Bys[n].
Hence, the system islinear.

1 _
(e) Foraninput xj[n],i=1,2,theoutputis y;j[n]= v Z'lr':olxi[n —k]. Then, foran
1 _
input X[n] = Axa[n] +Bxz[n], the autput s y; ] = — S reg (Axaln = K] + Bxo[n —K1)

1l mM-1 1l M- .
= Aﬁﬁ Zk:o X1[n— k]ﬁ + BﬁMZk:O Xo[n - k]ﬁ: Avyi[n] + Byy[n]. Hence, the systemis
linear.

(f) Thefirst term on the RHS of Eq. (2.58) is the output of an up-sampler. The second
term on the RHS of Eq. (2.58) is simply the output of an unit delay followed by an up-
sampler, whereas, the third term is the output of an unit adavance operator followed by an
up-sampler We have shown in Part (c) that the up-sampler isalinear system. Moreover,
the delay and the advance operators are linear systems. A cascade of two linear systemsis

linear and alinear combination of linear systemsis aso linear. Hence, the factor-of-2
interpolator is alinear system.

(g) Following thearguments given in Part (f), it can be shown that the factor-of-3
interpolator isalinear system.

(@ yInl =n?x[n].
For an input x;[n] the output isy;[n] = n2x;[n], i = 1, 2. Thus, for an input x3[n] = Ax4[n]

+ Bx,[n], the output y,[n] is given by y3[n] =n?(A xq[n] + Bxa[n]) = A y4[n] + By[n].
Hence the systemislinear.
Since there is no output before the input hence the system is causal. However, |y[n]| being
proportional to n, it is possible that a bounded input can result in an unbounded output. Let
x[n] =1 O n, theny[n] = n2. Hence y[n] - © asn - o, hence not BIBO stable.
Let y[n] be the output for an input X[n], and let y,[n] be the output for an input x4[n]. If
Xq[n]=x[n-ny] then y,[n] = nle[n] = n2x[n —ng]. However, y[n—ny] =(n- no)zx[n —-ngl.
Since y4[n] # y[n-ny], the system is not time-invariant.

14



(b) yin] =x*[n].
For an input x1[n] the output isy;[n] = xi4[n], I =1, 2. Thus, for aninput X3[n] = Ax4[n] +

Bx,[n], the output y3[n] is given by y3[n] = (A x[n] + Bxa[n])* # A%{n] + A*x3[n]
Hence the system is not linear.

Since there is no output before the input hence the system is causal.

Here, a bounded input produces bounded output hence the system is BIBO stable too.

Let y[n] be the output for an input X[n], and let y,[n] be the output for an input x4[n]. If
X4[n]=x[n=ng] then y[n] :xf[n] = x4[n -ng] =y[n-ng]. Hence, the systemistime-

invariant.
3
(©) yIn] =B+ x{n-1].
I'=0
3
For an input xj[n] the output is y;[n] =B + Z Xj[n—1],i=1,2. Thus, for aninput x3[n] =
=0

Axq[n] + Bx,[n], the output y3[n] is given by
3 3 3

yin=p+ Y (Axiln-11+Bxa[n=1])=B+ 5 Axa[n=1]+ Y Bxz[n-I]
=0 =0 =0

# Ay n] + Bys[n]. Since 3 # 0 hencethe system isnot linear.

Since there is no output before the input hence the system is causal.

Here, a bounded input produces bounded output hence the system is BIBO stable too.

Also following an analysis similar to that in part (a) it is easy to show that the system istime-

invariant.

3
(@) y[n=p+ > xn-I]
1=-3
3
For an input xj[n] the output is y;[n] =B + z Xi[n—1],i=1,2. Thus, for aninput x3[n] =
1=-3

Axq[n] + Bx,[n], the output y3[n] is given by

3 3 3
yin=p+ Y (Axin-11+Bxa[n-1])=p+ 5 Axa[n=1]+ 5 Bxz[n-I]
|=-3 1=-3 [=-3

# Ay n] + Bys[n]. Since 3 # 0 hencethe system isnot linear.
Since there is output before the input hence the system is non-causal.
Here, a bounded input produces bounded output hence the system is BIBO stable.

15



2.27

2.28

Let y[n] be the output for an input X[n], and let y,[n] be the output for an input x4[n]. If
3 3
xy[n]=x[n-ny] then yq[n] =B+ z xn-11=B+ Z X1[n—ng-1]1=y[n —ng]. Hencethe
| =-3 1=-3

system istime-invariant.

(e) y[n =ax[-n]
The system islinear, stable, non causal. Let y[n] be the output for an input x[n] and y,[n|

be the output for an input x,[n]. Then y[n] = ax[-n] and yi[n] =ax[-n].
Let x4[n]=x[n=ng], then y4[n] =a x3[-n] =a x[-n - ng], whereas y[n - np] = ax[ng - n].

Hence the system istime-varying.

(f) yIn] = x[n—5]
The given system islinear, causal, stable and time-invariant.

y[n] =x[n+ 1] —2x[n] + x[n—1].
Let y,[n] be the output for aninput x,[n] and y,[n] bethe output for aninput x,[n]. Then
for an input x5[Nn] = ax4[n] +Bx,[n] the output y,[n] isgiven by

= axy[n+1] = 20x,[n] + ax,[n =1 +Bx,[n +1] = 2Bx,[n] + Bx,[n =]

= ay,[n]+By,[n].
Hence the systemislinear. If x,[n]=xX[n-ng] then y,[n] =y[n-n,]. Hence the system is
time-inavariant. Also the system's impulse response is given by

H2  n=0,

hin]=01% n=1,-1,
B0, elsewhere.

Since h[n] # 0 0 n <0 the system is non-causal.

Median filtering is anonlinear operation. Consider the following sequences as the input to
amedianfilter: x,[n]={3, 4, § and x,[n] ={2, -2, —2}. The corresponding outputs of the
median filter are y,[n] = 4 and y,[n] = =2. Now consider another input sequence x3[n] =
x1[n] + x2[n]. Then the corresponding output is y,[n] =3, On the other hand,
y,[n] +y,[n] =2. Hence median filtering is not alinear operation. To test the time-
invariance property, let x[n] and x1[n] be the two inputs to the system with correponding
outputsy[n] and yq[n]. If x;[n]=X[n-ny] then
y4[n] = median{x,[n —K],......., Xq[n], ... X, [n+ K]}

=media{x[n -k -ng],......., X[n=ngl, ....... X[n+k=ngl} =y[n—-ng].

Hence the system istime invariant.

16



2.29

2.30

231

2.32

N L1 I
Ml =3 pin -1+ =78

Now for an input x[n] = o u[n], the ouput y[n] convergesto someconstant K asn — oo,

O O
The above difference equationas N — o reducesto K = %HK +%H which is equivaent to

K?=a orinother words, K = /a .
It is easy to show that the system is non-linear. Now assumeyq[n] be the output for an

0 0
input xq[n]. Then y,[n] = %le[n_lhyx[ln[rl]l]@
1

0 —n.10
If xl[n]zx[n—no]. Then, yl[n] ::_ZL@yl[n_l]"');[n[n _ni]]g
1

Thus y,[n] =y[n-ngy]. Hence the above system istime invariant.

For aninput x;[n], i =1, 2, the input-output relation is given by

yi[n]=xi[n] = yiz[n —-1]+yij[n -1]. Thus, for aninput Ax1[n] + Bxo[n], if the output is

Ay1[n] + Byy[n], then the input-output relation isgiven by A yj[n]+ Byo[n] =

AX1[n] +Bxz[n] - (Aya[n -1+ Bya[n -1))° + Ayi[n—1] + Byo[n-1] = Axy[n] + Bxz[r]
yEIn-1-B%y5[n -1+ 2ABya[n - Jyz[n -1+ Ayi[n -1] + By,[n -1

¢Ax1[n] A2y [n=1+Ayqn-1+Bx>y[n]- Bzy§[n —-1] + Byp[n—1]. Hence, the system
isnonlinear.

Let y[n] be the output for an input X[n] which is related to x[n] through
y[n] =x[n] —y2[ n-1] +y[n-1]. Then theinput-output realtion for an input x[n—ng] isgiven
by y[n—ng]=x[n-ng] —y2[n - nNg =1 +y[n—-ng —1], or in other words, the system is time-

invariant.

Now for an input x[n] = a y[n], the ouput y[n] convergesto someconstant K asn — oo,

The above difference equationas N — o reducesto K =a — K2 +K,or K2=a,i.e.

K=4a.

As 3[n] = p[n] - p[n =1], TSN} =TH{u[n]} - Tun-1} O h[n] = gn] -gn-1]
For adiscrete LTI system

[ee] 0

yinl= > HkIXn-K] = > (k] -k -1)x[n-k] = Zs[k]x[n K] - Zs[k Ixn-K

k=—c0 k =—00 k=—-00

yl =3, __ h[mlXn-m]. Hence, y[n+kN]= "~ h[m]X{n +kN -
= z::z_m Hm]X[n—-m]=y[n]. Thus, y[n] isalso a periodic sequence with a period N.

17



2.33 Now 6[n—r]@6[n—s] = z:::_ooé[m—r]é[n—s—m]zé[n—r—s]

(@ yialn] = xa[n] (®) han] = (25[n-1] - 0.55 n-3]) (*) (25[n] + &[n - 1] - 35[n - 3])
=43n-Y®n] - Fn-3J Hn] +28n - ®n -1 —0.5n -3 *)3n -1
—63n-1®n-3 +158n -3 Hn-3 =43n-1 - dn-3| +23n -1
—0.59[n—-4] —69[n—-4] + 1.5 n -6]

=49[n-1] +23[n-1] — Jn -3 —6.58n —-4] + 1.53n - 6]

(b) ya2[nl = x2[n](® ha[n] = (-38[n -1] +8[n +2]) () (-8[n -2] —0.58[n ~1] +35[n - 3])
= -053[n+1]-&n] +38[n-1 + 158 n-2] +35[n-3] - 95[n- 4]

(©) yaln] = xa[n] () ha[n] =
(28[n-1]- 059 n-3]) (*) (-8[n-2] -0.538[n -1] +35[n-3]) =
- 3[n-2]-23n- 3 -6258n—4] +0.58n -5 — 158 n - 6]

(d) yalnl= x2[n] () han] = (-33[n -1] +3[n+2]) () (25[n] + &n-1] - 3[n - 3]) =
28n+2]+3n+1-dn-1-35[n-2] -9 n- 4]

2.34 y[n] = Zr’\rI]Z:ng[m] h[n —m]. Now, h[n—m] isdefined for My <n—-m< M». Thus, for

m =N1, h[n—m] isdefined for M1 <n—-N1<M», or equivalently, for

M1+ N1<n<Mjy+ Nj. Likewise, for m =N, h[n—m] isdefined for M1<n—- Ny < Mo, or
equivaently, for M1+ N> <n< My + No.

(&) Thelengthof y[n] isM2 +No—-M1—Nq +1.

(b) Therangeof nfor y[n] #0 is min(Ml +Nq,M1+ Nz)s nSmax(Mz +N1,Mo + NZ), i.e,
M1+N1<n<Mso + Ny,

235 yIn] = xa M @xalnl = 3 xn-KIx,[K].
Now, v[n] =x1[n=N1]®xa[n—Ngl = 3 '___xa[n =N1 —k]xa[k = N]. Let

k=N,=m Thenv[n] = 5~ xa[n—Ni - Nz - m]xz[m]=y[n-Ni- N3],

2.36 g[n] = x1[n]®)x2[n] ®)x3[n] = y[n] ®)x3[n] wherey[n] = x1[n] ®)x2[n]. Definev[n] =
X1[n—N1] @xz[n —Np>]. Then, h[n] =v[n] @X3[n —Ng3] . From the results of Problem

2.32,v[n] = y[n—N; = N2]. Hence, h[n] = y[n— N7 — N»] @X3[n— N3] . Therefore,
using the results of Problem 2.32 again we get h[n] = g[n—N1—N>—N3] .
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2.37

2.38

2.39

y[n] =x[nl(®h[n] = Z x[n—KkJn[k]. Substituting k by n-m in the above expression, we

Kk =—o0
0

get y[n] = Zx[m]h[n -m] =h[n] @x[n]. Hence convolution operation is commutative.

m=-o
00

Lety[n] = x[nl® (nyn] + hyfni) = = 3 n ~K](hy[K] + hy[K])

k=—c0
0 K =c0

= Z x[n —k]hy[k]+ Zx[n—k]hz[k] = x[n] (®)h1[n] + x[n] (®)ha[n]. Hence convolution is

k =—oc0 k=-00

distributive.

x3[n] (D xo[n] ®x1[n] = x3[n] () (x2[n] ®)x1[n])

Asxo[n] @xl[n] is an unbounded sequence hence the result of this convolution cannot be

determined. But xo[n] ()xa[n] (M x1[n] = xa[n] @ (x3[n] B x[n]) . Now xa[n] Dx1[n] =

Ofor al values of n hence the overall result is zero. Hence for the given sequences

x3[n] (D xo[n] ®x1[n] 2 x2[n] ®x3[n P xq[n] .

win] = x[n]®)h[n](®)g[n]. Definey[n] =x[n](*)h[n] = ZX[k] hin-k] and f[n] =
Kk

hin] ®aln] = » oKl hin—k]. Consider w1[n] = (x[n] D hn)) Dln] = yIr] Gglr]
k

= z o[m] Zx[k] hin—m—-k]. Next consider wo[n] = x[n] (*) (h[n] ®) g[n]) = x[n] (*)f[n]
m k

= Z x[K] z gm]h[n- k -m]. Difference between the expressions for w1[n] and wa[n] is
k m

that the order of the summationsis changed.

A) Assumptions: h[n] and g[n] are causal filters, and x[n] =0 for n<0. Thisimplies
0 form<Q,

y[m] = %Z:‘ZO x[Klh[m k], form= 0.

n n n-m
Thus wn =% dmlyin-ml=% _om] % _ x[khn-m-k].
All sums have only afinite number of terms. Hence, interchange of the order of summations
isjustified and will give correct results.

B) Assumptions: h[n] and g[n] are stable filters, and x[n] is a bounded sequence with
o k
— _ _ 2 _ .
X[n]l<X. Here, yfm]= E Ko HKk]xm-k = z ok, hK]x[m k]+z»:k1,k2 [m] with

|sk1,k2[m]|sanx.
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2.40

241

242

243

In this case all sums have effectively only afinite number of terms and the error can be
reduced by choosing k1 and ko sufficiently large. Hence in this case the problem is again

effectively reduced to that of the one-sided sequences. Here, again an interchange of
summationsisjustified and will give correct results.

Hence for the convolution to be associative, it is sufficient that the sequences be stable and
single-sided.
y[n] = Z::_wx[n —k]h[k]. Since h[k] isof length M and defined for 0< k< M -1, the
M -1,
convolution sum reducesto y[n] = Z k=0 )x[n— k]h[k]. y[n] will be non-zero for all those

values of nand k for whichn—k satisfiesO<n—-k < N-1.

Minimum value of n—k = 0 and occursfor lowest nat n=0and k = 0. Maximum value
of n—k =N-1and occursfor maximumvaueof katM —1. Thusn—-k=M -1

0 n=N+M-2. Hencethetotal number of non-zero samples=N + M — 1.

[oe]

y[n] =x[n](®x[n] = Z x[n = KIx[K].
k =—c0
Sincex[n—k] =0if n—k <0 and x[k] = 0 if k < 0 hence the above summation reduces to
N1 A n+1, 0<sn<N-1,
y[n] = Z x[n-KIx[K] =0
=, 2N-n, N<n<2N-2,
Hence the output is atriangular sequence with a maximum value of N. Locations of the
output samples with values % aren = % —1and % —1. Locations of the output samples

withvalues 5 aren= 2 —1and 3 —1. Note: Itistacitly assumed that N is divisible by 4

otherwise % is not an integer.

y[n] = z::':_éh[k]x[n —k]. The maximum value of y[n] occursat n=N-1 when all terms

in the convolution sum are non-zero and is given by
N(N+1)

VIN-11= 3 HK =3 k==

@ YN = ga[n Dhevln] = H hg[n-klgg [k]. Hence, y[-n] = he[-n-klg, k]

k=—c0 k=—00
Replace k by — k. Then above summation becomes
Y- = ) he [-n+Klge [-K = ) ho[-(1-K)gg [kl =  hel(n-K)gg,lK]
k=-c0 k=—o00 K=—c0

=y[n].
Hence ge,[n] (*)hey[n] iseven.
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2.44

2.45

® v =ge nGhodln = ) hogl(n-K)lgy, [k]. Asaresut,

k=-00
Il = ) hogl(-n=Klgg [kl = hog[=(n=K)lgg,[k] = = hoy[(1-K)Igg, K]
k=—00 k=—c0 k=—c0

Hence gey[n] () hog[n] is odd.

(©) yInl = gogln ®hegln] = Zhod[n—k]god[k]. Asaresult,

k=—-00

Il = ) hogl-n—Kiggglkl = hogl-(n=K)gogl—k] = hogl(n=K)Igeq[k].

k=—00 k=—oc0 k=—00

Hence gog[n] (®)hogln] iseven.

(&) Thelengthof x[n] is7—4+ 1=4. Using x[n]= ﬁ{y[n] - zzzlh[ KIx[n - k]},

wearriveat x[n] ={1 3 -2 12}, 0<n<3

(b) Thelength of x[n] is9—5+1=5. Using x[n] = ﬁ{y[n] -3 Y HKIXn - k]}, we

ariveatx[n={1 1 1 1 1},0<n<4

() Thelength of x[n] is5—-3+ 1=3. Using x[n]= ﬁ[y[n] - Zizlh[ KIX[n - k]}, we get

x[n] = {-4+], -0.6923+)0.4615, 3.4556+j1.1065}, 0<n<2.

y[n] = ay[n—1] + bx[n]. Hence, y[0] = ay[-1] + bx[0]. Next,
y[1] = ay[0] + bx[1] = azy[—]] +abx[0] +bx[]. Continuing further in similar way we

obtain y[n] = a™Yy[-1]+ ZEzoa”"kbx[k].

n
(@) Let y,[n] bethe output due to aninput x,[n]. Then y,[n]=a" g+ Zan_kbxl[k].
k=0
If x4[n] =x[n—ng] then
n n_no
yqn =a""y[-1+ zan_kbx[k— ngl =a"y[-1 + > a0 ™bxr.
k=no r=0
n_no
However, y[n—ng] =a" "0*!y[-1+ z a" "0 px(r].
r=0
Hence y,[n] # y[n—ny] unlessy[-1] =0. For example, if y[-1] = 1 then the system istime

variant. However if y[—1] = 0 then the system istime -invariant.
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(b) Letyq[n] and yo[n] be the outputs due to the inputs x1[n] and xo[n]. Let y[n] be the output
for an input a x;[n] +Bx,[n]. However,

ay (] +By[n] = aa™ -1 +Ba" NP +a Y & Fbx[ki+B Y a"  bx,lk]
k=0 k=0

whereas
1 d k d k
+ — —
y[n] =a""y[-1] +a Z ' bx,[k]+ BZ a' " bx,[k].
k=0 k=0
Hence the system is not linear if y[-1] = 1 but islinear if y[-1] =

(c) Generalizing the above result it can be shown that for an N-th order causal discrete time
system to be linear and time invariant we require y[-N] = y[-N+1] = L =y[-1] =

248 ysepln] = 5 \_oNKIun-k] =5 _ hk], n20, and ygep[n] =0, n < 0. Since h[K] is
nonnegative, ygep[Nn] isamonotonically increasing function of nfor n>0, andisnot
oscillatory. Hence, no overshoot.

247 (@) f[n] =f[n—1] +f[n—2]. Letf[n] = ar", then the difference equation reduces to
n-1 n-2 . 2 L 1+ 5

ar"—ar™ " -ar"™° =0 which reducesto r -r-1=0 resultinginr = >

Thus, f[n]= 0(1%1 J_E azé%én.

_ o, +a
Since f[0] = 0 hence a,; +a, =0. Also f[1] = 1 hence

2 +J§a1_a2 =1.

2
] D ] gn
Solving for a; and a,, weget o, =— E Hence, f[n] = Jl_%1+2\l_% \/l‘%l JB%

(b) y[n] =y[n—-1] +y[n—2] + Xx[n—1]. AssystemisLTI, theinitial conditions are equal
to zero.

Let x[n] = d[n]. Then, y[n] =y[n—1] +y[n—2] + d[n —1]. Hence,
y[O] =y[-1] +y[-2] =0and y[1] =1. For n> 1 the corresponding difference equation is
y[n] =y[n—1] + y[n—2] with initial conditionsy[0] = 0 and y[1] = 1, which are the same as
those for the solution of Fibonacci's sequence. Hence the solution for n > 1 is given by

1 01+50" 10— 50"

= EE 5 ks
Thus f[n] denotes the impulse response of a causal LTI system described by the difference
equation y[n] =y[n—1] +y[n—2] + x[n—1].

2.48 y[n] = ay[n-1]+x[n]. Denoting, y[n] =yre[N] +]j Yim[n], and a =a+ jb, we get,
YN+ iYimlnl = @+ jo)(y ([N = 1] + jy;[n =1) +X[n].
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2.49

2.50

251

Equating the real and the imaginary parts, and noting that x[n] isreal, we get
YNl = ay [n-1]-by; [n-1+x[n], (1)
Yim[nl = by [n-1+ay;[n-1]
Therefore
Vim[n =1 =2yl -2y, n -1
a a

Hence a single input, two output difference equation is
2

Yol =, dn =11 =2y, + 2y, Jn -1+ (1
thus by, [n-1] =-ay [n-1 +(a2 + bz)yre[n -2]+ax[n-1].
Substituting the above in Eq. (1) we get
YNl =28y, [n-1 - (& +b?)y  [n-2] +x[n] -ax{n -1]
which is a second-order difference equation representing y  [n] in terms of x[n].
From Eq. (2.59), the output y[n] of the factor-of-3 interpolator is given by
ynl = xy[n] + %(xu[n — 1]+ xy[n +2]) + :—i (xy[n = 2] + xy[n +1]) where x[n] is the output of

the factor-of-3 up-sampler for an input X[n]. To compute the impul se response we set X[n] =
o[n], inwhich case, xy[n]=§3n]. Asaresult, the impulse responseis given by

h[n] = &[3n] + %(6[3n -3 +3[3n+6])+ g (3[3n- 6] +3[3n+3]) or
:éé[n +2] +§6[n +1] +9[n] +%6[n—1]+ gé[n— 2].

The output y[n] of the factor-of-L interpolator is given by
1 2
Y = xuln] + = (xuln =1+ xu[n+ L= 1)+ = (xu[n = 2]+ xy[n+ L - 2)

L-1
+K + T(X”[n —L+1] +xy[n+ 1]) where x y[n] isthe output of the factor-of-L up-

sampler for an input x[n]. To compute the impul se response we set x[n] = §n], inwhich
case, Xy[n]=9[Ln]. Asaresult, theimpulse responseis given by

h[n]= & Ln]+ %(6[Ln —L]+3Ln+L(L-1)])+ % @[Ln-2L] +&Ln+L(L -2)])
+K + LT_l(é[Ln -L(L -]+ &Ln+L]) = %6[n+(L -]+ %6[n+ (L-2)]+K

+

L-1 1 2 L-1

—3n+1] +3n] + = 3[n -1+ =3 -2] + ——3[n~ (L -1

Thefirst-order causal LTI system is characterized by the difference equation

yln] =pox[n] + px[n-1]-d;y[n-1]. Letting x[n] = &[n] we obtain the expression for its

impulse response h[n] = ppd[n] + p1d[n —1] —dih[n —1] . Solvingitfor n=0, 1, and 2, we get

h[0] = po. h[1] = p1 —dsh[0] = py — dupo, and h[2] = —d3{1] == ~da(p1 - dhpg). Solving these
h2] h[2]h[0]

equations we get pp =h[0], d1=—ﬁ, and pp=h1] - i
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M N
2.52 Z pXn-K = z d yIn-Kl.
k=0 k=0

M N
Let the input to the system be x[n] =  n]. Then, Z p AN -kl = Z d, hin-Kk]. Thus,
k=0 k=0

N
p, = zdkh[r —k]. Sincethe systemisassumedto becausal, h[r—-k] = 0 Ok >r.
k=0

r r
p, = deh[r—k] = Zh[k]dr_k.
k=0 k=0

2.53 Theimpulse response of the cascade is given by h[n] = hq[n] @hz[n] where

Un
hy[n]= a"uin] and h,[n] =B"u[n] . Hence, h[n]=§z a'B"” kgu[n]
k=0

2.54 Now, h[n] =a"u[n]. Therefore y[n] = Zh[k]x[n k] = Za x[n— K]

k_—oo
=x[n]+ akx[n—k] =x[n]+a akx[n—l—k] =x[n]+ay[n-1].

Hence, x[n] = y[n] —ay[n—1]. Thustheinverse systemisgiven by y[n]=x[n]—oax[n-1].
O g
The impulse response of the inverse system is given by g[n] = %1 —GH
i
255 y[n] =y[n=-1+y[n—-2] +x[n-1]. Hence, Xx[n—1] =y[n] —y[n—1] —y[n-2],i.e.
x[n] =y[n + 1] —y[n] —y[n—1]. Hencethe inverse system is characterised by

y[n] = X[n + 1] —x[n] —Xx[n — 1] with an impulse response given by g[n] = @1 -1 —1@.
1

2.56 y[n] =pox[n]+ px[n-1]-d;y[n-1] whichleadsto x[n] = —y[n] + y[n 1] - x[n 1
Pg Po Po

Hence the inverse system is characterised by the difference equation

d, Py
yq[nl = p_oxl[n]+p_oxl[n 1]“%3/1[” 1.

2.57 (a) From the figure shown below we observe

v[n]
x[n] o haln] F—(Er— ha[r] yIn]
hg[n]
o h3n] 3 —fhy[n]

24



v[n] = (hq[n] + hg[n] ®hs[n]) ®x[n] and y[n] = ho[n] ) vIn] + ha[n] () haln] Hx[n].
Thus, y[n] = (ho[n] () h1[n] + ho[n] ) ha[n] ®)hg[n] + hz[n] () haln]) B)x[n].
Hence the impul se response is given by

hn] = ha[n] (®hy[n] + ho[n] () ha[n] M hs[n] + hg[n] (D haln]

(b) From the figure shown below we observe

" haln]
vn]
}
x[n] s hy[n] o holn] ﬁ— y[n]
o h[n]
vIn] = ha[n] ) x[n] + hq[n] ) ho[n] F)x[n].

Thus, y[n] = h3[n] ()v[n] + h1[n] ) hs[n] D[]
= ha[n] ®haln] x[n] + hz[n] ®hq[n] D ha[n] Hx[n] + hy[n] @ hs[n] Gx[n]
Hence the impulse response is given by

h[n] = hg[n] ®hga[n] + hg[n] ®h1[n1®haln] + hy[n]Hhs[n]

2.58 h[n] = hy[n] ®) hz[n]+ hg[n]
Now hq[n] () ho[n] = (28[n-2] -38n+1) *) (n -1+ 28[n + 2])
=28n-21(»)&n-1 - 33[n+J ») Jn -1 +23n -2] (*) 2[n +2]
—33[n+3 () 23[n+2] = 28[n -3 — 35[n] +43[n] — 63[n+ 3]
=29n-3 +Jn] — 69[n+ 3]. Therefore,
y[n] = 28[n-3] + §n] — 63[n+3] + 55n-5+73n-3] +25n -1] -§n] +33[n+1]
=59n-5+93n-3 +23n -1 +33[n+1 -6 n + 3

2.59 For afilter with complex impulse response, the first part of the proof is same as that for a
filter with real impulseresponse. Since, y[n] = Z h[kIX[n—k],
Kk=—00
Z h[KIX[Nn = K]

k=—co

< Z IhKIlIX[n = K].

k=-c0

vin]l =

Since the input is bounded hence 0 < [X[n]| < B, . Therefore, |y[n]|<B, Z (K]l

k=—00

So if ZIh[k]Iz S<w then ly[n]| < B,S indicating that y[n] is also bounded.

k=-00
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To proove the converse we need to show that if a bounded output is produced by a bounded
h*[-n]
[n[-n] -

Z [h[k]lI=S Now since the output is bounded thus S < .

input then S< 0. Consider the following bounded input defined by x[n] =

h* [kIh(k] _

Then y[0] =
k:z_oo LN

Thusfor afilter with complex response too is BIBO stableif and only if Zlh[k]lz S<om,

k=—00

2.60 Theimpulse response of the cascadeisg[n] = hl[n]®h2[n] or equivalently,

k] = Zhl[k—r]hz[r]. Thus,

r=—co

0 o |:||:|oo

Stkl= 3 3 bk < AL ZlhzmlD

k=—c0 k=—0o r=—00 =—00 Ur==e

Since hy[n] and ho[n] are stable, Z|h1[k]|< o and Z|h2[k]|<oo Hence, Zlg[k]|< 0.
Hence the cascade of two stable LTI systemsisalso stable
2.61 Theimpulse response of the parallel structure g[n] = hq[n] + ho[n] . Now,
%bwn=%mﬂm+mwnsgmmm+%mﬂmtsmwhﬂﬂaﬂhﬂﬂamamm
Zlhl[k]|< w0 and Zlhz[k]l<°° . Hence, Z|g[k]|< o . Hence the parallel connection of
K K K

two stable LTI systemsis also stable.

2.62 Consider a cascade of two passive systems. Let y1[n] be the output of the first system which is
the input to the second system in the cascade. Let y[n] be the overall output of the cascade.
o] 2 00
The first system being passive we have Z |y1[n]| < Z A

n=—o0 n=-—o0

00 [ee] 2 00
Likewise the second system being also passive we have Z|y[n]|2s Zlyl[n]| < ZIX[n]IZ,

n=—oo n=—o0 n=-oo

indicating that cascade of two passive systemsis also a passive system. Similarly one can
prove that cascade of two lossless systems is also alossless system.

2.63 Consider aparallel connection of two passive systems with an input x[n] and output y[n].
The outputs of the two systems are y4[n] and y»[n], respectively. Now,

S s ST P and ST yalnllF < S il

Let y1[n] =y2[n]=x[n] satisfying the above inequalities. Then y[n] =y1[n] + yo[n] =2X[n]

and as aresult, z(::_oo|y[n]|2 = 42::_00 lx[n]l2 > z‘:z_mlx[n]lz. Hence, the parallel
connection of two passive systems may not be passive.
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M N
2.64 Let Z pX[N— K =y[n] + Z d,y[n—K] be the difference equation representing the causal
k=0 k=1

IIR digital filter. For aninput X[n] = § n], the corresponding output is then y[n] = h[n], the
impulse response of the filter. Asthereare M+1 {pk} coefficients, and N {dy} coefficients,
there are atotal of N+M+1 unknowns. To determine these coefficients from the impulse
response samples, we compute only the first N+M+1 samples. To illstrate the method, without
any loss of generality, weassume N =M = 3. Then, from the difference equation
reprsentation we arrive at the following N+M+1 = 7 equations:

h[0] = py,

h[1] +h0]d, = py,

h[2] +h[1]d, + h[0] d,, = p,,

h[3] + h[2]d,; +h[] d, +h[0] d5 = p,,

h[4] +h[3]d, +h[2]d,, + ] d; =0,

h[5] + h[4] d; + h[3]d, +h[2]d; =0,

h[6] +h[5]d,; +h[4]d,, +h[3]d; = 0.
Writing the last three equations in matrix form we arrive at

(a0 O3 h2]  ho, 8 oo
g N h[[%mﬁuz%:%u
(65 thsl h4] h3T s ©oF

S R

0

and hence, M,0=-t4 N3 h2E ChgH
Wof hig hal o hEd e

Substituting these values of {dj} in the first four equations written in matrix form we get

Pl ooy o o o 21O
2,0 _Ohg Hop o 0 [H9°

570N h1  hO 0 Cdon
%H 3 n2l Wl oo

265 yinl=y(-1) + 3| X1 =y{-0+ 3o Wl =91+ ¥ ol =yi-1+ N2
(2) For y[-1] =0, y[r = "o

nin+1) _ n?+n-4

(b) Fory[-1] =—2,y[n] =2+ >

2.66 y(nT)=y((n-1T) +I(:T_1)TX(T)dr =y(n-1T) + T X((n—1)T). Therefore, the difference

equation representation isgiven by y[n] =y[n-1]+ T [X[n - 1], where y[n] = y(nT) and
x[n] = x(nT).

27



1 1 -1 1 1 -1
2.67 y[n]:Ezlnzlx[l]zﬁzrzlx[lhﬁx[n], n>1. y[n—ﬂzn—_lzln:lx[l], n>1. Hence,
z lni X[11=(n—-2y[n-1]. Thus, the difference equation representation is given by

-1 1
yInl = ﬁnTﬁy[n—l] # X0, n21,

2.68 y[n +0.5y[n-1=2u[n], n=0 withy[-] =2 Thetotal solution is given by
y[n] =yc[n] +yp[n] where yc[n] isthe complementary solution and y p[n] isthe particular
solution.
yc[n] isobtained ny solving yc[n] +05yc[n—1]=0. Tothisend weset yc[n] =A", which
yields A" + 0.5\ =0 whose solution gives A = -05. Thus, the complementary solution is
of the form y¢[n] =a(-0.5)".
For the particular solution we choose y p[n] = . Substituting this solution in the difference
equation representation of the systemwe get 3+ 053 =2u[n]. For n=0 we get
BA+05=2 orp=4/3.

4
The total solution istherefore given by y[n] =y[n] +yp[n] = a(-0.5)" + 3 n=0.
4 4 1
Therefore y[-1] = a(—-0.5) 1e §= 2ora= ~3 Hence, the total solution is given by

1 n 4
= —— (-~ - n2
y[n] 3( 05) +3,n_0.

2.69 y[n] +0.1y[n -1] - 0.06y[n —2] = 2"u[n] withy[-1] = 1 and y[-2] = 0. The complementary
solution y¢[n] isobtained by solving y¢[n] +0.1yc[n —1] —0.06y:[n—-2] =0. Tothisendwe
set yc[n] =A", whichyields A" + 0.1A"1— 0.06A""2 = A""2 (A% + 0.1A —0.06) = 0 whose
solution gives A1 =-0.3 and A =0.2. Thus, the complementary solution is of the form
yeln] =a1(-0.3)" +02(0.2".

For the particular solution we choose y p[n] = B()". ubstituting this solution in the difference
equation representation of the system we get p2" +B(0.)2" 1 —(0.06)2""2 = 2"u[n]. For
n=0weget B+ B(0.1)2 1 -B(0.06)272 =1 or =200/ 207 = 0.9662.

200

Thetotal solution istherefore given by y[n] =y ] +yp[n] = a1(-0.3)" +02(0.2)" + >0 2",

_ _1 200 _
From the above y[-1] = 01 (=0.3) > + a2 (0.2) ™ + 2 1=1and
_ » 200 _ 10 107
y[-2 =01(-0.9 % +a(02) 2 + 07 2 220 or equivalently, —3 0t 50 =0 and
100

50 . .
?0(1 + 250 = ~>07 whose solution yields a1 =—0.1017 and a» =0.0356. Hence, the tota

solution is given by y[n] = -0.1017(-0.3)" + 0.0356(0.2)" +0.9662(2)", for n= 0.
2.70 y[n] +0.1y[n —1] = 0.06y[n - 2] = x[n] — 2x[n — 1] with x[n]=2"p[n], and y[-1] = 1 and y[-2]

=0. Forthegiveninput, the difference equation reducesto
y[n] +0.1y[n —=1] =0.06y[n —2] = 2"p[n] =2(2" Yyu[n -1 = r]. The solution of this
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271

272

2.73

2.74

equation is thus the complementary solution with the constants determined from the given
initial conditionsy[-1] = 1 and y[-2] =

From the solution of the previous problem we observe that the complementary is of the
form yc[n] =a1(-0.3)" +a2(0.2)".

For the given initial conditions we thus have

y[-1 = 01(-0.39 2 + a2(0.2) 1 =1 and y[-2] =a1(~0.3) ? +02(0.2) 2 =0. Combining these
0-1/03 1/0.200040 OO

two equations we get Ell/ 009 1/ 004DD0‘2E EbD which yields a1 =-0.18 and a» =0.08.

Therefore, y[n] = -0.18(-0.3)" +0.08(0.2)".
The impulse response is given by the solution of the difference equation
y[n] + 0.5y[n-1]=Jn]. From the solution of Problem 2.68, the complementary solution is
given by y¢[n] =a(-0.5)". To determine the constant we notey[0] = 1 asy[-1] = 0. From
the complementary solution y[0] = 0((—0.5)O =da, hence a = 1. Therefore, the impulse
response is given by h[n]= (-0.5".

The impulse response is given by the solution of the difference equation

y[n] + 0.1y[n —=1] —0.06y[n —2] = § n]. From the solution of Problem 2.69, the complementary

solution is given by y¢[n] =a1(-0.3)" +a2(0.2)". To determine the constants a1 and a2, we
observey[0] =1 and y[1] + 0.1y[0] = 0 asy[-1] = y[-2] = 0. From the complementary

solution y[0] = 0(1(—0.3)O +a 2(0.2)0 =aq,+az=1 and
y[1] = 0(1(—0.3)1 + 0(2(0.2)1 =-0.3a1 +0.20, =-0.1. Solution of these equationsyield a1 =0.6
and o =0.4. Therefore, theimpulse responseis given by h[n]=0.6(-0.3)" +0.4(02)".

K

n+1[¢ . .
=1. Since Aj <1, there exists

. n+
Ai. Now lim [—
noool| N

An+1 1+ )\

A
Let An=|nf (). Then ALH =
n

apositiveinteger N, such that for all n > N, 0< —*= < —L <1. Hence Zn -0

n
converges.

@ x[N={3 2 0 1 4 5 2},-3sn<3 rell]=Y.__Xnlxn-1]. Note

rxx[—6] =X[3]X[-3]=2%3=6, ryx[-5]=X[3]X[-2]+ X[2]x[-3] =2 % (-2) +5x3 =11,

Fex[ 4] = X[SIX[—1] + X[2] X[ 2] + X[ X[-3]| =2%0+5x(-2) +4x3 =2,

Fux[=3] = X[3] X[0] + X[ 2] X[ 1] + X[LX[-2] + X[O] X[-3] =2x1+5x0+ 4 x (-2) +1x 3=-3,
ol =2] = X[3]X{1] + X[ X[0] + X[1] X[-1] + X[O]x[-2] + X[-1]x[-3] =11,

Fod =11 = X[3IX[2] +X[2] X[1] + X[1] X[ O] + X[O]X[ 1] + X[-1]X[ 2] + X[-2]x[-3] = 28,

Fxx[ O] =X[3] X[3] +Xx[2] X[2] + X[LX[1] + X[O]X[O] +X[ -1 X[ 1] +X[~2] X[-2] +X[-3]x[-3] =59.
The samples of ryy[l] for 1< | <6 are determined using the property ryx[l]=rxx[—1]. Thus,

[11={6 11 2 -3 11 28 59 28 11 -3 2 11 6}, -6<I|<6.

yin={0 7 1 -3 4 9 -2}, -3<n<3. Following the procedure outlined above we get
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2.75

ryy[l]:{O -14 61 43 -52 10 160 10 -52 43 61 -14 0}, -6<I|<6.

winj={-5 4 3 6 -5 0 1},-3<n<3 Thus
rawll]1={-5 4 28 -44 -11 -20 112 -20 -11 -44 28 4 -5}, -6<I|<6.

(b) ryyll]= Zi:_gx[n] y[n—1]. Note, ryy[-6] =x[3]y[-3]=0,

rxy[ =91 = X[ Y[ 2] + X[2]y[-3] =14, rxy[-4] = X[3]y[-1] + X[2] y[-2] +X[1] y[-3] =37,
rxy[=3]=X[3] y[0] + X[ 2] y[-1] + x[1]y[-2] +x[O] y[ 3] = 27,

rxy[=2] = X[3]y[1] +x[2] y[O] + x[1]y[-1] + X[O]y[-2] + X[-1]y[-3] = 4,

rxy[=1] = X[3]y[2] +x[2] y[1] + X[1]y[O] + X[O] y[-1] +x[-1]y[-2] +X[-2] y[-3] = 27,
rxy[O] =Xx[3] y[3] +x[2] y[2] + x[1]y[1] + X[O] y[O] + X[ 1] y[~1] + X[ -2 y[-2] + X[ -3]y[ 3] = 40,
rxy[1] =x[2y[3] + X[1] y[2] + X[O]y[1] +x[-1]y[O] +X[ 2] y[~1] + X[ -3]y[-2] = 49,
rxy[2] =X[1] y[3] + X[0] y[2] + X[-1]y[1] + X[-2]y[O] +x[-3]y[-1] =10,

rxy[3] = X[O] y[3] +x[-1]y[2] + X[ 2] y[1] + x[-3]y[ 0] =-19,

rxy[4] =x[=1y[3] + X[-2]y[2] + X[-3]y[1] = =6, rxy[5] = X[-2]y[3] + X[-3] y[2] = 31,
rxy[6] =X[-3]y[3] =-6. Hence,

yll1={0 14 37 27 4 27 40 49 10 -19 -6 31 -6}, -6<I<6.

rXW[l]zzﬁz_sx[n]w[n—l] ={-10 -17 6 38 36 12 -35 6 1 29 -15 -2 3},
-6<1 <6.

@ xan=a"uln]. rell1=S,_  xanbxaln-11=3 " o"un] " yin-1]

0 -
o opn-| _ O
. Hanoa Ry for | <0,
= Yo - =
,a°" =—— for | =0.
BZn—I 1-g?2
|

-l
o o
Notefor | =0, ryy[l] :l 5, and for | <0, ry[l] =1 5. Replacing | with -I inthe
-a -a

. aCh o . .
second expression we get ryy[—1]= 1- g2 =1 5 =Ix[l]. Hence, ry([l] isan even function
-a -a

of |.

Maximum value of ryx[l] occursat | =0 since al is adecaying function for increasing |

when |a]<1.

01, 0sn<N-1,

b _ 01, IsnsN-1+I,
(b) XZ[n]_%O, otherwise

_<N-1 — -1 =
rxx[l]‘znzoXZ[n 1, where xa[n-1] HO, otherwise.
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o o, for | <—(N -12),
ON+1, for —(N-1) <l <0,

Therefore, ryy[I]1=0 N, forl =0,
N-1, foro<l<N-1
H 0, forl >N -1.

It follows from the above ryy[l] isatrinagular function of | , and henceis even with a
maximumvaueof Nat| =0

™
276 (&) x1[n] =cosﬁﬁﬁ where M isapositiveinteger. Period of x1[n] is2M, hence

I
U oM Zn 0 xl[n]xl[n +I]-2 ZiMol ﬁnnﬁco mn + )ﬁ

=M ZEMO lcosﬁ%ﬁ Ecosﬁ%ﬁ cosﬁ%ﬁ - sinﬁ%ﬁsi nﬁ%ﬁ@ =— cosﬁ ﬁ ZiMo ! ﬁmﬁ

2M
From the solution of Problem 2.16 ZZM -1 szﬁ ﬁ 2 — =M. Therefore,

1] = %cosﬁ%ﬁ.

(b) x2[n]=nmodulo6={0 1 2 3 4 5},0<n<5. Itisaperidic sequencewith aperiod
6. Thus, ryll]= é S ) _oxelnlxz[n+1],0<1 <5, Itisalso aperidic sequence with aperiod 6.
rxx[0] = é(xz[olxz[ol + X2[1]x2[1] + X2[2]x2[ 2] + X2[ 3] X2[ 3] + x2[4]x2[4] + X2[ 5] x2[9]) = 5_65
rxx[1] = Eli (x2[0Jx2[1] +x2[Tx2[2] + x2[2]x2[ 3] + X2[3]x2[4] +X2[4]X2[9] +Xx2[5]x2[0]) = 4—;
rod2] = (0121 + Xa[1xa[3]+ Xal Zpald] + X [30xal5] + Xo[4IxalO]+ xalSPeolt]) = =
rxx[3] = %(X2[01X2[3] +X2[1x2[4] +X2[2]x2[5] +xX2[3]X2[0] + X2[4]x2[1] + X2[S]x2[2]) = %
rxx[4] = é(X2[01X2[4] +Xx2[Ix2[5] +X2[2x2[0] + X2[3x2 [T + Xx2[4]x2[2] + X2[5]x2[3]) = %1
rxx[5] = %(X2[01X2[5] +X2[1x2[0] + x2[2]x2[1] +X2[3]x2[2] + X2[4]x2[3] + X2[5]X2[4]) = 4—:

(c) x3[n] =(-1)". Itisaperiodic squence with a period 2. Hence,

o125 3 hoXalxaln +11, 051 <1, 100] = (x2[0Ba[0] +xo[xo[1]) =1, and

1
rex[1] = E(xz[O]xz[l] + X2[1]x2[0]) =-1. Itisaso aperiodic squence with aperiod 2.

277 EX+Y}=[[(x+y)pxy (xy)dxdy = [[xpxy (xy)dxdy + [[ypxyy (x.y)dxdy
= [x([ pxy (x.y)ely Jix + [y([ pxv (y)dx)dy = [ xpx (x)ix + [y py (y)dly
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2.78

2.79

=E{X} +E{Y}.
From the above result, E{ 2X} = E(X + X} =2 E{ X}. Similarly, E{cX} = E{(c-1)X + X}
= E{(c—1)X} + E{X}. Hence, by induction, E{cX} = cE{x}.

C= E{(X - K)2} . Tofind thevalue of Kk that minimize the mean square error C, we

differentiate C with respect to K and set it to zero.

dc
Thus —= = E{2(X ~ k)} = E{2X} - E{2K} =2 E{X} ~ 2K =0. whichresultsink = E{X}, and

the minimum value of Cis o>,

mean = m, = E{x} :J':xpx(x)dx

variance = o2 =E{(x -m,)?} :ﬁ; (x=m,)%py (Xdx

al 1 O a xdx . X .
== . Now, == . Since is odd hence the
(@ px(x) ngxzng My =% o x2 4 g2 N
integral iszero. Thusm, =0.
o o2
oi = % )2( dX2 . Sincethisintegral does not converge hence variance is not defined for
—00 X+
this density function.
(b) p, =5 Now, m, =5 [xeMix=0. Next
2 _0 ® 2 —aK e vl oo2x ]
0X=—J' x“e dxzaj' dx =al +I dxJ
2)- 0 H —a a H
0
i 00 i
0 —ax —ax [
:aD0+§e J’ e Xdx = 2
a 0 o2 H o’
n
(© py(¥) = Z@@ “I5(x-1). Now,
i'=0
n
ZQ Mol (1-p)" -1 )= ZQED (1-p)" =np

=0

0 =E{x3 - m J' Z@@ (1- p)"" 5(x — 1 )dx - (np)>

n
2! 2! - )" -n2p2=npa-p).
=0

—ul

(d) p(x)= Z &x-1). Now,
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—aal

6(x dx = ZI =

m, J'_OOX

0 =E{x3 - m ZI Ze O(5(x—l)dx a’ lee "o -a?z=aqa.

x /20(

(e) p,(¥= u(x). Now,

1 2 —x2 202 1~ 2 x2/202
m,=—|[| x"e X)dx=—=[ x"e dx =aJm/2.
X 0(2.[ HK) a2.|’0

2
2 2 2 1 ® 3 52292 a‘m
csz{x}—mxza—ZJ'_mx S u(x)dx—— = 2——H0(

2.80 Recal that random variables x and y are linearly independent if and only if
2
Egalx +azy| @>O Oa,a exceptwhen a; =ap =0, Now,

2. 2 2, 12 2 2 2 2
Egall IXI @+Ega2| Iyl @+E{(a1)*a2xy*}+E{ai(a2)*x*y} =[ay| E{|X| }+|a2| E{|y| } >0
0a and a, except when a1 =ap = 0.
Henceif x,y are statistically independent they are aso linearly independent.
2 2 2, 2 2 2
281 o2 :E{(x -m,) } - E{x +m? —2me} = E{x3 +E{m3} - 2E{xm.}
Since m, isaconstant, hence E{ m)z(} = m)z( and E{xm, } = m, E{x} :m)z(. Thus,
0% =E{x*} +m’ -2m2 = E{x’} -m’

2.82 V =aX +bY. Therefore, E{V} =aE{X} + bE{Y} =am, +bmy. and
o =E{(V-m,)3 =E{(@X -m,)+b(Y -m,))*}.

Since X,Y are statistically independent hence 02 = a202 +b? 0

2.83 v[n| =ax[n] + by[n]. Thus @\[n] = Ev[m +n}v[m]}
2 E{azx[m + rpx[m] + b2 y[m +n} y[m] +abx[m +n]y[m] +abx{m] y[m + n]} . Since x[n] and
y[n] are independent,

@wln] = E{a®(m+ n} x(m]} + E{b2y[m + ry[m]} = ] + BPgyyIn].
@ux(n] = E(Vm + r X[m]} = E{ax{m + njx[m] + by[m +n]X(m]} = aE{x[m + nx{m]} = agc[rl.
Likewise, @yy[n] =b @yy[n].

2.84 @ [II=E{x[n+11y*[nl]}, @y [-1=E{x{n=1ly*[nl}, @u[I1=Eyn+I]x*ni}.
Therefore, @, *[II=E{y*[n+11x[n]} =E{x[n-11y*[n]} =@, [-].
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Hence (pxy[—l] = (pyx*[l 1.

Since ny[l] = (pxy[l ]_mx(my)* . Thus, ny[l] = ([ny[|] - mx(my)* . Hence,
Yxyll 1= @[] —my(my ). Asaresult, vy, *[I] = @, I = (my ) my.
Hence, yyy[-11 = yyx*[l].

The remaining two properties can be proved in asimilar way by letting x = y.

2.85 E{Ix[n]—x[n—l]lz} > 0.
E{Ix[n]lz} ¥ E{Ix[n—l]lz} — E{X{nJx* [n~11} - E{x*[r][n-1]} >0
2044 [0] = 2¢,[1]12 0
Pux[0] 2 @y [l]
Using Cauchy's inequality E{lez} E{|y|2} <E*{xy} . Hence, @, [0] @,[0] < |<ny[| ]|2.

2
One can show similarly v [0l Yy, [0] < |yxy[l ]| .

2.86 Sincethere are no periodicitiesin {x[n]} hence x[n], x[n+| ] become uncorrelated as | — oo..

2 2
Thus lim y,,[I] = lim @ ll1-|m,| - 0. Hence fim Pll1=|m, |-

2 941112 +141%
. Now, |mxpn| :Illllm (pxx[l]zllllm —_—=7.

9+111 2 +1414
oo 1+312+21%

1+312+21%
Hence, mxpn =mJ7. E(IX[n]IZ) = gxx[0] =9. Therefore, 0% = @xx[0] —|m><|2 =9-7=2.

2.87 oxxl[l]=

M21 L = input('Desired length ="); n = 1:L;
FT = input (' Sanpling frequency = '); T = 1/ FT,;
inmp = [1 zeros(1,L-1)];step = ones(1,L);
ranp = (n-1).*step;
subplot(3,1,1);
stem(n-1,im);
xlabel (['Time in ', nunkstr(T), ' sec']);ylabel (" Anplitude');
subpl ot (3,1, 2);
stem(n-1, step);
xlabel (['Time in ', nunkstr(T), ' sec']);ylabel (" Anplitude');
subpl ot (3, 1, 3);
stem(n-1, ranp);
xlabel (['Time in ', nunkstr(T), ' sec']);ylabel ("Amplitude');

M2.2 % Get user inputs

A = input (' The peak value =');

L = input (' Length of sequence =');

N = input (' The period of sequence =');

FT = input (' The desired sanpling frequency =');
DC = i nput (' The square wave duty cycle = ");

% Create signals

T = 1/ FT,



t
X

0:L-1;

A*sawt oot h(2*pi *t/ N);
y A*square(2*pi *(t/N), DO) ;

% Pl ot

subpl ot (211)

sten(t, x);

yl abel (' Anplitude');

xlabel (['Time in ', nunRstr(T), " sec']);
subpl ot (212)

stem(t,y);

yl abel (' Anplitude');

xlabel (['Time in ', nunkstr(T), " sec']);

10 . . . .
5 i
0
-5 4
(
_10 " " " N
0 20 40 60 80 100
Time in 5e-05 sec
10 T T T T
5 i
5t
_10 1 1 1 1
0 20 40 60 80 100

Time in 5e-05 sec

M 2.3 (a) Theinput data entered during the execution of Program 2_1 are

Type in real exponent = -1/12
Type in imgihary exponent = pi/6
Type in the gain constant =1
Type in length of sequence = 41
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Real part Imaginary part

1 1
05} 0.5 T T
| | HW”%W
05} -0.5
-1 L L L -1 L L L
0 10 20 30 40 0 10 20 30 40
Time index n Time index n

(b) Theinput data entered during the execution of Program 2_1 are

Type in real exponent = -0.4
Type in imaginary exponent = pi/5
Type in the gain constant = 2.5
Type in length of sequence = 101
Real part Imaginary part
1.5 . . . 15 . !
o]
1 1
05 05}
0 TA)JJ) ( LEOIBEIB O UIBUIBTIBUITIBEIBL D] OF (t) 1 0\\\! SIB O DEDIBEIBE DI
-05 L L L -0.5 N . .
0 10 20 30 40 0 10 20 30 40
Time index n Time index n
M24 (a) L input( Desired length = ');

A i nput (' Anplltude ="');

omega = in ut( Angul ar frequency = ');
phi = input (' Phase = ");

n = 0:L-1;

X = A*cos(onega*n + phi);

sten(n,x);

x| abel (' Time i ndex');yl abel (' Anplitude');
title(['\omega_{o} = ', nunkstr(onega)]);

()
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T T T T T T T T
ST, XD
SPTTTTTRR SR,
0 O
& o Y ()
Q
0 () oﬁ ®
o Y No o D
() 9 0 9
@ (D © D
0 Q 0 o
@ 9, O 9
O (D) ) -
) 05 ! 5‘0
PS> 000
L L L L L L L L
20 30 40 50 60 70 80 90 100
Time index n
w,= 0.241
T?Q O?T TT@ _
0]
5 10 15 20 25 30 35 40
Time index n
w = 0.68T1
o
1 1 1 1 1 1 1 1
0]
1k n
_2 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Time index n
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Time index n

aaaaaaa

Time index n

Time index n



I(’Joﬁiowoi lTMTL iwi iT

0 5 10 15 20 25 30 35 40
Time index n

(c) Code fragment used to generate X3[n] =2cos(1.1m — 0.5m) + 2sin(0.7m) is

X = 2*cos(1l.1*pi*n - 0.5*pi) + 2*sin(0.7*pi*n);

4 T T -

o

?

‘P?

b

Iofr TLT f? 1’? ?

T’? o
b

o
o1(

l

Tlme |ndex n

o

25

(d) Code fragment used to generate X 4[n] = 3sin(1.3rmM) — 4cos(0.3rm +0.451m) is:

x = 3*sin(1l.3*pi*n) - 4*cos(0.3*pi *n+0. 45*pi ) ;

6} ' ' ' ' -
41 .
e loe, ol Tl
IOCSO Qld) o CPQO ¢ é@ l (PQ o) 407
21 -
Y P
6L .
0 5 10 15 _ 20 2 30 3 4

Time index n

(e) Code fragment used to generate
Xs[n] =5sin(L.2m + 0.65m) + 4sin(0.8rm) — cos(0.8M) is:

X = 5*sin(1l. 2*pi *n+0. 65*pi ) +4*si n( 0. 8*pi *n) -cos(0. 8*pi *n);
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)

ArAEN nj EQJ ! J X jf@ j !

0 5 10 15 20 25 30 35 40
Time index n
(f) Code fragment used to generate Xg[n] =n modulo 6 is: x = ren(n, 6);
6 T T T T T T T T
5 (0] (0] Q Q@ Q@ Q 1
4 i
3 -
1t i
ST PHH P THHPTHT T TGP
1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40
Time index n
M26 t = 0:0.001:1;

fo = input(' Frequency of sinusoid in Hz = ");

FT = input(' Sanplig frequency in Hz = ");

gl = cos(2*pi *fo*t);

pI Ot(t!g]-!l_')

xl abel ("time');ylabel (" Anplitude')

hol d

n = 0:1: FT;

gs = cos(2*pi *fo*n/ FT);

plot(n/FT,gs,' 0" ); hold off
M27 t = 0:0.001: 0. 85;
gl = cos(6*pi *t) 92 = cos(14*p| *t) g3 = cos(26*p| *t);
pIot(t/O 85, gl ,1/0.85,92,' t/O 85,03,':")
xl abel ("time'); yI abel( Anplltude )
hol d
n = 0:1: 8;
gs = cos(0.6*pi*n);
plot(n/8.5,gs,'0");hold off
M2.8 Asthelength of the moving average filter isincreased, the output of the filter gets more
smoother. However, the delay between the input and the output sequences also increases
(This can be seen from the plots generated by Program 2_4 for various values of the filter
length.)
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M29 al pha = input(' Al pha = ");
yo = 1;y1 = 0.5*(yo + (al pha/yo));
whi | e abs(yl - yo) > 0.00001
y2 = 0.5*(yl + (al pha/yl));
yo = yl; yl =y2
end
di sp(' Square root of alpha is'); disp(yl)
M210 al pha = input(' A pha =");
yo = 0.3; y = zeros(1,61);
L = Iength(y) 1;
y(l) = al pha’ - yo*yo + yo;
2.

vvhlle abs(y(n-1) - yo) > 0.00001

y2 = alpha - y(n-1)*y(n-1) + y(n-1);
yo = y(n-1); y(n) = y2

n = n+1;

end

di sp(' Square root of alpha is'); disp(y(n-1))
nFO: n-2;

err = y(1l:n-1) - sqrt(al pha);
stem(merr);

axis([0 n-2 mn(err) rrax(err)])

xl abel (' Time index n');

yl abel (' Error');

title(['\Val pha = ', nunkstr(al pha)])

The displayed output is

Square root of alpha is
0. 84000349056114

o =0.7056
® . .

0.06 |

U

0.04

0.02 T ?

1. L é@@OoOoOoooooooooooooe
-0.02

-0.04 }

(

0 5 10 15 20 25
Time index n
M211 N = |nput( Desired i npul se response length = ");

nput (' Type in the vector p = ");
nput (' Type in the vector d = ');

p i
d i

[h,t] = inmz(p,d, N);
n TN

s

X

('Time index n');ylabel (' Anplitude'):
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15

0 TOJ)TLTJ)C%)?(IJOQDO@O@QDW

A4

0 10 20 30 40
Time index n

M212 x=[3 -2 0 1 4 52 y=[0 71 -3 49 -2],w=[-5 43 6 -5 0 1]
(@ rnunl=[6 11 2 -3 11 28 59 28 11 -3 2 11 6],
ryln]=[0 -14 61 43 -52 10 160 10 -52 43 61 -14 0],

rawln]= [-5 4 28 —44 —11 —20 112 —20 -11 -44 28 4 -5|.

%0 N 150 | ?
50}

r[n]
wl rxx[n] 100 } vy

B “ 19, 9
)

D P
%P 9 ¢ P 6 b
Of © & ) © 50 }
6 4 -2 0 2 4 6 6 -4 -2 0 2 4 6
Lag index Lag index
100 }
]

I 50

ok © ? (r (6]
Q) l d) (B (B d) J) ()

-50 | . . . . .

-6 -4 -2 0 2 4 6

Lag index

(b) rqnl=[—6 31 —6 —19 10 49 40 27 4 27 37 14 Q.
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rwlN]=[3 =2 =15 29 1 6 -35 12 36 38 6 —17 —10].

50
100 r [n
rxy[n] T XW[ !
S0 0() (@) Q ? (P
P ol TP.1Te °4 |
0 ' o 5 )
-50 _ _ _ ) _ 50 . . . . .
6 4 2 0 2 4 6 -6 -4 -2 0 2 4 6
Lag index Lag index

M213 N = input (' Length of sequence = "');
0: N-1;
exp(-0.8*n);
randn( 1, N) +x;
1 = length(x)-1;
conv(y,fliplr(y));
(-nl):nil;
mk, r);
| abel (' Lag i ndex');yl abel (' Anplitude');
gtext('r_{yy}[n]");

X0 XSS5 X3S
—
D Il 1l

2| ? [l
%ﬁ?‘}@% i %Tﬁ% iﬂf%ﬁ

M2.14 (a) n=0: 10000;
phi = 2*pi *rand(1, | ength(n));
A = 4*rand(1,l ength(n));
X = A *cos(0.06*pi*n + phi);
sten(n(l 100), x(1: 100)) %axi s([0 50 -4 4]);
x|l abel (" Ti me i ndex n');ylabel (" Anplitude');
mean = sun(x)/Il ength(x)
var = sunm((x - nean).”2)/I| ength(x)
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M2.15

Time index n Time index n

mean =
0. 00491782302432

var =
2.68081196077671

From Example 2.44, we note that the mean = 0 and variance = 8/3 = 2.66667.

n=0: 1000;
z = 2*rand(1,l ength(n));
y = ones(1,length(n));x=z-y;
mean = nmean(x)
r = sum((x - nmean).”2)/1 ength(x)

nean =
0. 00102235365812

var =
0. 34210530830959

, (1+1? 1

1-1
Using Egs. (2. 129) and (2.130) we get my :T =0, and o¥% = > 3 It should

be noted that the values of the mean and the variance computed using the above MATLAB
program get closer to the theoretical valuesif the length isincreased. For example, for alength
100001, the values are

nean =
9.122420593670135e- 04



var

0. 33486888516819
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Chapter 3 (2¢)

3.1 x(e®) = Z x[nje” )" where x[n] isareal sequence. Therefore,

n=—co
o]

X re(6l®) = ReD z x[n]e” ’“’“g— > x[n]Re(e'j("”)z % x[n]cos(wn), and

n =—00 n=—oco n=—oo

D [ . [

Xim(€}® )-ImD z x[n]e ¥ = > x[n]Im(e_J‘*’”)z— > x[n]sin(wn). Since cos(wn) and
Uh==co U n==w n=-co

sin(wn) are, respectively, even and odd functions of w, X Ire(ej @) isan even function of w,

and Xim(¢/?) isan odd function of .

|X(e1‘°)| ‘I X2 (619) + X2, (61®) . Now, XZ%(e/®) isthe square of an even function and

im(eJ‘*’) is the square of an odd function, they are both even functions of w. Hence,

|X(ej°°)| isan even function of w.

10X, ()0
arg{X(eJ‘*’)} =tan” DMD The argument is the quotient of an odd function and an even

Xre (€)1

function, and is therefore an odd function. Hence, arg{X(ej“’)} isan odd function of w.

39 X(ej‘*’)- 1 1 Dl ae @ 1-ae™@ _l-ocosw—jasinw
' 1- aej‘” 1-ael® 1-qe =i 1-2acosw+a?  1-2acosw +a?
i 1-0acosw ; asinw
Therefore, X 1e(€!®) = > and Xim (/) =- 5.
1-2acosw+ d 1-2acosw +a
7 : ; 1 1 1
X () =X(®) X * (e®) = — 3 — = )
| ( )l (™) ) 1-0e® 1-qe® 1-20cosw+ a?
; 1
Therefore, |X(e‘°’)|: =

1-2acosw+a

Xim(e®)  asnw 40 asnw O
tanB(w) = Xre(ejw) i g Therefore, B(w) ==tan H_—l acost'
33 () YIn] =pn]=Ye,[n]+Yoln], where yg[n]=3 (yin] + y[-n]) =3 (W] + u-ri) =2 +Zaln),

and yod[n1=3(y[n]—y[—n])=f(u[n]—u[—n]):u[n]—é—ées[n].
Now, Y, (1) = %Zn Zé(w+2nk)D+_:n Zé(oo+ 211k)+%.

k——oo k=—o0

since yog[n] = un = 5+ 38n], yogln]= pin-1-3+38n-1]. Asaresit
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1 1 1 1 .
YodlNl =Yogn =1 =p[n] —p[n-1+ §6[n -1 —Eé[n] =5 o[n] + Eé[n -1]. Takingthe DTFT of
. H s . 1 i
both sides we then get Y 4(e/®) —e @Y _,(e®) = E(l+e 1“’)_ or

_11+e)® 1 Hence
T21-gle T -l 27 !

Y 4(e19)

+T Za(mznk).

k=-c0

(@)= Yo, (e19) +Yo4(¢°) = =75

(o]

(b) Let x[n] be the sequence with the DTFT X(ej"’) = Z 2w -w, +2TK) . Itsinverse

k=—c0
1 Tt
DTFT isthen given by x[n] = J’2n6(oo— w,)eNdw=el%".
Tt

34 LetX(e!)=S | __ 2ndw+2rk). ltsinverse DTFT isthen given by

x[n] = %TJ':[ZHES((D)ej““dw = ;T]: =1

35 (a)Lety[n] =g[n—no], Then Y(e!®) = Zy[n]e_j‘*’” = Zg[n—no]e_j“’”

n=—oo n=-oo
(o]

= g7, Zg[n]e_jwn = e IMoG(el?).
n=-o0

(b) Let h[n] =e/®o"g[n], then H(E/®) = Z W e 1o = Zej‘*’o”g[n]e_j“’”

= > dine 1@ = el @),
n=—co
. 0 . d(G(el® 0 .
(©) G(el®) = Zg[n]e'“*’”. Hence j%) = Z—jng[n] g lon

n=-—o0 n=—oc0

Therefore, ji(%jw)) :ning[n] e 19 Thusthe DTFT of ng[n] is ji(%jw)).
(d) yr] = glrlDhln] = kig[k]h[n—k]. Hence Y (/%) = i ki glk{ hin —Kk] &N
= ig[k]H(eJ‘*’)e‘i‘*’k = H(el®) ig[k]e_j‘*’k = H()Ge®).
= =
(e) yIn] = gInlh[n]. Hence Y(e/*®) = iqn] hr e jon
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Tt
Since g[n] = 1 G(eje)ejende we can rewrite the above DTFT as
21

-1t

00 Il
1 i} _
Y(e’“’)- hnje ®"GE®)el®de = GeEe® § nnje @®¥nyg
n —«LJ; J- n;i&

-1 16\ 14 (i(©-8)
ZT[IG(e YH(E©O))dg.

L 0 d T
() yln] = Zg[n]h*[n]z Zg[n]é IH*(er)e i gy
n=-c n=-oo

i

Tt 0 o 0 T
_ 1 s gaionD —joon(] I O T [ NS I
ZnJ;H (e )Dnzmqn]e 5 0w H:LH €°)3(e®) dw .

3.6 DTFT{x[n]} = X(e/®) = Zx[n]e‘i“’”
n=-oo
(8 DTFT(x-} = 3 (-l = 5 x(me™ = x(e )
n=-co m=-—oo
(b) DTFT{x*[-n]} = % X * [-n]e jen =B % x[—n]ei‘*’”g using the result of Part (a).
0 0

n=-o n=—oo
Therefore DTFT{x*[-n]} = X * (ej“’),
(c) DTFT{Re(x[n])} = DT,_—rHX[”] X [n]H

(b).

{X(el‘*’)+x* (& J‘”)} using the result of Part

0. x[n] —x* [n]H 1

(d) DTFT{j Im(x[n])} = DTFTj E{X(ej‘*’) —X* (e‘i‘*’)}.
0

=]

(e) DTFT{xcsnl} = DTI—‘I’HMH { el‘*’)+x*el‘*’} Re{X(el‘*’} X (9.

Hx[n] X*[- n]H

(f) DTFT{xca[n]} = DTFT >

“{X@)-x* (©9)) =iXim(e).

3.7 X(ej‘*’) = Zx[n]e'j‘*’n where x[n] isareal sequence. For area sequence,

n=-o0

X(e!®) =X * (e71%), and IDFT{X* (e_jw),} =x*[-n].
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(a) xre(ei“’):%{X(ej‘*’)+x*(e-1‘*’)}. Therefore, IDFT{Xre(ej(*’)}

= SIDFT{X(@) + X * (€)= S {xn] +x* [-1i} =5 {x(n] +x(-1i} = el

0) Xim(e®)= %{X(ejw) _X* (e‘i‘*’)}. Therefore, IDI—‘I’{inm(ej‘*’)}
1 . . 1 1
= SIDFT{X(&) ~ X * (e7)} =3 {x{n] ~x* [=nl} =3 {x{n] ~X{ "]} = Xca[n]

© 0

38 (a) X(E@9= Zx[n]e'j‘*’”. Therefore, X * (€)= > x[ne!" = X (e~1®), and hence,
X * (6719) = % x[n]e” 1" =X (el?).

n=-co
(b) From Part (a), X(e/®)= X * (e71). Therefore, X re(¢/®) = Xre(e™).

() From Part (a), X(e!®) = X * (e71®). Therefore, Xim(e/®) = X im(e7/®).

(d) |X(ej ‘*’)l = Jsze(ej @) + Xizm(ej‘*’) = Jx rze(e—J' @)+ X i2m(e—i @) = |X(e'j‘*’)| _

ion e X ) g X (€719 i
(e) argX(Ee®)=tan —xre(ejw)— tan —Xre(e_jw)_ argX(e'®)

Tt T
3.9 = — [XE®)e"dw. Hence, x*[n] == [X*(&®)e?"dw.
x[n] ZHI €“)e!Mdw. Hence, x* [ 2nj e9e w
_T[ . _T[ .
(a) Sincex[n] isreal and even, hence X(e'®) = X *(&®). Thus,

x[—n] = %TJ'X(ej“’)e_j‘mdw,

-Tt
Tt
= - + —_ = —
Therefore, x[n] 5 (X[n]+ x[-n]) o J'X(eJ ) cos(con)dco.
-Tt
Now X[ n] being even, X(ej NE X(e‘j ©). Asaresult, the term inside the above integral is even,

and hence x[n] :%[J'X(ej‘*’)cos(un)dw
0

(b) Since x[n] is odd hence x[n] = —Xx[—n].

Thus x[n] = %(x[n] -x[-n]) = ﬁ I X(€®) sin(wn)dw. Again, since x[n] = —x[- 1],

-Tt
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T
X(el?) = =X (e719) . The term inside the integral is even, hence x[n] = %TIX(e“*’)si n(oon)dw
0

Ul 0N Q¢ 4 a=igNg=i®l
3.10 x[n]=0(”cos(ooon+q))u[n]:AO(”%e e’ +Ze o€ %u[n]

— A b0 el )" A -i0(yeio
= 2e (O(e o) p[n] + 2e (O(e o)u[n]. Therefore,

i A 1 A _i 1
X(E@=pl— — e -
) 2 1-ael®el® 2 1-0e1®e1®,
- 1
3.11 Let x[n] = a™y[n], o] <1. From Table 3.1, DTFT{x[n]} = X(ej(*’):l—_jw.
-ae

(a) X1(e/®) = > aMu[n+1e o = > aNg 1N = g Ll 4 > aNegTion
n=-o0 n=-1 n=0
1 10 e®—q O

_ ~—1jw —
=a e+ —— — .
1-0e /? « Hl—ae_"*’%

(b) x2[n]=na"u[n]. Notethat x>[n]=nx[n]. Hence, using the differentiation-in-frequency

, - _dX(el®) ag1®
roperty in Table 3.2, we get X »(e!®) = = —

ﬁalnl [Nj<M o i n_—jon - -n_—jon
© xg[n]=50’ Othemi;e Then, X 4(e )=Za e 19N+ Za e
] n=0 n=-M
_ 1-gM*lgiaM+1) +gMeieM 1-aq MgioM
1-ae™® 1-a~le7io
(d) X4(e®)= > aNeien = > aNe™IN _] g I g2 i20
n=3 n=0
1 , .
- - _q_ —-j0 _~2 20
1o l® l1-ae a“e .

. 0o . 0o . . .
(® Xs(&®)= 5 nae? =% naNe 1N _ pg 2 gl2® g 1elw

_ n=-2 n=0
=%—2a‘2ejzw—a'lejw.

jw < n SN _ e —MLjem _ < - jom 1 el®
O Xe(@= 3 ofe=y o Tel= Y @ e e T T e
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212 (8) yl[n]ﬁl -N<n<N, _ N Sjon _ gjoN (1- er(2N+1)) sm(m[N+ ]

Then Y,(e/®) = Z e

0, otherwise. 2N (1-e7®)  snw/2)
El— L -N<n<N
()  y,n=0" N Now y[n] = yo[n] (®yoln] where
0, otherwise
sin DooDN+1D]
-N/2<n<N/2 _ . H
yo[n]:%l Thus Y2(e‘°’)=Y§(e“°) HZ—%
HO, otherwise sin“(w/ 2)
Hcos(m/2N), -N<n<N,
(o y5[n =0 _ Then,
&l 0, otherW|se
- Sjon 1 /2N) ~jen
3
ZN n—Z—N
N
=2 Yoyt 2 §eitbrgh
= 2n_ZNe 2N +2 _Ze 2N
_a5{@- N +) sn((w+ (N+2)
== — .
2 sr((co—m)/z) "2 sr((w+m)/2)
(n+m-1)!
3.13 Denote xm[n] = Wu “u[n], lal <1. We shall prove by induction that
- 1
DTFT{Xm[n]} = X m(e®) :m. From Table 3.1, it follows that it holds for m = 1.
Let (n+ =
m=2. Then Xo[n] = o —a"u[n] =(n+1xq[n] = nx¢[n] + x1[n]. Therefore,
X (ej“’)— ae + ! = using the differentiati on-in-frequenc
2 1-ae '®)? 1-qe™®  (1-ae7®)? ? ey
property of Table 3.2.
: . (n+m)!
Now asuume, the it holds for m. Consider next X m+1[Nn] = (). o un]
_gn+mpg(h+m-n! _OQn+m 1
_ﬁ - ﬁ n'(m—l)l 0 u[n],—ﬁTﬁxm[n]—EEhD(m[n]+xm[n]. Hence,

1 q, 1 __ael® 1
o e ioym E L-oae )M (1-qe I@yM*L (g g O)m

oy 1 45
Xm+1(eJ )= dw@(
_ 1
- (1_a e—joo)m+1
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3.14 (a) Xa(ej‘”)— Zé(oo+2nk) Hence, x[n] = —Ié(w) ede=1.

k=-c0 -1
N
o 1—el@N+D) oo 01, 0s<n<sN,
(b) X(e®)= 1-e I® _n—O - Hence, x[n] = BO otherwise.
. N N 0, -N<n<N
Wy = = il = T
(© X (%) 1+ZZcos(od) I—Z—Ne - Hence X[l =) o ise
w —jae”I® : ™
(d) X (eJ )= —(1 SO bi|<1. Now we can rewrite X 4(€!) as
1 d i 1
er _ - - jw Oy _ =
Xq(&™) = dw(l ael®) dw(x (e )) where X (e'®) 1-o0e™1®

Now x,[n] =a"p[n]. Hence, from Table 3.2, x4[n] = —jnot"p[n].

Del® + 7100 0gl2® 4 712000 3 0w . 3 i
3.15 (a) Hy(e®)= 1+2D—D+3D—D 1+ el® 4 g0 4 Zgl2w | 2 5mj200,
2 0 0 2 2 2
Hence, the inverse of Hl(ej ©) is alength-5 sequence given by

hyfn]=[15 1 1 1 15, -2<ns2

O Oel® o002 4 gmi2w00 gelw/2 4 g-iw/2 _
(b) Ha(@®)=B+2———+4 no nieiof
H O 2 0 @O 2 0 0 2 0

1, . : . : . ,
=3 (2e‘2‘*’ +3e/0 + 4+ 46710 4 3e7 20 4 2e“3‘*’). Hence, theinverse of H,(e!®) isalength-6

sequencegivenby hp[n]=[1 1.5 2 2 15 1], -2<n<3.

, 0 Deoigion Qg2 g-i20wi] 0giw/2 _g-jw/2(]
(©) Ha(e®)=jB+4———q+27 nil; . i
H 0O 2 0 10 2 O 2] 0

=§(e‘3‘*’ +2e20 12l® 40 —2g7I® — pg7120 —e_J?‘*’). Hence, the inverse of H3(e'?) isa

length-7 sequence given by hg[n]=[05 1 1 0 -1 -1 -05, -3<ns<3.

0 0 Jw+e jwQ De12w+e ijDD Dejwlz e—ju)/ZD )
() Ha(e!)=j+2] 0+ ndt —— &l
A 2 2 Dg 0 2) 0

103 9, 1 : 1 . 3 _: -
=§ﬁ§e13‘*’ —Eelz‘*’+3e“°—3+§e‘1‘*’—§e_‘2‘*’ﬁ. Hence, theinverse of H4(e!®) isalength-6

sequence given by ha[n]=[0.75 -0.25 15 -1.5 025 -0.7§, -3<n<2.

- 3 3 e o 5 i 3 i
3.16 (a) Hz(ej‘*’)=1+2cosoo+5(1+0032w)=Ze12“’ +el® +3 +eJ +Ze_12“’.
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Hence, the inverse of H1(ej ©) isalength-5 sequence given by
hyn]=[0.75 1 25 1 075, -2<n<2

. 4 .
(b) Hy(e!®)= EH 3cosw + > 1+ cosZm)gcos(m /2)el®/?

1 ; 5 11 ; 11 5 _; 1 _; . TR
=§e13‘°+ze‘2°’+ze'°’+z+ze j“’+§e_‘2‘°. Hence, the inverse of Ho(e!®) is alength-6

sequence given by ho[n]=[05 125 275 275 125 05|, -3<ns<2
(c) Ha(e®)=j[3+4cosw+ (1+cos2w)]sin(w)

1 . . 7 . 7 . . 1 . .
:Zeﬁ‘*’ +el%® t7 el® +0—Ze‘1‘*’ —gj2w —Ze"J&”. Hence, the inverse of H3(e'?) isa

length-7 sequence given by h3[n] =[0.25 1 175 0 -175 -1 -025], -3<n<3.

. 3 .
(d) Ha(e/®) =] %+ 2cos0 + = (1+ cos2w)-sin(w / 2)e1@/2
2 i

13 ; 1 9 9 _; 1 _; 3 _; i
== ﬁ—e’z‘*’ +2el® 4 2 _ZgTi0 sgmiw 2 e"“ﬁ. Hence, theinverse of Ha(e!?) isa
204 4 2 2 4 4

m 19 9 1 3

length-6 sequence given by h4[n]:H§ g Z -Z ——8 —gg -2<n<3

3.17 Y(ej‘*’)=X(ej3‘*’):X((ej‘*’)3). Now, X(e!®) = Z::_mx[n] e 19 Hence,
YE)=5 T vl = x(@9)3)=F

n=-o n=-oo

x[n] (e 193 = Z;__oox[m/?)]e_j‘*m.

Therefore, y[n] ={X[on]’ n=0+3+6K

otherwise.
318 X(el¥)= Zx[n]e'j("”.
X@@2) = dn]e AN and X(-92) = xn)(-)"e AN Thus,
Y= Y e (X&) x(-el) =2 3 (dante i) s,
=3 e xel0) =B RS

3.19 From Table 3.3, we observe that even sequences have real-valued DTFTs and odd sequences
have imaginary-valued DTFTSs.

(& Since |-n|=|n}, x4[n] is an even sequence with areal-valued DTFT.

(b) Since (—n)3 =-nd, X,[Nn] isan odd sequence with an imaginary-valued DTFT.
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(c) Since sin(-w,n) = -sin(w,n) and w.(-n) =-wAn,, X5[Nn| isan even sequence with areal-
valued DTFT.

(d) Since x 4[] isan odd sequence it has an imaginary-valued DTFT.
(e) Since xg[n] isan odd sequence it has an imaginary-valued DTFT.
3.20 (a) Since Yl(ej “) isareal-valued function of w, its inverseis an even sequence.
(b) Since Yz(ej‘*’) is an imaginary-valued function of w, its inverseisan odd sequence.
(c) Since Y3(ej ®) isan imaginary-valued function of w, its inverseis an odd sequence.
321 (a) H I_I_F,(ej‘") isareal-valued function of w. Hence, its inverse is an even sequence.
(b) H BI_D”:(ej‘*)) isareal-valued function of w. Hence, its inverseis an even sequence.
3.22 Let u[n] = x[-n], and let X(e!®) and U(e!®) denote the DTFTs of x[n] and u[n], respectively.

From the convolution property of the DTFT givenin Table 3.2, the DTFT of y[n] = x[n] @u[n]
isgiven by Y(€®) = X(e/®) U(e/®). From Table 3.3, U(e®) = X(e71®). But from Table 3.4,
. . . . . .2
X(e71®) =X * (/). Hence, Y(1®) = X(/®) X * (/)= (/)| which isreal-valued function
of w.
3.23 From the frequency-shifting property of the DTFT givenin Table 3.2, the DTFT of

x[n]e ™3 is given by X(e/©@*™/3)). A sketch of this DTFT is shown below.

1
w
-m 23 -3 0 w3 23 T
3.24 The DTFT of x[n] =—a"u[-n—1] isgiven by
) -1 ) 00 ) n 0 Dejw Dn
X(e®) = z —aMeTIn = —Za‘”e“*’” =—a~ e“*’z %—E :
n=—oo n=1 n=0 a
_ . o2

For |a|>1 X(€%)=-a"1e® L 1 |X(eJ‘*’)| = 1

1-(®/a) 1-ae 1+0a2-20cosw’

Tt 00
From Parseval's relation, %T J'|X(ej ‘*’)lzdmz Z n]P.

- Nn=-oo
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(a) |X(e“*’)| . Hence, a =-2. Therefoe, X[n] =—(-2)"W[-n-1].

5+ 4cosoo
Now, 4J'|X(e“*’)| dw = 2I|X(e1‘*’)| dw = 41t le[n]l = 411 Zl( 2) |

n=-oco n=-co
D1D”
- 4”2 H4H - "Z

1

L2
b) X(&%®)| =—m——.
(0) | ( )l 325 3cosw

Hence, a =1.5 and therefore, x[n] =—(15)"y[-n-1. Now,

gal"

-1
I|X(el‘°)| dw-—IlX(eJ‘*’)l dw=Tr ZIX[n]I =1 Z 15) | —T[Z I5E

n=-o0 n=-o0
__nooi'rD 4m 4m
_9295 B? 5

(c) Using the differentiation-in-frequency property of the DTFT, the inverse DTFT of
, a 0 -jw
X(e®) = j%%l— ale‘jw% = (1_aaee_jw)2 is x[n] =—na"u[-n-1. Hence, theinverse DTFT of

m is —(n+1)a"{-n-1.
I\((ej‘*))l2 - Hence, a =2 and y[n] =—(n+1)2"u[-n-1]. Now,

(5- 4cosu))2

4 IX(E) dw=2 X&) dw=4n S K =4n § (n+12 22"
Il [ Il fao=an 3

n=-o n=—o

e o 94
‘”ZHﬁm Mot - 4T

3.25 (a) X0 = ZX[n]=3+l—2—3+4+1—1:3.

n=-—o
()

(b) X(™= Zx[n]ejm =-3-1-2+3-4-1+1=-7.

n=—oo

(©) IHX(ej‘*’)dwz 21x[0] = -

(d) I |X(el°°)| doy =211 le[n]l =821 (Using Parseval's relation)

n=-oo



=2n Z [n D([n]l2 =3781 (Using Parseva's relation with differentiation-in-

n=-o

T w
——| d
© Jln dw
frequency property)

3.26 (a) X(el0)= Z x[N=-2+4-145-3-2+4+3=8.

n=—oo

(b) X(e™= > Anl(-)" =2+4+1+5+3-2-4+3=14.

n=-o

(© J’_T;X(e"‘*’)dw: 21X[0] = -

(d) I:T|X(ej‘*))|2 0w =211 Z [ril> =168m  (Using Parseval's relation)

n=-—o

Pyl 12
m |dX(el®)
do

® [

3.27 Let Gl(ej‘*’) denote the DTFT of g[nl.

dw=21 3 ¥ n]l? = 1238n

n=—oo

(b) g,[n]=gy[n]+g,[n-4]. Hence, the DTFT of g,[n] isgiven by
G,(e19) = G,() + e 140G, () = (1+ 714G, ().

(©) gg[n =gy[-(n-3)]+g4[n—-4]. Now, the DTFT of g,[-n] isgiven by Gl(e_j‘*’) .
Hence, the DTFT of g[n] isgiven by G,(/?) =e %G (e71?) +e 1¥G (e/*).

(d) gy[n]=g;[n]+gy[-(n-7)]. Hence, the DTFT of g,[n] isgiven by
G,(e19) = Gy(&®) +e71 G (e7I¥),

328 Y(e¥) = X(¢°) X, (/) X 4E¥), i e,

0 o o U w U w 0
Zy[n]e jon D X[1] e“‘*’”HH x2[n]e_1‘*’”E% X4[n] e““’”H
n=—oo n— —00 DDn =—00 DDn =—00 D
00 D © DD o0 0 D
(a) Therefore, setting w=0 we get Zy[n] 0 le[n] x2[n] i Xs[“]u
n=—oo n'=e0 nh=—c0 n_—m
o 0 o DD w DD % D
(b) Setting w=mtweget » (-)"n] =5 H (-1 Xl[n] Z( i xz[n] Z( i xg[n]D
n=—oo Un=—o0 n——m n——m



3.29 (@) X[n] =xg,[n]+x4[Nl. Now, for acausal x[n], from the results of Problem 2.4(7?), we

observe

X[n] =2xg, [n]u[n] = x[0] &[n] = h[n] = x[O] [ ], (1)

X[n] =2X [Nl p[n] + X[0]3[n]. (2
Taking the DTFT of both sides of Eq. (2) we get

X (e1®) = H(e/*®) - x[0], €)
where H(e/®) = DTFT{ZX [r] u[n] Ixre(ele) m (@ 9) e, (4)

—Tt
Note: The DTFT of xg[n] is X re(eJ‘*’), and the DTFT of p[n] is m(e!®).

Now, from Table 3.1, J0y = +TT +2TK) == —
ow, fro e3.1, m(e™) oo k_z_ () ) >

Substituting the above in Eq. (4) we get

é otH—H+ m z 3w + 21K).

T i 00
H(e®) = %J’x re(eje)gé —écot§%§+ m Z 6(6+2T[k)§d6

—xre(el‘*’)+2 Ixre( Je)de——J'Xre(e‘e)cotH—Hde

Substituting the abovein Eq (3) we get
X(€19) = X (4(€1°) + X, (€1°) = H(/®) - X[0]

Tt Tt
@ Ty (@ o (% (6%t 2= g -
—Xre(el‘*’)+2n‘rxre(ej )de 2nJ’Xre(e‘ ) cot] > Hde -X{q]
= i
Tt
: ' i Ow-060
=X e(@) =5~ j X o(€%) cog>==CaB, (5

since — IX el e) dB=x[0],as x[n] isreal. Comparing the imaginary part of both sides of

re(

Eq. (5) wethereforeget X, .(

== .[Xre e‘e)cotH—Hde
(b) Taking the DTFT _of both sides of Eq. (2) we get
X(e'®) = G(e) +x(0], (6)

.
where, G(e/®) = DTFT{2x [l nl} = %[ J’ X, %) m(E©@ g, )
—Tt
asjX irn(ej ©) isthe DTFT of Xod[Nn]. Substituting the expression for m(ej“’) given abovein

Eq. (7) we get G(el®) = %Ixim(eje)ﬁl _
n

j 060 - ]
> 2COtH2H+T[k:Zm5(9+2Td<)Ed9
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= jX; (&) + ZHIXIm(eJe)dB = lem(e‘e)cotH—Hde

Substituting the above in Eq. (6) we get _
X(€19) = X (4(€1°) + X, (€1°) = G(/) +X[0]

Tt Tt
. - i - 1 0. Dw-60
= Xim(@)+ 5 j Xim(@®) B+ j Xim(&/®) cot =118 + (0]
= jX. m(eJ‘*’)+ I X m(e‘e)cotH Hde+ X[0] (8)
Tt

as %T Ixim(eje)de =0 since Xim(ej“’) isan odd function of w. Comparing the real parts of

Tt
. . . o 1 o Ow-60
both sides of Eq. (8) wefinaly arriveat X (€/“)= p Ixim(ej )COtETE do +x[0].

—Tt
N-1 N-1
1 ejZTn(k ) 1- 1
N 1 " N-1 o N-1
Ifk—I=rNthenS= ) W™ =) e =} 1=N.
Z Z 2
"t (k=hn _ON, for k—I=rN, r aninteger
—(k=nn _ ON, —1 =N, ,
Hence, ZWN _HO, otherwise.
N-1 N-1 N
3.31 y[n] = ZS([r]h[n—r]. Then y[n+kN] = Zf([r]h[n+kN—r]. Since h[n] isperiodicin n
r=0 r=0
with a period N, h[n+ kN -r] = h[n—-r]. Therefore y[n+kN] = Z)?[r]h[n— r] = y[n], hence
r=0
y[n] is also periodicin n with aperiod N.
332 n={0 1 0 -2 3 andhnj={2 0 1 0 -2}.
4 ~ ~ ~ ~ ~ ~
Now, §[0] = Z X[r]h[0 —r] =X[O]h[O] + X1 h[4] +X[2] h[3] + X[3] N[ 2] + X[4]h[1] =
r=0
3 ~ ~ ~ ~ ~
Similarly y[1] = ZF([r] h[1-r] =X[0]h[4] + X[1]h[0] + X[ 2] h[3] + X[3| N[ 2] =
r=0

Continuing the process we can show that y[2] =4, y[3]=-9, and y[4]=6.
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333 Mnj={2 -1 2 3 -2} and hn]={1 2 -3 0 -3.

4

Now, §{0]= %" X(r] R0 - r] =X[O]h[O] + X[1 h[4] +X[2] hi3] + X[3| h[2] + X[ 4] h[1] =
r=0
3
similarly 1=y X1} h[1-r] = X[0] h[1] + X1 N[0] + X[ 2] h{ 3] + X[3 h[2] =
r=0

Continuing the process we can show that y[2]=-15, y[3]=16, and y[4]=—

3.34 Since | K[n+rN] = JJk[n] , hence all the terms which are not in therange 0,1,....N-1 can be
accumulated to | «[n], whereO<k<N -1. Hencein this case the Fourier series representation

involves only N complex exponential sequences. Let

1'& kn/
SNl = = v j2mkn/N
X[n] N Z X[K]e then

N-1

N-1 . g NZIN-L N\
K[njeI2mn/N = Xikjel2tknniN _ LS g0 5 giznk—nn/N -
nZ0 nzo kZ N Z Zo

Now from Eg. (3.28), the inner summation isequal to N if k =r, otherwiseit is equal to 0.

N-1
Thus Z x[nje~2mn/N = X[r].
n=0
N-1 _ N-1 ) _ N-1 )
)2[k +IN]= Z;([n] e—JZrt(k+I N)N/N _ z;([n] e—jZﬂkn/Ne—sz n_ z;([n]e—jann/ N _ i[k]
n=0 n=0 n=0

3 Ormi : y 5
3.35 (a) xl[n]=cosHmH=5{eJ""4+e 1”“’4}. The period of %,[n] isN = 8.

S .
Xl[k] DZeJZTnISe ]2nkn/8 Ze jZnn/Se jZT[kn/SD

]
19 oizmk-1/8 2 k+1/8H
=—Dz j2m(k-1) Ze’ m(k+1/8H  Now, from Eq. (3.28) we observe
ZE =0 n=0
-jom(k-1)/8 _ [8, for k=1 jzmk+y/8_ |8, for k=7,
Ze {O otherwisg and Ze 0, otherwise Hence,

14 k=17,
X1[k]'{0, otherwise.

1L 1014 1 jTn/3 _ jT[n/3 3 jm/ 4, —jmm/4 :
(b) X,[n]= smH H+SCOSH H 21{e e } 2{e te } The period of
SinH_H is 6 and the period of COSHIH is8. Hence, the period of X,[n] isthe gcm of

23 H
Tm/24e—12nkn/24 _ Ze—j&m/% e—JZr[kn/24D

L 102 8
(6,8) andis24. X,[k]= ?%Z -
=0 n=0
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33 _ 23 _ :
+§ DZ ej6Tm/24 e—]2T[kn/24 + Z e—jﬁnn/24 e—Jann/24D

A=0 :
1 3 _ 23 IELEE 23 0
- LOS o emk-3)/24 _ Ze_sz(k+3)/24 D+_DZ ori2m(k-4)/24 Z oi2m(k+4)/247
ZJ an_o n=0 a Za =0 n=0 a
D—JlZ, k=3

12, k =21,
Hence X2[k] 5 J36 k =4,20,

O o, otherwise.

3.36 Since Pn] is periodic with period N, then from Eq. (3.168a) Of Problem 3.34,
N-1

N-1
fn] = z k] e 2™®/N \vhere using Eq. (3.168b) we get PIK] = Z pnje 1 Zkn/N = 9

Zl-
Py

Hence f{n] :ﬁl Z Sj2rkn /N

:X(eJZT[k/N): z X[n]e—jZTIkn/N’ —°°<k<°°.

n=-oc0

3.37 X[k] = X(ejw)lw:ZT[k/N

(@) X[k +1N]=X(e2MKHNI/Ny = (2T /Ngi2ml y — 5 (@I 2/ Ny = 7).

1 om/N _ 1NCMO 2 —j2rid IND_j2rkn/N
(b) Knj= Z X[kle PR PR 0e
1t g 21k (n-1)/N 1 T e
:ﬁz S 12O DN et ] =n+rIN. Then &[n]== Z x[n+rEIN]DZeJ r%.
: =—00 r_—oo
N-1 . [
But e 2™ = N, Hence, X[n]= > x[n+rN].
k=0 r=—oo
- = j2rkn/ N = j2rkn/ N 1'c j2ren/ N
3.38 (a) G[k]= ) gnle ™™ N =\ Knynje <™ N | Now, >”<[n]=— [r]eJ mn
= 15 e 2r(k—-An/N _ 1c o j2rk-r)n/N
—— j
Therefore, Glk] =~ Z Z X[ry[n e N rZOX[Ir]Zy[n]e
1\t -
= =) X[r]Y[k-T1].
N2 [Y[k =]
3 = gNZIN
(b) h[n]=—z X[k Y[kje2m N = < X{r] Y[k e/ 20N
N k=0 Nk:O r=0
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Z_ X5 =

I:II:II:II:I

i ! j21k(n-r)/N
N Z Yikle

| - |

N-1
= A
r=0

3.39 (@) y[n]=agn] +Bh[n]. Therefore

N-1 N-1 N-1
YIKI= S Wik =a S ginwik +B8'S hinjwi = aGk] +BH[K]
N-1
(b) x[n] = g< n— g >]. Therefore X[K] = $ g[< n—ng >y ]W*
n,-1 N-1 ]

= Z o[N +n = ng]W{ + > gln- no W
=0 n=n,
N-1 N- n, -1 -1

n=N-n,

N-1 N-1
(c) un] =W,\Ik°ng[n]. Hence U[K] = Z u[n]W,[]‘k - Z g[n]wlslk—ko)n
n=0 n=0

Z Wi Mgn), itk Kk,
n:
N-1

Z w{ gy, i k<,

Glk-k,l, ifkzk,,
Thus, U[k] DG[N+|( ko] if k< k = G[< k - ko >N]

N-1 N-1 N-1 N-1
(d) h[n] = G[n]. Therefore, H[k]= Y Wy = 5 GIn]Wy* Z Zg[r]W“err
n=0 n=0 n=

N-1 N-1 (k+r)
+r)n
=>drlyw :
r= n=0
The second sumisnon-zeroonly if k=r=0or elseifr=N -k and k #0. Hence,
0 Ng0], if k=0,

HIKI = BngIN = k], if k> 0, = NA< —k>pl-
N-1 N-1 N-1
() uln] = Y dmjh[< n—m >]. Therefore, U[k] = z Z glm]h(< n—m>, JW¥
N-1 rn_NO 1 N-1 n=o m=o
= 3 dml 5 hi<n-moy W= 5 olmiHKMA™ = HIGGIK.
m=0 m=0
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N-1 R )
(f) v[n] = g[n]h[n]. Therefore, V[k]= ) gln]h[n] W< == h[n]G[rIW™ w ™" =

1N—1 k1) 1 N-1
= =r)n - = _
N ZG[r]Zh[n]W N ZG{r] Hi<k-r>\].
r=0 n=0 =0
1 - . N -1 .
= n n
(@ Xnl=r Z X[K]W ™™ Thus x* [r] = Zx [K]W™. Therefore,
—1 DN 1 O0N-1 0 N-1N-1
Z|x[n] =Z ZX[r]W ”fDDZx*[l]w“ %z > Z ZX[r]X [I]ZW”(' .,
n=0 r= U0 =0 U r=0 I =0
N-1 1 N-1
Since the inner sum is non-zero only if | =r, we get Z|x[n]|2 == Z|X[k]|2-
N
n=0 k=0
N-1
340 X[K] = 5 x[nw"™.
) N-1
(a) X*[k] = Zx*[n]w_”k. Replacing k by N —k on both sides we obtain
n=0
N-1 N-1
X*[N —K] = Zx*[n]W_”(N_k)z ZX*[n]W”k. Thusx*[n] = X*[N—K] = X*[<—k >N].
n=0 n=0
N-1
(b) X™[K] = Zx*[n]W_”k. Replacing n by N — n in the summation we get
n=0
N-1 ( K N-1 ‘
X* K = S x*[N-nw Nk = S yx N - njw™,

Thusx™ [N —n] =x"[<—n>N] = XT[K].

(c) Re{X[n]} = %{x[n] + x*[n]}. Now taking DFT of both sides and using results of part (a)
weget Re(x{rnl} = 3{X[K+X"[<~k>N]}.

(d)jIm{x[n]} = %{x[n] —x*[n]} thisimples j Im{Xx[n]} = %{X[k] —X*[<—k>N]}.

(€) xpes[n] = %{x[n] + X" [<—n>N]} Using linearity and results of part (b) we get

Xpesn] = 3{XIK] + X" [K]} = Re{X[K]}.

(f) xpcaln] = %{x[n] —x"[< —n>N]}. Again using results of part (b) and linearity we get
xpealn] = 2{X[K] X" [K]} =] Im {X[K]}.
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N-1
3.41 X[K] = Re{X[K]} + Im{X[K]} = Zx[n]e‘jznkn/N.
n=0

1 DFT . :
(€) xpe[n]zi{x[n]+x[<—n>N]}. From Table 3.6, x*[<-n>\] =« X*[K]. Sincex[n]is

real, X[<-n>y]=Xx*[< —n>N]D:TX*[k]. Thus, Xpe[k]=%{X[k]+X*[k]}=Re{X[k]}.

(b) xpo[nl=3{xn]-x< -n> . Asaresult, X [k = S{X[K]-X* [k} =]Im{X[K]}.
3.42 Sincefor area sequence, x[n] = x*[n], taking DFT of both sideswe get X[k] =
X*[<—=k>N]. Thisimplies, Re{ X[K]} +j Im{X[K]} = Re{X[<—k>N} —] Im{X[<—k>N;}.
Comparing real and imaginary parts we get
Re{X[K]} = Re{ X[<—k>N} and Im{ X[K]} = — Im{ X[<—k>N}.
Also IX[KIl = J(Re{XKI)? + (Im{X[Kk1})?
- ‘I(Re{X[<—k > )+ (imixi< =k > 13)° = [xi<—k >

40
and arg{X[k]}=tan

Im{X[K]}0 . _E-Im{X[< —k >\ ]}H
Trexi] - ™

e ooy 1 = AIIS h

343 (a) xq{<-n>g]=[1 1 1 0 0 0 1 1]=x[n]. Thus, x4[n] isa periodic even sequence,
and hence it has areal-valued 8-point DFT.

(b) xa[<-n>g]=[1 -1 -1 0 0 O O 1. Thus, xz[n] isneither aperiodic even or a
periodic odd sequence. Hence, its 8-point DFT isacomplex sequence.

(c) x3g[<-n>g]=[0 -1 -1 0 O O 1 1]=-xg[n]. Thus, x3[n] isaperiodic odd
sequence, and hence it has an imaginary-valued 8-point DFT.

(d) xa[<-n>g]=[0 1 1 0 0 0 1 1=x4[n]. Thus, x4[n] isa periodic even sequence,
and hence it has areal-valued 8-point DFT.

N-1 N-1
3.44 (@) Now, X[N/2] = 3 x[n]W{"'? = $ (-1)"X(n]. Henceif x[n] =x[N —1-n] and N is
n=0 n=0
N-1
even, then Z(—l)nx[n] =0 or X[N/2] =0.
it
(b) X[OQ] = Zx[n] soif X[n] =—=X[N —1—n], then X[0] = 0.
n=0
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N
N-1 5"1 N -1

(c) X[2]= Zx[n]Wan = 2x[n]w2“' + Zx[n]Wznl

n=0 n=0 n=N/2
N1 N_gp N_gp
C 2nl e N 2nl e N 2nl
= > WA+ X+ S WA = S (n]+xin+ WA
n=0 n=0 n=0
Henceif x[n] = —x[n + g] =—Xx[n+M], then X[2] ] =0, for | =0,1,...., M =1,
N
N-1 2 N-1
345 X[2m]= § X[nWR™ = $ x[n] W™ + wa[n]wﬁm“
n=0 n=0 n=—
2
N, N, N N N,
2 5 2 N 2m(n+=) 2 5 2 N 5 N
=5 x[WE™+ Y x[n+ =Wy 2= Y W™ + S xn+ SJWmMwl
. ~ 2 4 4 2
n=0 n=0 n=0 n=0
N
2 N N N
=y ﬁx[n]+x[n + E]ﬁw,\,zm“ =0, 0sm=<— -1 Thisimplies x[nl+X{n+>]=0
n=0

3.46 (a) Using the circular time-shifting property of the DFT given in Table 3.5 we observe
DFT{x{<n-my >\} = W,If|m1X[ k] and DFT{x[<n-my>\} =W,{|<m2X[k]. Hence,
WIK] = DFT{X(n]} = aWK™IX[K] + BWE™2X[K] = (aw',i,ml +pWEM2 )X[k]. A proof of the
circular time-shifting property is given in Problem 3,39.

O N O

1 1 -5n

(b) gn]= E(x[n] +(—1)”x[n]) = Eﬁx[n] + Wy 2 x[n]g, Using the circular frequency-shifting
. : 1 N

property of the DFT given in Table 3.5, we get G[k] =DFT{g[n]} = > @X[k] + X[<k -3 >N]§.

(c) Using the circular convolution property of the DFT given in Table 3.5 we get

Y[k] = DFF{y[ n]} =X[Kk] X[k]= X2[k]. A proof of the circular convolution property isgivenin
Problem 3,39.

N
3.47 (a) DFT@)([n—%]@=W;2X[k]=—X[k]. Hence,

u[k] = DFT{u[n]} = Dl—‘l’@x[n] +x[n - g]@ = X[k] - X[K] =O0.

(b) V[K] =DFT{v{n]} = DI—‘I’@x[n] —x[n- g]gz X[K] +X[K] =2 X[K].
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N, Hw_n I N
(©) yIrl=(-3"x[n]= W xn]. Hence, Y[K] =DFT{y[rl} =DFTOW¢ xn]d=X[<k==>n]

using the circular frequency-shifting property of the DFT given in Table 3.5.

3.48 (a) From the circular frequency-shifting property of the DFT givenin Table 3.5,
IDFT{X[< k -mg>n]} = Wy""x[n] and IDFT{X[< k —mg >N} = Wy ™"x[n]. Hence,
w[n] = IDFT{W[K]} = IDFT{a X[<k —m1 >N +B X[< k — mp >n}
= a Wy ™" x[n] + BWN 2" X n] = (0( wy™" + Bwﬁmzn)x[n].

a _N g
(b) G[K] = (X[k]+( 1) X[k])——EX[k]+WN2kX[k]§ Using the circular time-shifting

N
property of the DFT given in Table 3.5, we get g[n] = IDFT{G[K]} = ﬁx[n] +x[<n- > >N]ﬁ

(c) Using the modulation property of the DFT given in Table 3.5 we get
y[nl = IDFT{Y[K]} = N X{n] {n] = N °[n].

N
N-1 2t N-1
3.49 (a) X[2m]= ¥ Xn]WR™ = T x[n] W™ + va[n]w2mn
n=0 n=0 n=—
2
N, ﬂ_l N N ﬂ_l
2 ) N 2m(n+=) 2 > 2 N
=5 x[njwg™ + Z x[n+—]WN 20= % (W™ + Z x[n+—]W Mg
n=0 n=0 n=0
=y ﬁx[n]+x[n+—]ﬁw,%m”= S (x[n]-X[n)WE™ =0, Osms<= -1.
= 2 - 2
n=0 n=0
N N 3N
"t 41 . 41 2 41 [ an, Gt 41
(b) X[4]= xn]Wy S > xn]W n wa[n]w N+ Zw X[n]WN' "+ Z X[ W' "
n=0 n=0 = n=y n=N
4 2 4
Ny N N
4 U 4 (n+=) N 4(n+o) 3N A (n+_)D

> Dx[n]W""”+x[n+—]WN 4 +x[n+—]WN 2 +x[n+—]WN

n-OH H
. N N 3N

S oxing+ xqn+ ZIWRN + xn + 1w N 4 xin + RN

= 4 2 4

N

—-1
4

=> (x[n] =x[n]+ x[n] =x[NIWR' " =0 as WAN =wdN =wgN =1.
n=0



350 (@) X[N-Kl= 3 xnw{N "= $ x[nwg " = X * [K].

n=0 n=0
N-1 N-1
(b) X[O]= z x[N]WR = z x[n] whichisreal.
n=0 n=0
(©) X[E] = NZ_lx[n]w(N 12 - Nf(—l)”x[n] which is real
2 L N 4 '
n=0 n=0
bk
3.51 (a) H[k]=DFT{h[n]} =DFF{g[{n—3>7]}=W73kG[k]=e 7 G[K]
0 _jéf _leE _jgff _jEQE _j§§E i
=d+j2, e T(2+[8), e 7 (-1-j2), 0, e T (8+j4), e 7 (3+j2), e 7 (2+]5¢
g i
.8m

- 1=
(b) hin]= IDFT{H[k]} =IDFT{G[<k - 4>7]} =W7*"g[n]=¢ 7 ¢n]

MN-1 N-1 N-1
352 YK=Y yinwan = S X[nWGK . Thus, YIkM] = 5 x[n]w = X[K].
n=0 n=0 n=0

Hence, X[K] = Y[kM].

3.53 Note X[k] isthe MN-point DFT of the sequence xg[n] obtained from x[n] by appending it
with M(N-1) zeros. Thus, the length-MN sequence y[n] is given by
M-1
y[n] = z Xe[<n—=NI >yn], 0<n<MN-1 Takingthe MN-point DFT of both sideswe
=0
N ONCE D
get Y[KI=0 ) WAIN DX[KI =0 5 WA DX[K].
0 =0 0 =) 0

11
3.54 (a) X[0]= Y x[n]=13.
n=0
11
(b) X[6]= Y (-)"x[n]=-13,
n=0
11
(© z X[k]=12 X[ 0] = 36.
k=0

(d) Theinverse DFT of e (4™/€)x[k] is x[< n—4>15]. Thus,

11 .
S e JATKIB) Y [K] =12 X[< 0 - 4>15] = 12 [X[8] = —48.
k=0
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1 11
(e) From Parseval'srelation, Z IX[k]I2 =12 Dz X n]I2 =1500.
k=0 n=0

3.55 X[8 =X *[<-8>14] =X *[6] =—2+]3, X[9] =X *[<-9>14] =X *[5] =63,
X[10] = X* [« =10 >14] = X*[4] = -2~ |2, X[1]] = X*[<-11>14] = X*[3] =1+ 5,
X[12] = X * [< =12 >14]= X *[2] =3 j4, X[13]= X *[< -13>14]= X *[]] = -1 3.

(a) x[0] ERES X[K] =32 =2.2857
_14KZO T4 U

18 12
(0) x[7]=37 > (-D*X[K]=-,=-0.8571
k=0

13
(© Z x[n]=X[0] =12,
=0

(d) Let g[n] = e™ Dyin]= Wiz x[n]. Then DFT{g[n]} = DFT{Wiz"x[n]} = X[<k =4 >14]
=[X[10] X[11] X[12] X[13] X[0] X[1 X[2] X3 X[4] X[5] X[6] X[7] X[§ X[9]]
13 13 .
Thus, $ gl = Y @™ xn]=x[10]= -2 - j2,
n=0 n=0

: B , 11 > 498
(e) Using Parseval'srelation, Z X[n]® == Z [X[K]|® = — = 35.5714.
o 14k:0 14

6
3.56 Now y¢[n] = z g[k]h[< n-k >g]. Hence,
k=0

yc[0]=g[OInO] +g[1]h(6] + g[2]N[5] +g[3|h[4] +g[4]h[3] + g[S]h[2] + g €] (1],
Yc[1] = g[0]h[1] + g[W O] + g[2]n[6] +g[3|N[S] +g[4]h[4] + g[S]h[3] +g[6]h 2],
Ye[2]= g[0In[2] +g[1Ih[1] + g[2] (O] +g[3] (6] + g[4]h[S] + g[SIh[4] + g[6]h[3],
yc[3] =g[0In[3] + g[1In[2] +g[2]h[1] + g[3N[O] +g[4]h[6] + g[SIh[ 5] +g[6]h[4],
yc[4]=g[0]h[ 4] +g[1]h[3] +g[2]n[2] + ¢[3]h[1] +g[4]h[O] + g[S]h[€] + g[6] h[9],
Ye[S] =9[O]n[3] + g1 h[4] + g[ 2] 3] + g[3]N[2] + g[4]h[1] + g[S]h[Q] + g[E] (],
yc[6] = g0 6] + g[1]N[5] + g[2]h[ 4] +g[ 3| h[3] +g[4]h[2] + g[5]h[1] + g[6]h[O].

Likewise, y_[n] = f g klh[ n-k]. Hence,
k=0
y [0]=d01h[0],
y [ =9[0] h{1] +g[A] [ 7],
y [2]=d01h[2] +g[1]h[1] + g[2] h[]],
y, [81 =dl0]h[3] + oI h[2Z] + 2] h[1] +g[3] h[C],
yL[4]=d0]h[4] +g[1] h(3] +g[2] h[2] + o[ 3]h[] + g[4]h[O],
yL[5] =d[O] 5] +g[1] h[4] + g[2]h[3] + g[3]h[2] +g[4] h[1] +g[5] h[O],
yL[6] =g[0] 6] + g[1]h[5] + g[2]h[4] +g[3]N[3] + g[4] h[2] +g[5] h[1] +g[6]h([0],
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yL[7] =9[1] h[6] + g[2]h[5] + g[3]h[4] + g[4]h[ 3] + g[S h[2] + g[6] (1],
yL[8]=d[2]h[6] +g[3| h[5] + g[4] h[4] +g[S]h[3] + g[6] h[2],

yL[9 =g[3] 6] + g[4]h[5] +g[5] h[4] +g[6]h[3],

yL [10] =g[4] h6] + g[Sh[8] +g[6]N[4],

yL [1Y =g[5]h[6] + g[6]h[5],

yL[12] =g 6]h[e].

Comparing y1g[n] with y| [n] we observe that

yc[Ol=yL[0] +yL[7],
ye[U=yL [ +yL[8],
yel2]=yL[2] +yL[9],
ye[3] =y [3]+yL[10],
yel4]=yL[4] +yL[1]],
yel9 =yL[5] +yL[12],
yc[6] = yL[6].

3.57 Sincex[n] isareal sequence, its DFT satisfies X[k] = X * [< =k >N] where N = 11 in this case.

Therefore, X[1]=X*[<-1>11 X *[10]=4/3 +j2,
X[ =X*[<=3>11 X*[8]=-5+ 8,
X[5] =X*[<-5>11 X*[6]=9+]6,
X[7)=X*[<=7>11 X*[4=2-]5
X[9 =X *[<-9>11 X*[2] =-1-j3.

3.58 The N-point DFT X[k] of alength-N real sequence x[n] satisfy X[k]=X*[<-k>,]. HereN
=11. Hence, theremaining 5 samplesare X[] = X* [< =1>,,] = X*[10] = -31-]5.2,
X[ =X*[<=4>4] =X*[7] =-41-]0.2, X[6] =X*[<-6>,]=X*[5=65-]9,
X[8] = X*[<=8>]=X*[3=53+]4.1, X[9=X*[<-9>,]=X*[2] =-3.2+]2.

3.59 A length-N periodic even sequence x[n] satisfying x[n] =x* [< -n>,] hasareal-valued N-
point DFT X[k]. Here N = 10. Hence, the remaining 4 samples of x[n] are given by
X[6] = X*[<=6>5] =x*[4] =2.87-]2, X[7]=x*[<=7>(] =x*[3] =-21-]456,
X8 =x* [< =8>,]=x*[2]=-325-)112, and X[9] =x*[<-9>,]=x*[]=0.7+j0.08.

3.60 Asx[n] isareal-valued sequence of length 498, its 498-point DFT X[k] satisfy
X[K] = X * [< =k >49g] = X *[498- K] (See Table 3.7).

(a) From the specified DFT samples we observethat X[kq]= X * [412] implying
kq =498 - 412 =86, X[ko] =X*[309] implying ko =498- 309 =189, X[k3]= X *[112] implying
k3=498 -112 =386, X[k4] = X *[1]] implying k4 =498 —11 = 487.

(b) dcvaueof {x[n]} = X[0] =2.

1 497 B 1 _ _
(© xinj=4 kZOX[k]w@%“ = 2= (X101 + 2Re{X[11 W35 "} + 2Re{x[86] W5 "}
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+2 Re{ X[112] W2 ”} +2 Re{ X[189] Wed® ”} +X[249] W2°")

1 11mm . [11m 86m™m . [O86mn
=—{-045+ YCOSﬁ—ﬁ -31s nﬁ—ﬁ -22 cosﬁ—ﬁ +1.5s nﬁ—ﬁ
249 249 249 249 249

112™N . 0112m 189™n . [1189™n
+ SCOSﬁ ﬁ + 0.7 nﬁ—ﬁ -4.7 cosﬁ ﬁ— 1.95mﬁ— .
249 249 249 249

497 2 1 497 5
d n"=— X[Kk]l™ = 0.2275.
@ 3 Kl =555 3 XK

3.61 Asx[n] isareal-valued sequence of length 316, its 316-point DFT X[Kk] satisfy
X[K]= X *[< =k >3,6] =X *[316~ k] (See Table 3.7).

(@) From the specified DFT sampleswe observe that X[17] =X * [k 4] implying
k, =316-17 =299, X[k;] =X*[210] if € =0, implying k; = 316-210=106, X[k,]=X*[179]
if d=0 implying k, =316 -179 =137, and X[k,] = X*[110] if y =0 implying
k= 316-110=206.
315
(b) Now, X[0Q] = Zx[n] which isareal number as x[n] are real numbersimplying a =0. Since
n=0

315
the length N = 316 is an even number, X[158] = X[N/2] = Z(—l)”x[n] isalso areal number
=0
implying B=0. We havealready showninPart (a), 0=¢=y =0.
(c) Thedcvaueof {x[n]} is X[O] = 3.

1 -17n - n = n
(&) X[nl=Z=(X[0]+2 Re(X[17Wa§ ") + 2Re(X[106)W3;°") + 2Re[X[137 W5 ")

106mﬁ

_ 1 171n
+2 Re(X[llol Wsl%slon)} =30+ 209 Cosﬁ 158 158

316

137mn . 0110t
+2(4.2) cos% ﬁ +2(1.72)s nﬁ ﬁ ~13
158 158

06T 137m
ﬁ +8.4) cosﬁ
3 158

1 17T . Ol
=—{-10+ 3cosﬁ—ﬁ —-4.6s nﬁ
316 158 15

ﬁ +2(-23)s nﬁ

. 0110
ﬁ +34459 nﬁ ﬁ} .
158

315 5 1 315 2
€ n™ =-—= X[k]~ = 0.6521.
@ 3 Wi’ =55 5 IXK)

362 {xn}={-4, 5 2 -3 0 -2, 3 4},0<n<7. LetX[k] denotethe 8-point DFT of

x[n]. Consider the 8-point DFT Y [k] = WX X[k] = WX X[K]. Using the circular time-shifting
property of the DFT given in Table 3.5 we observe that the IDFT y[n] of Y[K] is given by
y[n] =x[<n—-6>g]. Therefore, y[0]=X[<-6>g]=X[2] =2, Y[1]=X[<1-6>5] =X[3] =-3,
Y[2]1=X[<2-6>g] =X[4] =0, Y[3]=X[<3-6>g]=x[5]=-2, y[4]=X[<4-6>g] =X[6]=3,
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Y5 =X[<5-6>g] =x[7]=4, y[6]=X[<6-6>5]=xX[0]=-4, y[7]=X<7-6>g]=x]=5 Thus,
{yin}={2, -3, 0, -2, 3, 4, -4, 5, 0<n<7.

363 {xn}={1 -1 2 3, 0 0}, 0sn<5. LetX[k] denotethe 6-point DFT of x[n].

Consider the 6-point DFT Y[k] = W&X[k] =W¢KX[k]. Using the circular time-shifting
property of the DFT given in Table 3.5 we observe that the IDFT y[n] of Y[K] isgiven by
y[n =x{[<n-4>g]. Therefore, y[0] =x[<-4>¢] =X[2] =2, Y[1] =x[<-3>] =X[3] =3,
y[2] =x[<-2>¢] =X[4] =0, y[3] = X[< -1>6] =X[5] = 0, y[4] =X[<0>¢] =X[(] =1,
y[5]=x[<1>]=x{1]=-1 Thus {y[n}={2 3 0 0 1 -1}, 0<n<5.

3.64 (&) yL[0]=d0h0]=-6
yL [1]=dl0]h(1] +¢[1]h[0] = 16,
yL[2] =dOh[2] + g[1]h[] + g[2]n[0] = O,
yL [3]=d[0][3] + g[1]h[2] + g[2]h[] = -19,
yL[4]=dn(3] +g2]h[2] = 2,
yL[5] =d[2]h([3] = 4

(®)  yc[0]=ge[O]N[0] + ge[1IN[3] +ge[2]N[2] +ge[3]N[1] == g[O]N[O] + g[1In[3] + g[2]h[2] = -
Yc[1] = ge[ O[] + ge[1IN[O] +ge[2]N[3] +ge[3]N[2] == g[O1[1] +g[1]h[O] + g[2]h[3] = 20,
Yc[2]= gelO]h[2] + gel 1] N[1] + ge[ 2] N[ O] + ge[3]N[ 3] == g[O]h[ 2] + g[1]N[1] + g[2][0] = O,
Yc[3] =9e[O1N3] + ge[1]N[2] +ge[2]N[L] + ge[3]N[0] == g[O]N[3] + o[ h[2] + g 2]n[1] = -

[Ge[O]D M 1 1 1gy3gp 3 p HOjo @ 1 1 1m2pg 0-10
© Olad - ig2q o7-jzg MM L) g 2+
e[2]D %1 -1 1 —1%%4% % -1 D EH[Z]E Hl -1 1 —1DDOD H 5 [r
EGe[3]E A j -1 -jggog D—7+12D HEoD @ j -1 —J'DDlD DZ—J'5D
DYC[O]D [Ge[O]EH'I[O]E % -3 D
byn? HeumygE a4 jzof
O¥cldg_ 0% 0_0 D
Y [20" Gd2 M2 1 Therefore
AYc[3T  HGel3] MHI3IE D‘4+J39D
VelOlo @ 1 1 1gg -3 0 040

Eyc[l]H_}BI j -1 -jg J-4-j393 E20¢
J2107 2 -1 1 -10 -5 0000

. 00 . .00.0
el3g © -j -1 jOE-4+j390 0-190

3.65 We need to show g[n]()h[n] = h[n](N) g[n].
N-1
Let x[n] = g[n](N)h[n] = ZQ[m] h<n-m>]
=0

N-1

andy[n] = h{n]@gn] =  himlg<n-m>y]

m=0
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n N-1

= > hmlgln-mj+  WmlgN+n-m]

" N N-1
= > hn-migiml+ » HN+n-migim] =  h<n-m>Jglm] = x[n].
m=0 m=n+1 m=0

Hence circular convolution is commutative.

N-1
366 (a) Letgn] =x,[N@ XNl = ¥ xmlxo[<n-m>y]. Thus,

m=0
N-1 N-1 ON-1 ON-1 0
z gn]= Z Xq[m] z Xo[<n-m>N]= D z xl[n]%g z xl[m]D. Similarly we can show that if
m=0 n=0 = =
N-1 -1 ON-1  [ON-1
y[n] = glnl(N) x3[n], then z y[n] = z o[m] z xal<n-m>n]=0 z gl z X3[m]u
IN-1 N-1 N
=0 Z xa[n] Z Xz[m]DD 2 X3[m]D
N-1 N-1 N-1
® 3 Ddnl= 3 xdm] ¥ xal<n-m>yn]-1)"
n=0 m=0 n=0
ON-1 om-1 N-1 0
=0 almm Y xeN+n-mi(-D"+ 3 xzln-m](-)"
Um=0 Hn=o0 n=m 0

Replacing n by N+n—m inthefirst sum and by n—m in the second weobtain
N-1 0om-1
z( 1"gln] = u 3 almig 3y xeli-y"™ e z xa[n](- 1)“*”‘D
DN -1 -1

-DZ( " Xl[n]DDZ( " x2[n]D Similarly we can show that if y[n] = [n]@ xg[n], then
Un=0 Un=0

N-1 - - -1 -1 ON-1 0
-1)"y[n]= -)" -)" = -)" -)" -)" :
nZO( ) y[n] ano( ) g[n]HHnZO( ) Xs[n]H Engo( ) xl[n]HHnZO( ) Xz[n]HHnZO( ) X3[n]H

3.67 y[n] = cosH N Hx[n] X(n] (e j2in/N +e‘2"'”/N) x[n]W,(l‘| +%x[n]WN_”'.

Hence Y[k] = 5X[<k+| >N]+%X[<k—| >nl-

Ny N,
4
3.68 y[rl=x[4n], 0s<n %—1 Therefore, Y[k] = Z yInIWa = 5 X[4nwils.
n=0
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1 N-1 ) -1
Now, x[4n] =3 > X[m]wi 4mn =3 z X[m]WN/Y'. Hence,

m 0
N_ Ny
Kk _l 4 "t —mn Nk lN_ (k m)n :
YIKI=5 > > XImIWn/2 WN74 = N > Xim] z Wy Since,
n=0 m=0 m=0
N
—-1
4 N _ N 2N 3N 4N
z W(k—m)n:%Z, m_k'k+Z’k+T’k+T’k+T' Thus,
g0

elsewhere,

YIK] = (X[k] X[k + 3+ Xkor ZX X[k+ _])

VIK] =[-2+]3, 1+]5 -4+j7, 2+j6, -1-j3 4-j 3+j8 j6]. Hence
V*[<-k>g]=[-2-]3 -j6, 3-8 4+, -1+j3 2-j6, —-4-j7, 1-j5]. Therefore,
X[k]=[-2 0.5-j05 -05-j0.5 3+j35 -1 3-j35 -05+j05 05+j05]and
Y[K]=[3 55-j05 7.5+j35 25+ -3, 25-j 75-j35 5.5+ 05
1
3.69 v[n]:x[n]+jy[n] Hence, X[Kk] = {V[k]+V*< k >g]} isthe 8-point DFT of x[n], and
Y[k] = {V[k] V* <~k >g]} isthe 8-point DFT of y[n]. Now,

V[k]—[—2+13, 1+j5 —4+j7, 2+j6, -1-j3, 4-j, 3+j8 6]
V*[<-k>g]=[-2-]3, -j6, 3-j8 4+j -1+j3 2-j6, -4-j7, 1-j5|. Therefiore,

X[k]=[-02, 05-j05 -05-j05 3+j35 -1 3-j35 -05+j05 05+j0.5]
Y[K]=[3 55-j0.5 7.5+j35 25+j -3 25-j, 7.5-j35 5.5+j0.5]

3.70 vin]=g[n]+jhn =[-3+j2 2-j4, 4, j|. Therefore,
VoD @1 1 1003+j20 03-) 0

DV[l]D % - —1 j 2 J4D D -12 O 3 P
[2] 1+i50 i-e. {VIK]}= [3 o —12, -1+j5 2+j4].
NEDR 4 —JHH H H—2+i4H

Thus, {V*[<—k >,]} =[3+], -2-j4, -1-j5 -12]
Therefore, G Jk] = {V[k]+V*[< k>}=[3 -7-j2 -1 -7+j2 and
HIK] = {V[k] Vr<-k>}=[-1 2+j5 5 2-jg.

371 vin]=g[n]+jh[n]=[-2+]j, 1+j2, -3-]3, 4+j2]. Therefore,
w[o]u M 1 1 100-2+j0 0 j2 O

[1]D % = —1 jDDl+12D Q l+J7 0 r o .
Q1210 Ig_ ig0=0 o216l i€ {VIKI}=[j2 1+j7, -10-j6 1+]]
WA T
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Thus, {V*[<—k>4]}-[—j2, 1-j, -10+j6, 1-j7].
Therefore, G Jk] = {V[k]+V*[< k>b=[0, 1+j3, -10, 1-j3 and

H[Kk] = {V[k] ~Vr[<-k>}=[2 4, -6 4]

3.72 (a) Let gn] =IDFT{AK]}. Thus,

FOy 301 1 10040 080 020

Al % LA _JD%J’ZWEJ%%ZE 73 similarly, let dn] =IDFT{D[K}.
i i R R P

EU[O]D M 1 1 100450 020 50

—i0 i gl 020
J 5+J 1D_84D Dzlu Therefore,

R %
%%H 052 JHHLS JH “hof fof
2-36¢ 104712004 47130
05+2e71®0 — 71200 4 373w

o0 @ 1 1 100 7 O D3|]
(b) Let (n] =IDFT{AK]}. Thus, %’[[]]]D 1% [ ‘JDD“JZD u_4[L Similarly, let

g L Tl

=

=

=

X(el®) =

[UOD 1 1 1 1%5 0 O B_lD
d[n] =IDFT{D[K]}. Thus, [[%]] % J _1 _J D4+J6 %[L Therefore,
(3t oo JHH4-J6H H4H

3+3e 710 — 47120 4 5730

on
: N-1 _ ) N-1 _
3.73 X(ejw) = z X[n]e_]w and X[k]: zx[n] e—JZTd(n/M .
n=0 n=0
1 M- 1 M-1N-1 .
Now X[n] = Z k]W,\]nk Z Z x[m] e—jZlem/MW,\;nk
k=0 k =0m=0

N-1 00
j2rk(m-n) /M _
== ZX[m] Ze Ir_me[n+ rM]..
Thus X [n] is obtained by shifting x[n] by multiples of M and adding the shifted copies. Since

the new sequence is obtained by shifting in multiples of M, hence to recover the original
sequence take any M consecutive samples. Thiswould be true only if the shifted copies of x[n]

did not overlap with each other, that is, if only if M = N.

7 7
3.74 (a) X(el®¥)= Zx[n]e_l‘m. Therefore, X ,[K] = Zx[n]e‘JZ“k”’lO. Hence,
n=0 n=0
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7 0
Z X m]eJZT[km/lODej 2rkn/ 10
m=0 D

I:II:II:II:I

1 9 o] 1 9
- X k eJZ n 10=_
X = 15 kZO 1Kl 10;

7 9 0
:% Zx[m]ZeJZle(n-m)/lO = r:Zoox[n +10r] using the result of Problem 3.74.

SinceM =10 and N =8, M > N, and hence x[n] is recoverable from x,[n]. In fact
{xn}={1 1111111 0 0 andx[n]isgiven by thefirst 8 samplesof x,[n].

7
(b) Here, X ,[k] = x{n]e ™"/6. Hence,
n=0

> j2rkn/6 _ 1 2
le[k] e _—OZ

x(m]'§ el n=mM/6 — N yin+6r] SinceM =6and N =8, M < N, the sequence X[n]
& Sums >

r=—oo

G)ll—‘

X,[Nn] =

|:|I:H:II:I

7 0
Z X[m]eJZT[km/GDejZT[kn/G
m=0 D

is not recoverablefrom X,[n]. Infact, x2[n]={2 2 1 1 1 1. Asthereistime-domain
aliasing, x[n] is not recoverable from x,[n].

375 Since F ! = %F thus F = NF X, Thus

ylnl = F {F {F {F {F {F {x[n]}}}}}}}
=NF “L{F {NF -}{F {NF “1{F {x[n]}}}}}} =N3x[n].

39 39 27
3.76 y[nl =x[n](Mh[n] = $ xiklhin-k] =} hKkXn-kl= S hKIx[n-K].
39 27
u[n] = x[n](N)h[n] = Z hKIX<n-k>,]= Z hKIX[< n =k > ]
k=0 k=12

Now for n = 27, x[<n-k>,,]=X[n—=k]. Thusu[n] =y[n] for 27<n<39.

3.77 (a) Overlap and add method: Since the impulse responseis of length 55 and the DFT sizeto
be used is 64, hence the number of data samples required for each convolution will be 64 —
54 = 10. Thus the total number of DFT's required for length-1100 data sequenceis

0
g—migog 110. Alsothe DFT of the impulse response needs to be computed once. Hence, the

total number of DFT'sused are= 110 + 1 = 111. Thetotal number of IDFT's used are = 110.

(b) Overlap and save method: In thissince thefirst 55— 1 = 54 points are lost, we need to
pad the data sequence with 54 zeros for atotal length of 1154. Again each convolution will
result in 64 — 54 = 10 correct values. Thusthe total number of DFT's required for the data are

0
thus El&—gélazlm . Again 1 DFT isrequired for the impulse response. Thus

The total number of DFT'sused are= 116 + 1 = 117.
The total number of IDFT's used are = 116.
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3.78

3.79

Ox{n/L], n=0,L,2L,...,(N-1L,

() yin] :H o} elsewhere.
NL-1 ) N-1 P N-1 )
Yikl= ) y[n]WEE = ) x[n]wiEc = Y x[n]wiK.
r;) NL nZO NL r;) N
Fork 2 N, letk = Ky +rN where kg = <k >y. Then,
N-1 N-1
YIK = Y[ ko +iNT = S x[nIW®e" ™ = $ x[npwil = X[kol = X[<k >\]1.
n=0 n=0
(b) SinceY[k] =X[<k >;] fork=0,1,2, ....., 20, asketch of Y[k] isthus as shown below.
4
3
Y [K]
1
E“_TTTTT TTTTT TTTTT ook
012345678 20
Xoln] =x[2n+1 +x[2n], x4[n]=x[2n+1]=X[2n], y,[n] = y[2n+1] +y[2n],and

Yolnl =y[2n+1 -y[2n], O<n< g -1 Sincex[n] and y[n] are real, symmetric sequences, it
follows that xg[n] and yg[n] are real, symmetric sequences, and x1[n] and y1[n] are real, anti-
symmetric sequences. Now consider, the (N/2)-length sequence

u[n] =x,[n] +y,[n] + j(xl[n] + yO[n]). Its conjugate sequence is given by

u* [ = X[l +y[n] = f(x,[r] + y,lni). Next we observe that

U< 1>y 2] = X0l = >y o] +Y1< 12 2] i< N>y o] +¥ol< N>y )
=Xoln] =y, [N +]j (—xl[n] +y0[n]). Its conjugate sequence is given by

U* [< =N >y = Xoln] -yl = (-x,[n] +y[n]).

By adding the last 4 sequences we get
axp[n] = un]+ u*[n]+Uu<-n>y ] +ur [<-n>y ol

From Table 3.6, if U[K] = DFT{u[n]}, then U*[< -k >,,]=DFT{u* [n]},
U*[K] =DFT{u*[<-n>,»]}, and U[<-k>\ ] =DFT{u<-n>,,]}. Thus,
X o[k] = DFT{x[n]} = %(U[k] £ U* [~k >y ]+ UL —k >y ] +U *[k])_ Similarly,
jax [ =un] —u*[n] —u[< -n> o]+ u*[<-n>y ,]. Hence,
X [K] = DFT{x,[n]} = 4_1].(U[k] — U [< K >y ] ~U[< ~k >y 5] +U *[k]). Likewise,
4y [n]=un]—u[<-n> ,]+u*[n-u*[<-n>y,,]. Thus,
Y4[k] = DFT{y,[n]} = 7 (U[k] ~U[< K >y o]+ U*[<—k > ] - U* [k]). Finally,
jayoln] =u[n] +Uu<-n>y o] —u*[n]-u* [< -n>,,]. Hence,

Y[kl = DFT{yo[nl} = - (UK + U[< ~k >y 5= U [< k> o] ~U* K]}
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3.80 g[n]= % (x[2n] +x[2n +1]), h[n] = %(X[Zn] -x[2n+1]),0<n< ; —1. Solving for x[2n] and
X[2n+1] , weget x[2n] =g[n] + h[n] and X[2n + 1] = g[n] —h[n], 0<n< ; —1. Therefore,

Ny kS
N-1 2 2
X(@2)= ) x[njz" =) x2n]z"+z x[2n+1z7"
] Na Na N
2 2 2 2
= [dnl+hn)z™" Z dn]+hin)z "= @+27) Y dnjz "+ @-2z7H  Hinjz ™"
n=0 n=0 n=0 n=0

Hence, X[k] = X(2) |Z=W§:(1+w,\jk)c;[<k >nyo)H A= WK HI< k> o), 0sk<N-L

3.81 gn]=ax[2n] +a,x[2n+1] and h[n] =axx[2n] +a,x[2n +1], with a;a, #a,a;. Solving for x[2n]

and x[2n+1] , weget x[2n] = M, and x[2n+ 1] = M Therefore
&3y~ a3 834~ 333
Na E_l
N-1 2 .2
X(@2)= ) x[njz" =) x2n]z"+z x[2n+1z7"

N _
_3 a49[n] a,h[n]" _15 1D—61391[n]+81h[n]D n
Xy P O

ﬂ-l ﬁ-l

! —N
e )Zog[n]z t(raytaz )Zoh[n]Z . Hence,
1

— k
X ]_W(<—;14-a3 N )G[<k>N/2]+(—a2 +a W™ )G <k>y o], 0sksN-L

N-1
382 Xgperlkabl= Y Xri epo wu
n=o
N_
0
A =2 3 Xika bleqy 220D
k=0
N-1 N-1 0 I 0 ]
_ % ZX[r]epo 2T[(r a)(k+b)HeXpHJ 2T[(n+;)(k+b)H
k=0 r=0
N-1 N-1 0 -1N- 0
=% x[r]epoJ jj2rnrasr a)(k+b) =% Z Zx[r]epoJ 2n(n-n(k+b) r)(k+b)H
k=0 r=0 k=0 r=0
N-1  N-1
:i X[r] expﬁ M% &[n][N X[n]
N r=0 k=0 N
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N-1 _
as from Eq. (3.28), Zepo,MD [N, if n=r,

N 0, otherwise
3.83 X(2)= Zx[n] z "= Zx[n]z_”. Therefore,
n=-co n=0

[ee]

lim X(2)= lim ) x[n]z " = lim x[0] + lim ZX[n]z_n =x[0].
z Z—-00 Zﬁoonzl

Z 00 YY)
n=0

+04)(z- 0.91)(z° + 0.3z +0.4) G(2) has polesat 2 =03+ J204
(z2-062+0.6)(z2 +3z+5) T

3.84 G(z)= &
Hence, there are possible ROCs.
(i) 71: kl<J0.6. Theinverse z-transform g[n] in this case is aleft-sided sequence,
(i) =2 J0.6 <lzl< J5. Theinverse z-transform g[n] in this case is a two-sided sequence.
(iii) -3: k= J5. Theinverse z-transform g[n] in this case is a right-sided sequence.

3.85 (@) (i) x4[n]= (0.4)"u[n] isaright-sided sequence. Hence, the ROC of its z-transform is

_ 1
1-04z71"

exterior to acircle. Thus, X,(2)= Z X [njz™" = Z(O H"z "=
n=-co n=0

The ROC of X1(z) isgivenby —1: k|>0.4.

|24>04

(i) x,[n] = (-0.6)"u[n] isaright-sided sequence. Hence, the ROC of its z-transform is exterior to

1
1+06z71"

[oe]

acircle. Thus, X,(2) = ZXZ[n] z "= Z (-0.6)"z " =
n=-—oo n=0

The ROC of X2(z) isgiven by —o: k|>0.6.

[z|>0.6

(iii) x4[n] =(0.3)"u[n - 4] isaright-sided sequence. Hence, the ROC of its z-transform is
3

exterior to acircle. Thus, X 5(2) = Z o[z "= z ©.3"z "

n=-oo
X4(2) = ix Nz "= Z(o "z (03) Z_ |2>0.3. The ROC of X3(2) isgiven by
¥ L T1-03 1 -
ﬂ32hl>(12.
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(iv) x[n] = (-0.3)"u[-n - 2] isaleft-sided sequence. Hence, the ROC of its z-transform is
interior to acircle. Thus,
-1

X (@)= Y x 7" = Z(—os)”z‘“ Z( 0.3 MM = %, 21<0.3

n=-oo n=—oo

The ROC of X4(z) isgiven by —4: kl< 0.3.

(b) (i) Now, the ROC of X1(z) isgiven by —1: k|>0.4 and the ROC of X5(z) isgiven by
-o: |>0.6. Hence, the ROC of Y 1(z) isgiven by =1 n =5 = - |>0.6

(ii) TheROC of Y2(z) isgivenby =1 n =3 =-1: k|>0.4.

(ili) TheROC of Y3(z) isgiven by -1n -4 = 0. Hence, the z-transform of the sequence
y3[n] does not converge anywhere in the z-plane.

(iv) TheROC of Y4(z) isgiven by -on =3 =5 [>0.6.

(v) TheROC of Y5(2) isgiven by -on -4 = 0. Hence, the z-transform of the sequence
yg[n] does not converge anywhere in the z-plane.

(vi) The ROC of Yg(2) isgiven by -3n -4 = 0. Hence, the z-transform of the sequence
ygln] does not converge anywhere in the z-plane.

3.86 (a) z{d[n]} = z d[n]z " = §[0] =1, which converges everywhere in the z-plane.

n=—oco

(b) Z{a"un]} =  a"u[n]z "= Z(az‘l) ——. O E>M

n=—oo

(c) See Example 3.29.
(N .
(d) x[n] = r"sin(wyn)u[n] = 5 (eJ‘*’o e'“*’o”)u[n]. Using the results of (iii) and the

linearity property of the z -transform we obtain
1 g 10 1
Z —_— —_—
{risin(@onfnl} = 2]H1 (@907 11 2] 2 f-re 07 1H

ro — =
I (e — on) 1
\© € z rsn(ooo)z

- j ] , a lz| >|r
1—rz"1(e1‘*’o +e‘J‘*’o)+r22 27 1- 2rcos(w )z 1+ 12272 Izl >Irl

3.87 (a) xl[n]=6[(0.5)” —(O.3)n]u[n] =6(0.5)"u[r] - 6(0.3 W[N] . Therefore,

6 6 _6(1-03z2t-1+0527" _ 12771
1-05z1 1-03z71 (@-05z1@1-03z1) (@-05z7h@E-03z1)

|>0.5

X.(2) =
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(b) X,[n]=-6(0.3)"un] -6(0.5"W-n~1. Now, Z{-6(0.3)"p[n]} = 1_0_.%, |>0.3 and
Z{—6(0.5)”u[—n—l]}=T652_1, kl<0.5. Therefore,
XD)= 1 0.65z‘1 B 1—0?32‘1 = 0.521‘.12)?1_i o037 03<H<05
(©) x3[n=6(0.3)"u[-n -1 -6(0.5"u[-n-1]. Now, Z{6(0.3)"u[-n-1]} = 10% kl<0.3
and Z{—G(O.S)nu[—n—l]}=T652_l, bl<0.5. Therefore,

6 6 12771

X = - = , £1<0.3.
3@ 10571 1-0371  (@-057D@-03zY H

Note: X;(2) =X (2) = X5(2), but their ROCs are all different.

3.88 (a) x4[n]=a"u[n]+p"u[n] with f >lal. Notethat x,[n] isaright-sided sequence. Hence, the

ROC of its z-transform is exterior to acircle. Now, Z{a"u[n]} = - 1 ppp— with ROC given

by k>l and Z{B"u[n]} = _é —, with ROC given by kz|>[B|. Hence,

1 1 1-(a+PB)z 1y 772
Xl(Z)_1—0(2‘1+1—[3z C(l-az Hha-pzl)’ H>H

(b) X,[n]=a"u[-n-1]+p"u[n]. Notethat x,[n] isatwo-sided sequence. Now,

—[31 = with ROC
given by f|> |3| Since theregions k|< | and k|> |3| do not intersect, the z-transform of x,[n]
does not converge.

Z{a"y[-n-1]} = 1 Toog " with ROC given by |< | and Z{B"u[n]} =

(©) x5[n =a"p[n]+B"u[-n-1. Note, isatwo-sided sequence. Now, Z{a "u[n]} = = alz‘l’

with ROC given by z|> | and Z{B"u[-n-1]} = _é —, with ROC given by |<[|. Sincethe

regions | > | and fz] < | intersect, the z-transform X 5(2) of x5[n] convergesand is given by
X (2) = 1 N 1 :1—(0(+[3)z_1+z_2

3 1-azl 1-pzl (@-azha-pzly
bl<ld<pl

Its ROC is an annular region given by
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3.89 (a) Let y[n]=adn]+Bh[n]. Then,

Y(z) = Z(cx gln] +Bh[n]) z Zcx gnlz "+ z Banlz ™" = aG(z) +BH(). Inthiscase, Y(2)
n=-c n=-co

will converge wherever both G(z) and H(z) converge. Thus, the ROC of Y (z) is given by

R gN R, where R g isthe ROC of G(2) and R, isthe ROC of H(2).

(b) y[n] =g[-n]. Then, Y(2)= zg[—n]z_nz an]znz Zg[n](l/z)‘“ze(llz). Y (2) will

n=—oo n=—oo n=—co

converge wherever G(1/z) converges. Hence, if R g isthe ROC of G(z), then the ROC of Y (2) is
givenby /R g isthe ROC of G(2).

(c) y[n] =dn-ng]. HenceY(z) = Z y[n]z ™" = Z gln- nO]Z_n - Z gm] 2~ (M*No)

n=—o0 n=—oco
Mo ) gm]z™™ =z2""0G(2).
2

In this case the ROC of Y(z) isthe same as that of G(z) except for the possible addition or
elimination of the point z=0 or z = o (due to the factor z M ).

(d) y[n] =a"g[n]. Hence, Y(2)= Zy[n]z_” = Zg[n](za_l)_n = G(z/ ).

n=-o n=-o

The ROC of Y(2) is bR g

(e) y[n] =ng[n]. Hence Y (2) = z ng[nz ".

Now G(z) = Zg[n]z_n . Thus, @ an[n]z -1 sz(Z) an[n]z n,
ThusY(z):—z@.
dz
(®) yinl = gl @hinl = Y gikIhin~ K. Hence,
k=—00
(o) (o] D (o) (o] (o]
Y(2) = Zy[n]z Z . Zg[k]h[n k]Dz'”— Z alk] Zh[n—k]z'”
n=-o0 n=-ooLlk=—00 k=—00 n=-c0

= Zg[k]H(z) z ¥ = H(2G(@).
k=~
In thiscase also Y (z) will converge wherever both H(z) and G(z) converge. Thus ROC of Y (2)
isRqNRp.
g h

(9) y[n] =g[n]h[n]. Hence, Y (2) = z gin]h[n]z™". From Eq. (3.7?),

n=—oo
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o O D
1 - 01
gnl=—@cv)v"ldv. Thus, Y(2) = h[n] GV TdvEz ™"
211]15 n__oo % f @
=i -n n—1|] __ -1
2njjie(v) %nzmh[n]z dv fG(v)H(z/v)v dv.
(h) z gln]h* [n] = —j{G(v) Zh*[n]v v‘ldv——jSG(v)H*(llv*)v
n=—-oo n=-oo

3.90 X(2)=Z{x[n]} with an ROC givenby R «+ Using the conjugation property of the z-transform

givenin Table 3.9 we observe that Z{x*[n]} =X * (z*) whose ROC is given by R . Now,
Re(x[n]) = —(x[n] +X* [n]) Hence, Z{Re(x[n])} = (X(z)+ X* (z)) whoseROCisaso R

Likewise, Im(x[n]) = (x[n] x*[n]). Thus Z{Im(x[n])} = (X(z) X * (2)) with an ROC given
by R,

{ {
391 {x[n]}=%3 01 -2 -3410 —1%. Then,
1

XIK] = X (@)l ik 3 = X ()], _gjork /6 = X(ej"’)|w:2nk/6. Note that X[K] is a periodic sequence of

period 6. Hence, from the results of Prpblem 3.37, the inverse of the discrete Fourier series )~([k]

isgiven by X[n] = Zx[n+6r]=x[n—6]+x[n]+x[n+6], for 0sn<b5. Let

n=—o0

0
y[n] =x[n—6]+ x[n] + x[n+ 6], -3<n<b5. ItfoIIows{x[n—6]}=%O 0 0O0O0O0 30 -
1

DEI:I

O 0
and{x[n+6]}=%3 01 00O0O00DO O% Therefore,
1
0 0 - a 0
{y[n]}=%4 0 4 -2 3440 0%[ Hence,{x[n]}=%—2 -3 4 40 OEL
1 1

11
3.92 X(2)= Zx[n]z_n.

11
X oKl = X (@) = gi2rk /o = zx[n]e—Jann/g_ Therefore,
n=0
1e 1 8 011 0 1 & u
— i _ i 2 ” )
xo[n] —5 Zxo[k]e] TKN/9 _ 5 Z EZ X[r]e J T[kr/9DeJ Tllkl’l/g_5 Z Zx[r]ej T*(n-1)/9
k=0 k:ODr:O =0 1=
11 8 oo 1 11 8 ok
== j21k(n-r)/9 = —(r-n
5 z X[r] ) e 5 XS Wy
r=0 k=0 =0 K20
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8
—(r- 9, forr-n=29i
But, from Eq. (3.28),  Wg!"™"* ={o, otherwise

k=0
D X[0]+x[9], forn=0,

X [n] = i{%]]if([[ﬂ% fornZ3 iexn={9 17 4 -3 -2 0 1 -4}, 0<ns8,

Hence,

D x[n], for3sn<8§,
3.93 (a) X(2)= Zx[n]z_”. Hence, X(z°) = Zx[n]z_zn: Zx[m/Z]z_m. If we define a new
n=-oc0 n=-oc0 m=-co0

m even

sequence g[m] =

x[m/2] m=0,+2,+4K
otherwise,

, we can then express X (z°) = z dnjz™". Thus, the
n=-oco
inverse z-transfoprm of X(zz) isgiven by g[n]. For x[n] =(0.4)"u[n],
(OM”Q, n=0,24K

gin] = o} otherwise,

() Y(2)=@1+Z HX(Z%) =X(2%) + 2 X(z?). Therefore,

VNl =Z %Y (@)} =2 7YX ()} +Z Yz X (ZP)} =g[n] + g[n-1], where g[n] is the inverse z-

transform of X(z%). Now, g[n] = [X[no/ 4.n :o(t)hérs\’/ié;“( and
_a-IX(n=-1/2, n=+1+3K
oln-1] —{ 0 otherwise, - Hence,

y[n]=g[n]+g[n—JJ:{X[(’;[r_'/])z}’z], nZ RSN ER . For X[n] =(0.4) [n], therefore,

S (042, n=024K,

yin] = D(04)‘” D2 n=135K,
D o} n<0.

3.94 (a) x,n]=a"un+1], ki<l Therefore, X,(2) = Za”u[nﬂ]z_”: Za”z_”

n=-co n=-1
7 — n _-n 1 . L .
=—Va'z' =———— |Z>|0] TheROC of X,(2) includesthe unit circlesince [|<1.
5 Z a7 ll-azrD 2> [l 1(2) o]
On the unit circle Xl(ej(‘o) = X1(2)|z=ejw = 3 e_jw(]_l—a e_jw), which isthe same asthe DTFT of

X4[n].

(b) x,[n]=n@"un], ki<l Therefore, X,(z)= annu[n]z_n =an”z‘n
n=-co =
azt

=———,l4d>|a]. The ROC of X,(z) includesthe unit circle since n|<1. On the unit circle,
(1-az 712 2

_ qe
smel® ~ —(1_0( “6)2 which isthe same asthe DTFT of x,[n].

X 5(®) = X, (2)
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-1
Inl - -
Uoy [N <M, - n,-n n,-n
(© x5l =0 70 otherwise Therefore, X 4(2) _Za z +Za z
M_m1l-a MM ML (M)
=az —1 = 11
1-a7z 1-a7-z
whole z-plane except possibly the origin. On the unit circle

. Since x3[n] isafinite-length sequence, the ROC isthe

e—]ooM 1-q M+1e—Joo(M+1)

joy o jom 1-0
X(e'®) = X(2) = giw =@ Me TG I
(d) x4[n]=0(”u[n—3],|0(|<1. Notethatwecanexpressx4[n]=0(4xl[n—4],Where
Xq[n]= a"p[n +1], is the sequence considered in Part (a). Therefore,

3,-3
X4 (2)=qa 47 4Xl(z)-%,lzp bl The ROC of X ,(2) includes the unit circle since < 1.
3e j3w

On the unit circle, X (eJ‘*’)— d o

which isthe same asthe DTFT of x ,[n].

(e x5[n]=nmx”u[n+ 2, lal<1. Therefore,
-1
az
@= S n@"z" =202 a2+ § n@"z "= -720 %z+a )+ ———, 4> al.
5 nzz Z ( _ 1)2
The ROC of X (z) includes the unit cwclesmce /<1 Ontheunitcircle,
e I

X ejw - _ jco2 -2 joo+ —1+—_'
5(e€7)=-€e"(2a ‘e a ) (1-ae 102

which isthe same asthe DTFT of xg[n].

() x6[n]=a”u[—n—1] la|>1. Therefore,

Xg(2) = Za”z n= ZO(” z "- —1_3_1Z—cx,|z| <lal The ROC of X 4(2) includes the unit

n=-o n=-—oo

circlesince p|>1. On the unit circle, X6(ej°’) = m —-a, whichisthe same asthe DTFT of
XglN].

11 —N<n< N’ N n N (1_ Z—(ZN +l))
3.95 (@) y4n = Therefore, Y,(2) = z =7 Y—=
! EO otherwise. ! n_ZN (1-z7h
finite-length sequence, the ROC of its z-transform is the whole z-plane except possibly the origin,
and therefore includes the unit circle. On the unit circle,

_ N 2N+1)y  sin(w N+
joy — —jon _ joN (1—€ i ) u{ ]
Yi€) = Ze =¢ (1-e o) sin(w/2)

. Since yq[n] is a

, Whichisthe same DTFT of y,[n].
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i
1-—, -N<n<N,
(b) y,[nl=0" N Now y[n] = yoln] (®yoln] where
H otherwise
gl —N/ZSnsN/Z, 1— 7~ (N+Dy2 _ _
Yol =5, dtherwisa O Yz(2>=Y§(Z>=ZNW' Sincey[n] s a

finite-length sequence, the ROC of its z-transform is the whole z-plane except possibly the origin,
and therefore includes the unit circle. On the unit circle,

sin Eng—ﬂ%
Y, (e!?) =Y§(e‘°’) TSn%wl2) which isthe same DTFT of y,[n].
os(tm/2N), -N<n <N,
(©) y3[n] = % o otherwise Therefore,
j(m/2N),-n, 1 A i(m/2N)_,-n
Y4(2) = n_ZNe Z"+ 3 n:ZNeJ z

_ ej(T[/ 2) N El_ e—j(2N+1.)(T[/2N) Z—(2N +1)E| N e—j(T[/ 2)2N El_ ej(ZN +1_)(T[/2N)Z_(2N+1) 0 Since
2 H 1_e—J(T[/2N) Z—l H 2 H l_eJ(T[/ZN) Z—l %

y5[nl is afinite-length sequence, the ROC of its z-transform is the whole z-plane except possibly
the origin, and therefore includes the unit circle. On the unit circle,

1sm((co— YN+ 1)) ! 1sm((w+ =)(N+ 2))
2 sm((oo—_)/Z) 2 sm(((o+m)/2)

Y(e®) = which isthe same DTFT of y,[n] .

3.96 (a) x4[n]=-a "u[-n—-1]. Note, isaleft-sided sequence. Hence, the ROC of its z-transform is

interior to acircle. Therefore, X,2) = - Za”u[—n—l]z_“ =- Zcx”z_“ =—za_m m

n=-o00 n=-o0
i(z/a) zla 2 ~, le/al<1. TheROC of X, () isthusgiven by i<kl
Dl (zlo)d z- 1

m=1
(b) x,[n]=a "u[n+1. Note, isaright-sided sequence. Hence, the ROC of its z-transform is

exterior to acircle. Therefore, X ,(z) = Za”u[n +1]z "= Za”z_”
n=—oo n=-1
z/a

o '

—aiz+ Za z"=aqa 1z+1 1 =, b/ z|<1. Smpllfylngwegetxz(z)-

ROC isgiven by k|> [}
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(c) xg[n = au[-n]. Note, isaleft-sided sequence. Hence, the ROC of its z-transform is

interior to acircle. Therefore, X 5(z) = Z ay[-n]z "= Z a"z "= Z a MM

n=-co n=—co

= =1 0(‘1 ,|0( 1z|<1 Therefore, the ROC of X 5(2) isgiven by kl< bl

3.97 vin]=a" = a"yn+a™W-n-1. Now, Z{a" pinl} = —— L —1. 14 >lol (see Table 38) and

az a-z

Z{a~"y[-n-1]} = Za'”z_” = Zamzm: Zamzm -1= 1_1 -1= az_l hA<1.
m=1 m=0

n=—oo

1 -az z_l(—l) . .
Therefore, V(z) = + = , th the ROC of V enb
(@) 1-az! a-z1 @-azHe-zD WI (2) given'by
b |<ld<f/al
2(z -1 1-z71 A B
3.98 (@) Yi(2)= (2-1) = _1( ) T - K+ — + -, Where
Z+)(z+1/3) (1+z )(1+(1/3)z ) 14771 1+(1/3)
1-z1 1-71
K=Yi@lep=0 A=t )| =3 andp=0"2) =2 Thus,
raraz?)| 14770 |,
3 -2 . . . . .
Y1(2) = — + —.14>1 Since, the ROC is exterior to acircle, the inverse
1+z 1+(1/3)z

z-transform y,[n] of Y,(2) isaright-sided sequence and is given by
yaln] =3(-)"u[n] —2(-1/3)"y[n].
-2 1 o : .
(b) Ya2(2)= - + -, lzI< 7. Since, the ROC isinterior to acircle, the inverse
1+z 1+ (1/3)z 3
z-transform y,[n] of Y,(2) isaleft-sided sequence and is given by
y2[n ==3(-9"u[-n -1 +2(-1/ 3)"u[-n -1].

3 -2 1
c) Y3(2)= + , = <|z] <1. Since, the ROC isan annular region in the
© Ys@= a3+ T 7T <M g

z-plane, the inverse z-transform y,[n] of Y;(z) isatwo-sided sequence and is given by

ya[n] ==3(-1)"u[-n -1] —2(-1/ 3)"u[n].

399 (&) X (Z)_4—3z‘1+3z‘2_z 0 4-371+3772 D 4773-3274+377° ol>3
' a (z+2)(z -3)2 Ha+ 227 0-37 120 @+ 27 H(1-3z ‘1)23‘;




4-371+3772

Let G(2) = . A partial-fraction expansion of G(z) yields
( ) (1+22—1)(1_3Z—l)2 P p ( )y
A B C 4-371+3772 25/ 4
G(Z) = 1 + 1 + ) where A = T = —_—=
1+2z1t 1-3z71 @-3z7Y @-3zYH | ., 25/4
4-371+43772 10/3
- = =53 2 o
1+22 2=13
_ 1 o d B4—3z‘1+3z‘2 _-25/3
2-1)1(=3)>1 dzlg 1+2z7 -25/3

_3 _3 - . .
T = + + R >
herefore X (2)=z 971 2_1% z El 2_1% z % = _1)2% Sincethe ROC is fz|>3,

the inverse z-transform x,[n]of X ,(z) is aright-sided sequence.

Thus, Z‘lé §=(—2)nu[n], Z‘lé §=(3)nu[n], and

1
1+2z71 1-3z71

d 32_1 0
-1 n
——=1=n(3 ni. |hUS,
E(l 2_1)2% (3) 'uIn]

Xo[n] = (=2)""*un =3 + (" u[n -3 + é(n ~2)3)" ?u[n-2].

(b) X (z)—z‘3D L D+z‘39 1 g+z‘3u;D kl<2. HeretheROCis f|<2
b %1+22‘1% H1-3z71H %(1—3[1)2%' ' '

Hence, the inverse z-transform x [n] of X, (z) isaright-sided sequence. Thus,

_ O N _1D 1 U n
%“22_1%:—(—2) u-n-1, Z %1_32_1%=—(3) M[-n-1], and
-1
—15(1332__1) =-n@B)"y[-n -1]. Therefore,

- - 2 -
Xp[n] = ~(-2)"ul-n - 4] - (3" Ul-n- 4] - 2n(@"*u[-n -3

a 1 0 0 1 0
o) X (2)=z"%R +273G 2<l4< 3. HeretheROCisan
(© Xo(@)=2 "o itz gt E(l 3z -1)2§ A !

annular region in the z-plane. Hence, the inverse z-transform x[n] of X .(z) isatwo-sided

0 0 O 0
sequence. Now Z_1%1+212‘1% is right-sided sequence as k|> 2, whereas, Z_lﬁ — 1 _1% and

2771

0 0 U
-1 . o -1
Z E(l 3 _1)2% are right-sided sequences as | <3. Thus, Z %1 22_1% (-2)" [,
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1
1-3z71

_lD 0 n —1D 32_1 0 n
Z % %: -(3"y[-n-1],and Z %mH =-n(3)"u[-n —1]. Therefore,

_ _ 2 _
&Uﬂ=ba”3mn—ﬂ—8fsukn—ﬂ—§M$“zukn—ﬂ-

3.100 G(2)= Eg)) = (1—7\|Pz(§)1)R(z)' By definition theresidue p, atthepole z=A, isgiven by

dD(zy  d[@-AzHR2) . dR
- R2) dzle)= [ dlz‘l ]:—A,R(z)+(1—>\|z1)§. Hence,

P RE

. Now, D' (2) =
z=A|

D (z)IZ:)\| =-\ R(z)|2:)\| . Therefore, p; =-A, DP((ZZ))

z=)\|

-1 -M
+p,z+L +pyz
P(@) = Po * Py — Pw —7 - Thus, G(«) =&. Now a partial-fraction expansion
D(z) d,+dz-+L+d,z dg
N N
1 _ P . . _
of G(z) in z tisgiven by G(z) = Z—_l from which we obtain G(w) = z p. Therefore,
G172 =

3.101 G(2) =

N po
)= p =2,
Zzl do

_ 1 . . : . :
3.102 H(z)= 1=2r cos@)z T4 122 2" [z|>r>0. By using partial-fraction expansion we write
A jo -6 A A j6 -6 A
1 e e 1 e e ° Thus

H(z) = — — [— = J—- . .
(@) (ele—e-le) F1-rel®21 1-re 92717 2jsin(6) g1-rel®z1 1-re7 92717

o1 j6,.NLind, r 1 _  Na—if,—jnd __r Hel D _ g 1AM
h[n] = 2jsin(6){e r'e’un]-re Fe u[n]} _sin(e)g 2] Eu[n]
3 r“sin!(n+1)62
= " ang  Hnk

3.103 G(2)= z gn]z™" with aROC given by Ry,

n=-o
(a) Therefore G* (z) = Zg*[n](z*)_“ and G*(z*)= Zg*[n]z_”.

n=-o0 n=-c0

Thus the z-transform of g* [n] is G* (z*).

(b) Replace n by —m in the summation. Thisleadsto G(z) = Z d-m]z™ . Therefore

m=-—oo
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Gl/2) = Z g-m]z™™ . Thusthe z-transform of g[-n] is G(1/z). Note that since z has been
m=-—oo

replaced by 1/z, the ROC of G(1/z) will be 1/R .
(o) Let y[n] agn] +Bh[n]. Then,

Y(2)= Z(aqnwh[n] =a Zg[n]z +B Zh[n]z "=0aG() +BHE)

In this case Y(z) will converge wherever both G(z) and H(z) converge. Thusthe ROC of Y (2)
isR 4 nRy, whereisR 9 the ROC of G(2) and R, isthe ROC of H(2).

(o] (o]

() yIn =dn-ng]. HenceY(2) =  yInJz™" = din-nglz "= gmlz" (M0

n=-—oo0 n=-—oo0 m=-oo
-n -m -Nn
=z 0 gmjz " =z "0G(2).
2

In this case the ROC of Y(z) isthe same as that of G(z) except for the possible addition or
elimination of the point z=0o0r z = o (due to the factor z ™ ).

(e yin] =a"g[n]. Hence, Y(2)= Zy[n]z_n = Zg[n](za_l)_” = G(z/ ).

n=-o n=-o

The ROC of Y (2) is b|R g

(f) y[n] =ng[n]. HenceY(2) = z ng[nz ".

Now G(z) = Zg[n]z_n . Thus, @ an[n]z n-1 dG(Z) an{n]z n,
ThusY(z)=—z@.
dz
() yInl =gl Dhinl = Y dikihin-K]. Hence,
k=—00
Y(2) = Zy{n]z'” Z @ Zg[k] h[n —k] Dz‘”_ Z alk] Zh[n—k]z'“
n=-o n=-oo Llk=-00 k=-00 n=—c

= 3 dkIHE 7% =H(2)G(2).
In thiscase also Y (z) will converge \l;vh_e)roever both H(z) and G(z) converge. Thus ROC of Y (2)
isR g nR h-
(h) y[n] =g[n]h[n]. Hence, Y (2) = Z glnlh[n]z™" . From Eq. (3.107),

n=—oo
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P 0 0
g[n]=2inj156(v)v“_1dv. Thus, Y(2) = h[n]é fG(v)v” 1dv% N

n=-—oco

_1 -n n—1D -1 -1
= 2njjics(v)D Zh[n]z dv zmjcSG(v)H(z/v)v dv.

Un="c0

(i) z gln]h* [n] = —j{G(v) Zh*[n]v v‘ldv——jSG(v)H*(llv*)v

n=—o0 n=-—oo

3.104 x[n] =x, [n]+jx;[n], where x [n]= %(x[n]+x* [n]), and x;,,[n] = 1J(x[n] x*[n]). From
Table3.9, Z{x* [r]} = X * (z*), withan ROC R . Therefore, Z{xre[n]} = E{X(Z)+X *(z°)}, and

Z{x;mInl} = %{X(z)—x * )}

3.105 (a) Expnadingin apower serieswe get Xl(z)zl_%’z 22'3”, |z]|>1.

n=0
Thus, x4[n] = {(]5 ifn legle(waﬁgrg 20, s ng partial fraction, we get
1 1 1 1
_ __ 3 3 3
X@=17 =7t + . Therefore,

LGBzt 1 G- D)2

1 01 30" 01 . J30"
xaln] = Suinl +5 53150 W)+ 3 55+ i%0 Hin)

= gHIn1+ 3677 3]+ 73 = S i) + 5 costzrm/

Thus xq[n] = {(]), if n=3kand n>0,

elsewhere
. . . _ 1 _ - -2n
(b) Expnading in apower serieswe get X 5(2) = 1= = ZZ , lz|>1.
n=0
_ 01, ifn=2kandn=0,
Thus, xa[n] = Ho, elsewhere
., r

. . . _ _ 2 2

Using partial fraction, we get X ,(2) = -2 1+g7 + =1 Therefore,

x2[n] = zp[n] + 3 (1" y[n]
if n=2kand n=0,

s
Thus, x2[n] = Ho, elsewhere

3.106 (a) X,(29)= Iog(l— az'l), [2>|a] . Expanding Iog(l— az_l) in a power series we get
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Therefore,, x4[n] = —O(Tu[n -1].

DG
(b) X,(2)= Iog%

% Iog(l (az)” ) |Z<a]. Expanding Iog(l—(a z)_l) in a power

-1 (a z) _(a z) Z (0( 2) "

seriesweget X,(z) =-(az) >

-n

a
Therefore, x,[n] =~ — un-1.

O [ -
(© X529 =IogH H: -logl-azY), |d>lal. Expanding X 5(2) inapower series we get

1-a —l

2,-2  3,-3 ® N

Cq 1,977 a°z O _-n

Xi(@=az" —2 3 o Z—z :
O(n

Therefore, x5[n] = Tu[n -1].

(d) X,2= Iog% _0( _1§ = —Iog(l—((xz)_l), l2<lal. Expanding X 4(z) inapower serieswe

a0 @ <@
get X4(2)=(@2)” 5 3 +L_Z_n

-n

Therefore, x [n] ——u[n 1].
(XZ_l -1 .
3.107 X(z)=m where x[n] =Z {X(2)} isacausal sequence. Now, from Table 3.8,
1 1 0 —az? d U
Z{a"u[n} = CBu, 3o Thus, X(2) = -z G-
foruinl} 1-az1 dzHl az 1% 1l-azH2” us, X(2)=-2 dz% ‘19

Therefore, x[n] =na"p[n].
3108 H)=—Z2-722° |, A B ekeHO)=—2— =25
' 1+04z7Ha-02z7 1+0.4z71 1-02z7V 0.4-02)

-2.5(1-2(-2. a-2z7% -
A= z7l1-2z7Y _ 72501 5)):_10’ g=2( 22_1) _ 51-10) I
1-02z71 1o o5 1-0.2(-2.5) 1+04z77% |1 1+ 045
10 15

Thus, H(z) =25 - Using the M-file residuz we also arrive at the same

1+04z71 1-0271
partial-fraction expansion.
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Therefore, h[n] =258[n] —10(-0.4)" [ n] —15(0.2)" u[n].

3.109 From Eq. (3.177), for N = 3, we get
E*l -1 =20

0 0_[
D=1 zl_l zl_ZEL The determinant of D5 is given by
a a
;b 72
2 2" 27
-1 -2 -1 -2
. ZO1 Z02 . 1ZO 1 220 o| |zt -5t 21_2‘262
1 22 223 |o zl-z1 z2-72 122 7% %2 7%
2 2 2 0 2 0
1 271+ 21
(-1 _1\(,-1__-1 1 0 1_-1\(,-1_,-1\(,-1_-1\_ -1_ -1
S M e e [ R R ek
2 0 22k>1=0
From Eq. (3.177), for N = 4, we get
-1 2 =30
Bl zol 202 203D
Az z© z°O . .
D,=0 ‘4, “, “L.0 Thedeterminant of D, isgiven by
S RSO SCR 4
20 2 2l
%LZS 23" 23'0
-1 ,-2 -3 -1 -2 -3
Zy0 Zp° 7, 1 z, Z, z,
dety=|, =1 =2 37|y f1_,1 ,2_,2 ,j-3_,=3
21 22 23 21 01 22 o2 23 o3
1 z35 z3° 74 0 7y "7y 23577y 737z,
-1_,1 ,2_,2 ,-3_,3 14,1 ,2,,1,-1,,-2
Zl1 ZO1 Zl2 ZO2 Zl3 Z03 1_ -1\ (,-1_,-1\(,-1__-1 : Zl1+201 Zl2+211201+202
= 221—201 212—202 223—203:(21 —zo)(z2 —zo)(z3 —zo)l 221+z01 222+221201+202
237 -7y 217 -Zy° Z3°-Z, 1 z37+zy Z3° +7Z37z5 +2;
-1, ,-1 2 4,1,-1,,2
1_-1\(,-1__1\(,1__1 . Zl1+201 1Zl Izl Z10 +§o 1
=(21 _Zo)(zz _Zo)(zs ‘Zo)o Z21_211 (221‘211)(221+212+Zol)
0 z37-Z~ (37— ")(z53 +Z17 +zy)
= (- %Y (5t -2 (55 - %) - (-7 2+ zg)
41 T4 J\%2 "0 )\3 T )|,1_ 1 -1 Lyl -1, -1
2377 (2377 )23 +77 +2p)
1 zt+zt+ 2t
_(,-1_ —1)( -1_ —1)( -1_ —1)( -1_ —1)( -1_ —1) 2 T4 0
=|z zo Wz —zn \Za — 24 |2, — 2 )22 —2 < o
(1 0/\%22 "% J\"3 "% )\®2 "1 )\“3 T4 1231+211+201
(-1 _ 1\ (-1 _ 1\ (,-1_,1\(,-1__-1\(,~1__-1\(,-1_,-1\ _ -1_ -1
-t ) (- () (B - (5 = [ (e
3>k > >0
Hence, in the general case, det(Dy) = |_| (z_kl—zl_l). It follows from this expression

N-1=k>l =0

that the determinant is non-zero, i.e. Dy is non-singular, if the sampling points z, are distinct.
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3.110 Xperl0l = X(2g) =4+4+12-8=12, Xnprr[l] =X (z1) = 4-2+3+1=6,
X noerl2 = X(2,) = 4—-4+12+8=20, X \perl3= X(z5) = 4-4+12+8=52.

- - _ 11 _ o 1 _
lo(2)=(1-2z l)(l—%z 1)(1—12 1)=1——z 1iz 2_62 3. Thus, |O(-é)=1o,

3 6
1 1 1 1 1 9 1 4, 1 5, 1 _3 1
1(2)=Q+zz )1-=zz ) 1-zz )=1--z"—--z “+—2z ~. Thus, 11D =—,
1@ =@+ 527052 H0-32 =152 -2 1=
1 1 -1 1 1 5 71, 1 -3 2
l2(2) = (1+ 3 1- 1-= =1-=z " -=z“+=z"° Thus, 12(2)=-= and
202)=(1+5z2)1-z2)A-32 ) gl T3Z tgZ us, 12(2) 3

ol oAy oAyt _. o1 1 o 1 3 0ig_ o
I3(z)—(1+§z -z ) 52 )=1-2z 4z +4z . Thus, IguED—Z.Therefore,

12 6 20 52 4 o> 3
X(z)==I +—I -——I +—| =4-2z ~+ +z "
@=510@+ 75110 55120+ o5 1a(@) =4 -227 +322 42

3111 x[n]= ﬁx[g]’ ,\?f :le\lN_—ll y[n] = xn] + Xd[2N —1—n]. Therefore,
2N-1 N-1 2N -1
Y[K] = Z yIn WK, = z X[NWEK + (2N -1-njwiK
n=0 n=0 n=N
N -1 N -1 N-1
= 3 drwgy+ S AR = g (wi + WoXwa ).
n=0 n=0 n=0

N-1
Thus, Cx[K] = W, 2Y[K] = Zx[n](WE,(J‘*“z) WO+ 2y
n=0

N-1
0 g
= z 2x[n] cosa%%, O<ksN-1
n=0

E W,¥/2C [K], 0<ksN-1,
3.112 Y[K] = 0 , k=N, Thus,
H-w5k/2C [2N-k], N+1sk<2N-1
I k1S _nwrok 1A ~(n+1/2)k
y[n] = N > YIKIWN" = 5N > ClKIWay "N > Cul2N - KIWay
k=0 k=0 k=N+1
1 _nwrk 1S ~(n+1/ 2)(2N-k)
=5N > CIKIWoy “5N > Ci[kIWay
k=0 k=1
1 nark . 1 (n+1/2)k
= — ) C,[KIW,, +— ) C, [kK]W
ZNKZO W[ KIWaN oN kZl « [KIW32N
CC o 1\t Ork(2n +1)

= 2= +Nkzzlcx[k]cos%—2N g,

C [0 1< Orik(2n +1)00
X el _ |
Hence, — %=+~ kZ:lCX[k] cogl—_ 0, where w[k|=" |
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D —
1 nk(2n )0
Oyinl, 0sns<N-1 _H= § w[KC,[k 0<nsN-
Moreover, xn] =YL elsewhere - 0N Z [KIC, [Kl cog—>—2F 0<n<N-1,
a 0, elsawhere.
D —
01l @n+1)Tk B
(b) From Eg. (3.163), x[n] =ON ZW[k]C [k]co 2N ) OsnsN-1, Hence,
H - 0, elsewhere
-1 N-
2n+)mmb 1 Tk
ZZx[n]cosH( +) ﬁkz z wik] C,[K] co (2n+1) )cos((zn;l)”m)
=0 m=0
1N_1 @ 1)Tk (2n+1)
n+ n+l)tm
-2 Wk]C [k]z co )co L ) (10)
N-1 A 0 DN, if k=m=0,
Now, > cosH(2n anH sazn ])T'mH-EN if k=m,
m=0 elsewhere.
Thus, Eqg. (10) reducesto
01
0 0= W[O]C [O] ON, m=0,
ZZX[n]co%( n +3mm =gN
o wWim]C, [m]IN, 1sm<N-1
0c,o, m=o,

:DC)([m], 1<m<sN- 1_Cx[m] 0<m<N-1L

3.113 y[n] = O(g[n]+|3h[n] Thus,

CylK] = zy[n]cosg”k(z"”) Z agin +Bhin]) cog HER 15
an( N+l e 0
= az olr cos; H+Bz h{n] cosH H = aCy[k] +BCy[K].
My T[k(2n 0 T[k(2n i
3.114 C,[K]= Zx[n]cosa 10 c (K= Zx*[n]cosH -
n=0
Thusthe DCT coefficients of x*[n] are given by CX[k] .
N-1 N, if k=m=0,
3.115 Note that Zcosank(znﬂ)@ E“m(znﬂ)@:m/z, if k=mandk 20,
2N B 0, otherwise
My 1)kD n(zn +)mL
Now, X[n]x* [n] = 2 Z ZO([k] a[m]C [m]C [k]cosH Heos=— =0
k=0 m 0
N-1 -1 N-1
Thus, 3 [x0nlP _iz Z o[K]a[m] C[m] C [k]ZcosEn(zn Dk@ E"(zrz‘:ll)m@
n=0 k=0 m=0
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N-1 N
2
Now, using the orthogonality property mentioned above Z |x[n] |2 = % Z af[k] | C,[K] | .
n=0 k=0

3116 X pyyqlk]= Z snﬁmﬁﬁ Now,
i =
XDHT[k]Hcosﬁzrlgl]k§+sin§2mnk§H
&0 omkD . D2k D00 D2mmkD . D2mmkD et
= Zx[n]Hcosa H+sma N HHHCOSH H+sunH H Therefore,
< ik 0
Z DHT[k]HCOSH H+smH .
N U omom O2mmk 000
_r;)X[n]kZoHCOSH H+smH—HHHcosH N H+smH N HH

N-1 E N, if m=n=0,
-~ 0 o 0 O i =
It can be shown that Zcosazﬁkg H2nmkH %mlz Ilff mzr,:i(r),
k=0 0 0, esewherg
/

-1 2, ifm=nz0,
Z DZnnkD DZka%:@ ifm=N-n and
k: H elsewhere,

Z

S oo ZCOSHZW@W@”L“H 0

5

Hence, xfm] = puTlK] HcosH H+smH HH
Dx[n n, +N], Osnsno—l
3.117 (&) y[n]=x(<n-ny>y)= x[n no] n0<nsN—1.
"~ 0 Oom Dok & D2k 00
YDHT[k]:Zy[n]HcosH2 H+sinH2—mkH = z x[n—ng+ N]HCOSH E+sinHZ—mkHH
n=0 n=0
< onnkD . D2rmk [
+ Z x[n - no]HCOSH NS
n:no

Replacing n—ng+N by ninthefirst sum and n—ng by nin the second sum we get
N-1 0 D2m(n+n )kD 027(n + g )kOO
- 0 : 0
YpurlKl = z x[n]%cos% N D +sin E N E

n=N—nO
“o 0 D2 n+n)k0  02m(n+n,)kO0
x[n]%c T[( o J+sin L v o) 0

n=
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DZT[(n+ nO)k o0

_ 0 0 kO
— Z %CO@MD‘F
L ]
02 DN -1 i
= cos "o DZ x(n] Hcosa H+sn§—2mk§H
D2mm k0" 0
+S|I”ID Tlno 02mmk O

0 Z x[n]HcosH—H sSnj—~
D2k _ O2mgkD
= COSHTHX pHTLK] +sm%T%X puTl K-

(b) The N-point DHT of x[< —n>N] isXpHT[K].

N-1 1 N-1 N-
© Y xnl= —zz Z prrKI Xpprl11%
n=0 k=0 =0
N1 pom N2rnk 100 i 00
HnZOHCOSH H +s nH—EH HCOSH E +s nH—HHD .

Using the orthogonality property, the product is non-zero if k =1 and isequal to N.

1"\
Thus nZoxz[n] == kzoxgm[k] .

3.118 cosE—kaﬁ 1(W I‘+W,:,”k), and s %—kaﬁ ! (W,{l‘k W,\_l”k).

2]
N1 Jgj2mk/N 4 g-j2mk /N gj2mk /N _ =j2rmk /N
e -€
Xpurlkl= Zx[n]% > + 5 %
n=0

Therefore X pyrlK] = (X[N K] + X[K] = JX[N - K] + jX[K]) .

" D2k
3.119 y[n] = X[NI@) gln]. Thus, Yp 1Kl = Zy[n]HcosH H+sm% !
N-1 N-1
= ZX[r]Zq<n—r>N]HcosH N Hmr@ka@E
r=0 n=0

Fro m results of Problem 3.117
N-1

- 0
Yorr = 3 X ]HGDHT[k]Cosﬂ E Gprl= =k >N]9”§%§H

I =0

- O2m k0 N1 Jomd K
= GDHT[k]ZX[I]COSH%H'F Gpurl<—k >N]ZX[|]gnH%H
1=0 =0
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- %GDHT[kl(xDHT[k] +Xopprl<—k >y])

1
+ EGDHT[< —k >\ 1(Xpur [K1 = Xpurl< —k >N ).
or Ypr[kl = XDHT[k]( oKl + Gpprl<—k >y ])

1
+ EXDHT[< —k >\ 1(Gppr[k] = Gpurl< —k >y]).

7 1 1 1 1 1 1 170

%11—11—11—1%

m111% 1_1_111_1_1H

a 10 —11—1 1 -1 1 1 -1 -1 1

3120 (&) Hp=f 49 H4= % 1 -1 Hg = % 1 1 1 -1 -1 -1 -1
mo- —11@ %11—1—11—11%

1 -1 -1 -1 -1 1 1f

-1 -1 1 -1 1 1 -1

(b) From the structure of H2, H4 and Hg it can be seen that

H, Hp O H, O
Hy= HH —HZH' 8= 544 —H 1

(©) X7 = HNx Therefore x —H‘leT =NH{ X yr =NHX - Hence,
-1

x[n] = Z XyrlK(-D),2 Zb R

where b, (r) |sthe|th bit in the binary representation of r.

My n e noln e n 12120212 ~(1-n)2/2
3121 X(z)= ) {nlz; = Y x[n]A "V =Ny x[nA "V 'V v
, N-1 ) 2/
=V /Zan]h[I —n], where g[n]=x[N]A™"™V" /2 and h[n] = v " '<.
n=0

A block-diagram representation for the computation of X(z,) using the above schemeisthus
precisely Figure P3.6.

3.122 z, =a. Hence, AOVO_I e®e % ¢! sincea isreal, we have

3.123 (i) N=3.
X(2) = X[0]+ X[z T +x[21Z 2, and H(z) = h0]+ h1z > +h[2]z 2
Y (2) = ho] X[0] + (NG X[0] + X1 h[0]) z~* + (n[2] X{0] + h{1][1] + h{0] X[ 2]) z ~
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+ (N X[2] + 2] x1)z > +h[2]x[2]2 .
On the other hand,

Y(2) = (MO1X{0] +h{7 X{2] + h2]X[0]) + (0] (1] + T [0] + h[2]x{2])z "
+ (0] x[2] + h2]x[1] + N[ 2] X[0]) 2 2.
It is easy to see that in this case Yc(z) =Y (2) mod(1- z"3).
(i) N =4.
X(2) = X0+ X[z +x[2 2 2 +x[3 22 and H(z) =h0]+ hYz 1 +h2]z % +h[3 Z °.
YL(2) = h[0] (0] + ([1]X[0] +h[0] X[1]) 2+ +(h[0] X[2] + h] (1] + h{2]x[0])z 2
+ (hO]x[3] + N1IX[2] + h[2]x[1] + h[3]x{0]) 2> + (N[ [3] + h[2]x[2] + h[3]x[1])z~*
+ (N2]X(3] + h[3]x[2])z > +h[3]x(3] °®,

whereas, Y, (2) =(h[0]x[0] + [ x[3] +h[2] x[2] + h[3] x[1])
+ (NO]x[1] + H1]X[0] + N2 X(3] + h{3x[2]) ™
+(h[0X{2] + h[X{1] + h2]X[0] + N3]X[3])z 2
+(h[0] X[3] + 1] x[2] + h[2]x[1] + N[ 3] x[O])z_s.
Again it can be seen that Y.(z) =Y (z) mod(1- 2_4) .
(i) N=5.
X(z) =x[0] + X[Yz L + x[2) 22 + X[3 2> + x[4]z™* and
H(z) = h[0] + N1z >+ h[2]z 72 + 3|z 3 +h[4] 2.
YL (2) = h[0] (0] + (h[1]x[0] +h[0] X[1]) 2"+ +(h[0] X[ 2] + h{1] X{1] + h[2]x[0]) z 2
+ (h[O]x[3] + h[AIX[2] + h[2]x[1] + h[3]x[0]) 22
+(h[0]X{4] + h1]X[3] + h[2]x[2] + h[3]x[1] + h[4]x[0]) z*
+ ([A]x[4] + h[2]X[3] + N3 X[2 + h[4]x[1])z > + (N[ 2]x[4] + h[3|x[3] + h[4] x[2])z"®
+ ([4]X[3] + h[3 x[4]) " + h[4]x[4] Z"®,

whereas, Yc(z)=(h[0]x[0] + h[4]x[1] + h[3]x[2] + h[2]x[3] + h[1]x[4])
+ (h[O]x[] + h{1]x[0] + 2] x[4] +h[3]x{3] + h[4]x[2]) 2"
+ ([O]x[2] + h1]X{1] + N2 X[0] + h[3] x[4] +h[4] x[3]) 2
+ (h[O]x[3] + h2]x[2] + h[2]x[1] + h[3]x[0] + h[4]x[4])z_3
+ (h[O]x[4] + h[2x[3] + h[2]x[2] +h[3]x[1] + h[4]x[0])z_4.

1

Again it can be seen that Yc(z) =Y (2) mod(1-z"°).

3124 () X@)= Y Az ". Let X(2) = log(X(2)) 0 X(@) = @ . Thus x(&¥) = )

n=—oo
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T
(b) KN :%1 [ log(X(¢/)) & 'd. 1f x[r] isreal, then X (/) = X *(e71). Therefore,
-Tt

Iog(X(ej(")) = Iog(x* (e_j(")). :

%6 r = 2—1T[ }Iog(x* (ej(*))) e 19Ny = %T }Iog(X(e_jw))e_jmdw

= %[}IOQ(X(ejw))ejmdm = X[n].

—Tt
- ~ n -0 jon | _—jon(]
- _Xn]+x[-n _ 1 jw\\n€  te
CEMUER —an'log(X(e ))@ . @dm
Tt
17 i
= J'Iog(X(er)) cos(wn)do,
Tt
- ~ . T 0 jon _ _—jon(]
_ - _Xn]=X[-n] _ | jw\(€  —e
and similarly, R[] = 4HS5 _an'log(X(e ))@ > @dm
Tt
. T _
- %T IIog(X(er))sin(wn)dw.
Tt
3.125 x[n] =ad[n]+bd[n-1] and X(z) = a+ bz t. Also,
~ bt n
X(2) = log@@a+bz 1) = log(a) + log(1 + b/az_l)zlog(a)+Z(—1)”_1 b’na z ", Therefore,
n=1
0 log(a), if n=0,
n
K[n] = %(—1)”‘1 (O7a) >0
H 0, elsewhere.
Ny Ny Ng N5
3.126 (a) X(2)=lo (1-a z_l)+ZIog(1 V) Zlog(l Bz ) S log(1-3,2)
kzzl k=1 k=1 k=1
A NdeE Nyva NBOOBE N5°°6E
— _ _K_—n_ K n K —n _K_n
Ko=)y 5 Let- Ay SRy 5 S
k=1 n=1 k=1n=1 k=1n=1 k=1 n=1
a0 log(K), n=0,
H NB Bn N al
H S e n>o0.
Thus, X(nj=0/45& " & "
ON N
0 Y En 256;‘]
0 2 -§ X n<o
Hr; n n=1 n
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n
(b) |$<[n]|<N% asn - oo, wherer isthe maximum vaueof a, B,,y, and 9, for al values

of k, and N isaconstant. Thus X[Nn] is a decaying bounded sequenceasn — .

(c) From Part (@) if o) =B, =0 then X[n] = 0for al n> 0, and is thus anti-causal.
(d) If y,=8,=0then X[n] =0 for al n<0and isthus acausa sequence.

3.127 1f X(2) has no poles and zeros on the unit circle then from Problem 3.95, y, =9, = 0 and
X[n] =0foral n<O.

dX(2) _ _1 dx(2) Thus’ZolX(z):Zx(Z)o|§<(z)_

X(2) = log(X(2)) theref
(2) = log(X(2)) therefore =0 =~ = dz dz

Taking the inverse z-transform we get nx[n| = Z kX[K]x[n-k],n # O.
k=—00
n

Since x[n] =0and X[n] =0for n<0, thus x[n] = Z Ei[k] x[n—K], n#0.
k=0

n-1 n-1 ~
or, x[n] = Z Ef([k] x[n—K] +X[n]x[0]. Hence, X[n] =% - Z DED% ,n#0.
k=0 k=0
For n =0, X{0]1= X(2)],20, = X(@)|,=0, = 109(x{0). Thus,
i
: 0, n<o,
X(n] =L log(x[0]), n=0,

o[l KO XK X[n =]

RPN n>0.

3.128 This problem is easy to solve using the method discussed in Section 4.13.2.

v[n]
x[n] — h[n] noginl = vinl

—Anan — —nan -
h[n]=0.6"u[n]. Thus, H(z) = o6, gn] =0.8"y[n]. Thus, G(2) =08, %"
From Eq. (4.212) we get @y (2) = H(2) H(z ) Py (2), (A)
and yy(2) = G(2) G(z 1) D (2) =G(2)G(z ) H(2) H(Z ™) Pyx (2)- (B)
-1 _
Now, HZ)HEz™) = 1 z __15625 15625

(1-06zH(1-0.6z) -0.6+1.36z 1 -06z2 1-06z+ 1-1.6667z %
Thus, using Eq. (A) we get
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12 0 1 1 0
d(2) =H(2)H(z )0X=1.56250XH1 0 H 0.6<|4 <1.6667

621 1-1667771
Taking the inverse transform of the above we get
own] =1.56250)2((0.6” W[N] - 1.6667"[~n —1]) =15625020.6.

Asmy =0 and m, =0, we have 6 =\, [0] =1562502.

1
(1- 06z 1)(1-062)(1-0.8271)(1-0.82)
~15.0240 5.4087 26.7094  -17.094
= - + =) + = + -
1-0.6z 1-1.6667z 1-0.8z 1-1.25z7

Next we observe G(2) G(z_l) H(2) H(Z_l) =

Using Eq. (B) and taking the inverse we get
@yy[n] =0%(-15.024(0.6)"u[n] - 5.4087(1.6667)" W —n - 1]
+ 26.7094(0.8)"u[n] +17.094 (1.25)"u[-n -1]).

Asm, =0 and my =0, we have 0%, =@yy[0] = (-15.024 + 26.7094) og( =11.6854 0>2(.

M3.1 (a) r=0.9, 8 =0.75. The various plots generated by the program are shown bel ow:
Real part Tinaginary part

-z ; ; ; ; ; ; ; ;
0 n.z 0.4 0.6 n.a 1 0 0.2 0.4 0.6 n.a 1
Hormmalized frequency Honmalized frequency

IMagnitude Zpectimm Phase Zpectnum

0 i i i i i i i i
0 0.z 0.4 0.6 0.5 1 0 0.z 0.4 0.6 0.5 1
Hormalized frequency Hormalized frequency

(b) r=0.7, 6 =0.5. The various plots generated by the program are shown below:
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Real part Imnaginary part

I S Ut S SRR
=T T B P S P
0 ; ; ; ; -3 ; ; ; ;
0 0.z 0.4 0.6 0.5 1 1 0.z 0.4 0.6 0.5 1
Hommalized frequency Hormalized frequency
IMagnitode Spectoum Phaze Spectoum
] T T T 0 T T
E 05k ki
=]
T SO U S
[vW
a i i i ; 15 ; ; i i
0 0.z 0.4 0.6 0.s 1 1 0.z 0.4 0.6 0.8 1
Hommalized frequency HMommalized frequency
. 1 e—j(2N+1)oo ) 1 e—j13oo
JOy _ _ — JOy _ _
M3.2 (a) Yl(e )= No SN+ Do For example, for N = 6, Yl(e )= 60 7%
e —-e e —-e
Feal part 10 Timag inary part
15 : T r . 10 r T T

L5
E
g
5 i i i i - i i i i
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Nonnalized frequency Moromalized frequency
Magnitude spectium Phase spectoim
15 T T : T 4 T T
: : : : 2l
w10 A TP PP a
Ep - E! 0 | |
oL
ol b 2
moal
0 ; ; ; o] -4 ; ; ; ;
i} 0.2 0.4 0.6 0.8 1 i} 0.2 0.4 0.6 0.8 1
Hormalized frequency Hormalized frequency

o 1-26 N0 20N
(b) Yz(e )= e—jNu)_ze—j(N+1)°° +e_j(N+2)w . For example, for N = 6,
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—jl4w

i 1- 2e “ie
Yz(e]w): —] 6w —-j70w, —j8w "
e —2e +e
Feal pait P L1 d Imaginary pait
50 . 15 T T
Aol
Sa0 ] h ]
g
=1
520 ............................................
LT T U S SO
i N f N N N N N N
o} 0.z 0.4 0.6 0.g 1 ] 0.z 0.4 0.6 0.8 1
Mormalized frequency Hormalized frequency
IMagnitode spectonm 10 Phase spectiim
50 T T T & T T T
ol o CJ RN 30 NE N S N
. Babodefobd
% Bl S S
EZD .......................... \ ........ . ........ E 0 b | : ‘AJ': v
: : =Y : : :
R R T R 2o ‘ ......
o} E|2 0.4 EIE 0.a 1 Ju] I32 D4 DE 0.8 1
HNormmalized frequency Hommalized frequency
N
joy _ 1 ( —jm/2N ij/ZN) —joon
© Yq(&¥)=3 z e Zcos =
n__
< (N+n)
—j +n)w
o X
— JNw m —] nNw _ n=—
e ZCOS(ZN)e i
=N

6

—j(6+n)w
Z cos(ZN)

For example, for N = 6, Ys(ejw) _n=26

e—JGoo
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Real part

o 0z 04 06 08 1
Hormalized frequencsy

Magnitade spectoum

o 0z 04 08 O 1
Honmalized frequency

M3.3 (a)

Real part

0.4 0.6 0.8

w/TT

0.2

Magnitude spectrum
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5 x 1018 Timag inary part
il
g
% 0
-1L
“0 0z 04 08 08 1
Wormalized frequency
Phaze spectoum
El

0z 04 06 08 1
Mormalized frequency

Imaginary part

0 0.2 0.4 0.6 0.8 1
W/
3 Phase spectrum
2 F
1t
0
a1t
2L
-3 L L 1
0 0.2 0.4 0.6 0.8 1
w/Tt



Imaginary part

1 I.Qeal part. ' 15
o5} 1t
I OF 05}
05} 0
1 ] ] ] ] -0.5
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
w/m win

Magnitude spectrum Phase spectrum

0 0..2 O..4 O..6 0..8 1 0 0.2 0.4 0.6 0.8 1
w/TT w/m

M3.4 N = input (' The I ength of the sequence = "');
k = 0: N1;
gamma = -0.5;
g = exp(gamea*k);
% g is an exponential sequence
h = sin(2*pi *k/ (N 2));
% h is a sinusoidal sequence with period = N2

[Gw = freqz(g, 1,512);
[Hw = freqz(h,1,512);
% Property 1
al pha = 0.5;
beta = 0. 25;

y = al pha*g+bet a* h;
[Y,w] = freqz(y,1,512);
% Plot Y and al pha*Gtbeta*H to verify that they are equal

% Property 2

n0 = 12; % S equence shifted by 12 sanpl es
y2 = [zeros([1,n0]) d];

[Y2,w] = freqz(y2,1,512);

Q0 = exp(-j*wn0).*G

% Plot G0 and Y2 to verify they are equal

% Property 3

wl = pi/2; %the value of onega0 = pi/2

r=256; % he value of onmegaO in terms of number of sanples
k = 0: N1;
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y3 = g.*exp(j*w0*k);

[Y3,w] = f reqz(y3, 1, 512);

k = 0:511;

w = V\.O +pi *k/ 512; % creati ng G exp(w w0))
Gl = freqz(g,1,wW);

% Conpare Gl and Y3

%Property 4

k 0: N-1;

y4 = K. *g

[Y4 M freqz(y4, 1, 512);

%To corrpute derlvative we need sanple at pi
= ((-1).7k).*g;

G2 = [E2:512)" sum(y0)]’

del G = (&-G *512/ pi;

% Conpare Y4, del G

% Property 5

y5 = conv(g, h);

[Y5,w] = freqz(y5, 1,512);
% Conpare Y5 and G *H

% Property 6

y6 = g.*h;

[Y6,w] = freqz(y6, 1,512, whole');
[&0,w] = freqz(g, 1,512, " whole');
[HO,w] = freqz(h, 1,512, " whole');

% Eval uate the sanple value at w= pi/2
% and verify with Y6 at pi/2

= [fliplr(HO(2:129)") fliplr(HO(130:512)")]"
val = 1/(512) *sunm( 0. *H1);
% Conpare val with Y6(129) i.e sanple at pi/2
% Can extend this to other points simlarly

% Par seval s t heorem

val 1l = sun(g. *conj (h));

val 2 = sun( Q0. *conj (HO))/512;
% Comapre vall with val 2

M35 N = 8; % Nunber of sanples in sequence
gama = 0.5;

k = 0: N1;

x = exp(-j*ganmma*k);

y = exp(-j*garrrra*fll plr(k));

%r = x[-n] theny = r[n- (N- 1)]

%so if Xl(exp(jw)) is DIFT of x[-n], then

% X1(exp(jw) = R(exp(jw)) = exp(jw(N-1))Y(exp(jw))
[Y,M = freqz(y, 1,512);

X1 = eXp(J*W"(N-l)) *Y;

m = 0:
W= -pl*rrl512
X = freqz(x,1,wW);
% Verify X = X1
% Property 2
k = 0: N-1;

exp(J gama*fliplr(k));
[Y wl = freqz(y, 1,512);
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M3.6

M3.7

X1 = exp(j*W(N1)).*Y,
[X,wW] = freqgz(x,1,512);
% Verify X1 = conj(X)
% Property 3

y = real (x);

[Y3,w] = freqz(y,1,512);
m = 0:511;

WO = -pi*m512;

X1l = freqz(x,1,w0");

[ X,w] = freqz(x, 1, 512);
% Verify Y3 = 0.5*(X+conj(X1))

% Property 4

y = jrimg(x);

[Ya,w] = freqz(y, 1,512);

% Verify Y4 = 0.5*%(X-conj (X1))

% Property 5

k = O:N-l;
y = exp( j *ganma*fli Ir(k)),
xcs = 0.5*[zeros([1, N 1]) x] +0.5*[ conj (y) zeros([1, N-1])

xacs = 0. 5*[zeros([1,N1]) x]-0.5*[conj(y) zeros([l,l\l—l]%i;

[ Y5, M = freqz(xcs, 1, 512);

[Y6,w] = freqz(xacs, 1,512);

Y5 = Y5. *exp(j *W(N-1));

Y6 = Y6. *eXp(j*V\f‘(N-l)),

% Verify Y5 = real (X) and Y6 = j*i nag(Xx
N = 8;

k = 0: N 1;

gamma = 0. 5;

X = exp(ganma*Kk) ;

y = e xp(gamma*fliplr ( k));

xev =0.5*([zeros([1,N1]) x]+[y zeros([1l,N1])
xod = 0.5*([zeros([1,N1]) X]-[y zeros([1, N-1]
[ X,w] = freqz(x, 1,512);

[ Xev,w] = freqz(xev,1, 512);

[ Xod,w] = freqz(xod, 1,512);

Xev = exp(j*Ww(N1)).*Xev,;

Xod = exp(]*w(N1)).*Xod;

% Verify real (X)= Xev, and i mag(X)= Xod

1),
DR

r = 0:511;

WO = -pi*r/512;

X1 = freqz(x,1,w0");

% Verify X = conj (X1)

%real (X)= real (X1) and i mag(X)= -i nag( X1)
% abs(X) = abs(X1) and angl e( X) = -angl e( X1)

N = i nput (' The size of DFT to be conputed =');
for k = 1: N

for m= 1:N

D(k m = exp(-j*2*pi *(k-1)*(m 1)/ N);

end
end
diff = inv(D)-1/Nconj(D);
% Verify diff is NN\N matrix with all elenents zero
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M3.8 (a)

cl f;

N = input (' The value of N = ");
k = -NN;

yl = ones([1, 2*N+1]);

w = 0: 2*pi/ 255: 2*pi ;

Y1 = freqz(yl, 1, w;

Yldft = fft(yl);

k = 0:1: 2*N;

pl ot (W pi, abs(Y1l), k*2/ (2*N+1), abs(Y1ldft), ' o');

x| abel (' Normal i zed frequency'); yl abel (' Anplitude');

(b) Addthestatement y2 = y1 - abs(k)/N;, beow thestatementyl =

ones([1, 2*N+1]); andreplaceyl, Y1, and Y1dft intheprogramwithy?2, Y2
and Y2df t , respectively.

(c) Replacethestatementyl = ones([1, 2*N+1]); withy3 =
cos(pi*k/(2*N)); ,and replaceyl, Y1, and Y1dft intheprogramwithy3, Y3
and Y3dft, respectively.

The plots generated for N = 3 is shown below where the circles denote the DFT samples.

(&) ()

0 0.5 T 15 2 0 0.5
Normalized frequency

: 1 1.5 2
Normalized frequency

(©

0 05 1 15 2
Normalized frequency

M39 g=[34 -2 0 1 -4];
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h=[1 -3 0 4 -2 3];

X = [2+4]*3 3-] -1+4)*2 j*3 2+) *4];

Vv = [-3-]*%2 1+j*4 1+j*2 5+ *3 1+ *2];

k = 0: 4;

z = sin(pi*k/2);

y = 2.7k;

G=fft(g); H=fft(h); X = fft(x);

V =fft(v); Z =1ft(z); Y = f(y),

yl = ifft(G*H); y2 = ifft(X *V); y3 = ifft(zZ *Y);
N=28, %Nis length of the sequence(s)
gama = 0.5;

k = 0: N 1;

g = exp(-gamua*k); h = cos(pi*k/N);
G=fft(g); Hfft(h);

% Property 1

al pha=0. 5; beta=0. 25;

x1 = al pha*g+bet a*h;

X1 = fft(x1);

% Verify Xl=al pha*Gtbeta*H

% Property 2

n0 = N2; %n0 is the anmount of shift
[g(n0+1:N) g(1:n0)];

= fft(x2);

% Verify X2(k)= exp(-j*k*n0) J k)

X X
NN
I

% Property 3

kO = N 2;

x3 = exp(-j*2*pi *k0*k/ N)
X3 = fft(x3);

&G = [GkO+1: N G 1:k0)];

% Verify X3=G3

%Property 4
x4
X4 t(Q;

4 N*[g(l) g(8-1 2)]; % This fornms N (g nod(-k))
% Verify X4 A;

0

% Property 5
% To cal cul ate circul ar convol uti on bet ween
% g and h use eqn (3.67)
=[h(1) h(N-1:2)];
T =toeplitz(h', hl);
x5 = T*qg';
X5 = fft(x5");
% Verify X5 = G *H

% Property 6

X6 = g.*h;

X6 = fft(x6);

HiL = [H(1) H(N:-1:2)];

T =toeplitz(H', Hl); %.' is the nonconjugate transpose

&G = (UUN*T*G ' ;
% Verify G = X6.'
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M3.11

M3.12

N = 8; % sequence | ength
gamma = 0. 5;

k = 0: N1;
X = exp(-ganma*k);
X =fft(x);

% Property 1
X1 = fft(conj(x));

GL = conj([X(1) X(N:-1:2)]);
% Verify X1 = GL
% Property 2

x2 = conj ([x(1) x(N:-1:2)]1);
X2 = fft(x2);

% Verify X2 = conj (X)

% Property 3

x3 = real (x);

X3 fft(x3);

G3 0.5*(X+conj ([ X(1) X(N:--1:2)1));
% Verify X3 = G3

% Property 4

x4 = | *imag(Xx);
X4 = fft(x4);
A =

0.5*(X-conj ([ X(1) X(N:-1:2)1));
% Verify X4 = 4

% Property 5

x5 = 0.5*(x+conj ([ x(1) x(N:-1:2)]1));
X5 = fft(x5);

% Verify X5 = real (X)

% Property 6

x6 = 0.5*(x-conj ([x(1) x(N:-1:2)]));
X6 = fft(x6);

% Verify X6 = j*imag(X)

N = 8;

k = 0:N1;

gama = 0.5;

x = exp(-gamma*Kk);
X =fft(x);

xpe = 0.5*(x+[x(1) x(N:-1:2)]);
Xxpo = 0.5*(x-[x(1) x(N.-1:2)]);
Xpe = fft(xpe);
Xpo = fft(xpo);

% Verify Xpe = real (X) and Xpo = j *i nag(X)

% Property 2

X2 = [X(1) X(N:-1:2)];

% Verify X = conj (X2);
%real (X) = real (X2) and inmag(Xx) = -i
% abs(X) = abs(X2) and angl e( -
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M3.13 Usingthe M-file fft weobtain X[0] =13, X[]] =12.8301+]5.634, X[2] = -4 +3.4641,
X[3=-8+)7, X[4] =13+)1.7321, X[5]=4.1699+)7.366, X[6]=-13, X[7] =4.1699- | 7.366,
X[8] =13-j1.7321, X[9] =-8-j7, X[10]=-4-j3.4641, X[11]=12.8301- |5.634.

11
(a) X[0] =13, (b) X[6] =—13, (C) ZX[k] =36, (d) Ze J(4Tk/B)x k] = - 48,
k=0

© |X[k]|12 = 1500.

M3.14 Using the M-file i fft weobtain x[0] = 2.2857, x[1] =—0.2643 x[2] =0.7713, x[3] = -0.4754,
x[4] = —-1.1362, x[6] = 1.6962, x[6] =3.5057, X[ 7] = —0.8571, x[8] = 2.0763, x[9] =—-0.6256,
X[10] =1.9748 x[11] =1.0625, x[12] =1.5224, x[13] = 0.4637,

13
(a) x[0] =2.2857, (b) x[7] =—0.8571, (C) ZX[n] 12, (d) Ze‘(4m/7)x[n] -2-j2,
=0 =0

13
(© Y Knl*=355714,

n=0
M3.15
function y = overl apsave(x, h)
X = | engt h(x); %.ength of | onger sequence
M = Il engt h(h); % engt h of shorter sequence
flops(0);
if (M> X %Error condition
di sp('error');
end
%l ear all
temp = ceil (1 og2(M); %-ind |l ength of circular convolution
N = 27t enp; %zer o paddi ng the shorter sequence
if(N>M
for i = M+l: N
h(i) = 0;
end
end
m=ceil ((-N(NM1)));
while (nF(N-M-1) <= X)
i fCCCNFEME(N-MEL) ) <= X)&((nmF(N-Mr1)) > 0))
for n = 1: N
x1(n) = x(n+n¥ (N Mt1));
end
end
|f(((n1‘(N-M+1))< 0) & ( N+ (N- M+1) ) >=0) ) %underfl ow adj ust nent
for n = 1:N
x1(n) = 0;
end
for n = n¥t (N ML) 0 NbmF (N ML)
if(n > 0)
x1(n-nF(N-MF1)) = x(n);
end
end
end
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|f((N+n'f<(N-M+1)) > X) Y%overfl ow adj ust nent
for n = 1: N
x1(n) = O;
end
for n = 1: (X-nF(N-Mt1))
x1(n) =x (m (N M:1l) +n);

end
end
wl = circonv(h, x1); %i rcul ar convol ution using DFT
for i = 1.M1
yl(i) = 0;
end
for i = MN
y1(i) = wi(i);
end
for j = MN
if((j+rm(N-MtL)) < (X+M)
if((j+m(N-M1)) > 0)
yQ(j +mr (N-Mr1)) = y1(j)
end
end
end
m = mtl;
end
di sp(' Nurmber of Floating Point Operations')
fl ops
%di sp(' Convol uti on using Overlap Save:');
y = real (yO;

function y = circonv(x1, x2)
L1 = length(x1); L2 = length(x2);

if L1 ~= L2,
error (' Sequences of unequal |engths'),
end
X1 = fft(x1)
X2 = fft(x2
X RES = X1.*X2;
y = ifft(X_RES);
The MATLAB program for performing convolution using the overlap-save method is
h=[1 1 1]/3;
R = 50;
d =rand(1,R) - 0.5;
m=0:1:. R 1;
s = m*(0.9."m;
X = s + d;
™ =[x X X X X X X];
y = ov erI apsave(x h);
k = 0: ;
pl ot (k, X, k, y(1: R) "b--");
x| abel (' Ti me |ndex n ) yIabeI('ArrpIitude');
| egend('r- "s[n]’ Yh- - ‘yin]');
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— s[n]
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2
O i i i i
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Time index n

M3.16 (a) UsingtheM-file r oot's we determine the zeros and the poles of G,(z) which are
given by z, = -3.5616, z, =-0.4500+j0.7730, z5 = -0.4500 - j0.7730, z, =0.5616, and
p; = —-1.0000+j1.7321, p, = -1.0000—j1.7321, p5 = 0.6000+j0.3742, p, = 0.6000 - j0.3742.

Next using the M-fileconv we determine the quadratic factors corresponding to the complex
conjugate zeros and poles resulting in the followi ng factored form of G,(2):
4 D(1+ 3.56162 1)(1-0.56162 1)(1+09z 1+ 0.8279)
G2 = 1252 = =) -
1+2z27++4z279)(1-1.272-+0.5279)

(b) Usingthe M-file r oot s we determine the zeros and the poles of G,(z) which are
givenby z,=-2 z,=-12,=-052,=03, and
p; =-10482+j1.7021, p, = -1.0482-j1.7021, p5 = -0.6094, p, = -0.3942.

Next using the M-fileconv we determine the quadratic factors corresponding to the complex
conj ugate zeros and poles resulting in the following factored form of G,(2):

a+2z7Ha+z Ha+o5zY)@1-03z7h
5 (1 +0.6094771)(1+0.3942 77 1)(1 +2.0963z 71 +3.9957272)

G,(2)=

M3.17 Using Program 3_ 9 we arriveat we get
Resi dues
3.0000 2.0000
Pol es
-1.0000 -0.3333
Const ant

[]

3 2 L . .
Hence, Y1(2) = 3,1 - ., which is same as that determined in Problem 3.98.
z

4-3214372  4773-37%+377°
(z+2)z-3° 1-4z71-372%+1827°

M3.18 (a) A partia-fraction expansion of X 5(z) =
using Program 3_9 we arrive at

> 1 0.1852 00741 0.125
X a(2) = 0.2361z2 - 013892 % + 0.1667 -

+ - . Sincethe ROC is
1-3z7t @-3z7H% 1+277°
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given by |z|> 3, theinverse z-transform is a right-sided sequence and is thus given by
Xa[n] =0.23613n - 2] - 0.13893[n — 1] + 0.1667 ]
-0.1852(3)"p[n] +0.0741n(3)"u[n] — 0.125(-2)"p[n].

4-371+3772 O
1-4z71-3272+ 182_3%’
and making a partial-fraction expansion of the function inside the brackets:

1 2 1 0 g0 1 1 0 L0 2271 O
31 -3z 1v270 © Bi-sr v % Ha-saph
The inverse z-trasform of the above function is given by

el =" -3]+(-2" 34 -3+ = (n- 23" 2pin - 2

a
A more compact solution is obtained by writing X 53(z) as X a(2) = Z_SE

O
-3
Xa(2) =z Hl-

=[@"32n-3+(2" | uin-3.

(b) Herethe ROC s |z|< 2, hence, the inverse z-transform of

1 1 0 L0 22t 0 thus diven b
+ +2z —=[] ISThUS given
321 1+2. da-3z7 92k J Y

a
—,-3
Xp(2)=2 Hl—

- - 2 -
Xp[n] = =(3"H-n +2] = (-2)"PU-n+ 2] - S(n-2)(Y" *p[-n +1]

=[-@"(2n-3)- (-2"3ur-n +21.

(c) Inthiscase, the ROCisgiven by 2<|7 <3. Hence, theinverse z-transform of

1 + 1 D+z_2D 22! Disthus iven b
321 142700 ° Ha-sz 521 gventy

a
-3
Xc(2)=2 Hl—

N N 2 -
Xe[n ==@)"2u-n+2+(-2)"“u[n-3]- 2(n-2)(@" *u[-n +1]
==(39"(@n -3u[-n+ 2 +(-2"un-3].

M3.19 (a) Using the statement
[num den] = residuez([10/4 -8/2],[-1/4 -1/2],0); weget
num= -3.5 -1.25 -0.25andden =1 0.75 0.125.

3.5+1257 1+ 025272
1+ 075z 1+0125272"°

Hence the transfer function isgiven by X1(z) = -

(b) Usingthestatement[r, p, k] =resi duez([-3 -1],[1 O — 0.25]); we
3+2z72

first obtain a partial-fraction expansion of - ﬁ which yields
-0.25z

r = -—-2.5 0.5, p=0.5 -0.5 andk = 0.
Therefore we can write
2 25 0.5 4.5 0.5
Xo(z)=35- = — + = =35- — + — - Next we use the
1-05z 1-05z 1+ 05z 1-05z 1+ 05z

statement [ num den] = residuez([-4.5 0.5],[0.5 -0.5],3.5); which

112



yields num = -0. 5 -2.5 —0.075 and den = 1 0 0. 25. Therefore,
_05+257+0.875272
1-025z72

Xo(2)=

(c) Wefirst make a partial-fraction expansion of — usingthestatement [ r, p, k] =

_3
1+081z
3 15 15
- - + - .
1+081z2 1+j09z 1 1-jo.9z?
15 15 4/3 519

- 1 - -1
- 2 -1
1+j0.9z 1-j09z 1+§z ﬁ“%z_lﬁ

resi duez(3, [1 0 0.81], 0); whichyields

Hence, we can write X 3(2) = 5. Using Program

22222 +31111z71 +0.7033327% - 0722
1+1333377 1 +1.2544772 +1.082 3 +0.3627%"
12_1
(d) Wefirst make a partial-fraction expansion of 1+526‘1—+z‘2 using the statement

3_10 we then obtain X 3(z) =

6 6
[r,p,k] = residuez([O 1 0]/6, [1 5/6 1/6],0); whichyields

1 1 : 10/5 1 1 .
- t—7 . Hence, we canwrite X 4(z) =4 + /5 _ +—7 . Using
1+%z‘1 1+3277 1+§z_1 1+%z_1 1+3527t

6+6.7667Z7 L1 +24772+0.26672°
1+1.2333271 405272 +0066723 "

Program 3_10 wethen arriveat X 4(2) =

M3.20 (a) From Part (a) of M3.19 we observe X,(z) =-2+ 21'5 __4 . Henceitsinverse
1+=z71 1+ 3 z1
4

z-transform is given by x,[n] = -2 n| + 2.5(-0.25)"u[n] — 4(-0.5)"pu[n]. Evaluating for values of
n=0,1K weget x,[0] =-35, x,[1] =1375, x,[2] =-0.8438 x,[3] =0.4609, x,[4]=-0.2402,
X4[5]=0.1226, x,[6] =-0.0619, x,[7] =0.0311, x,[8]=-0.0156, x,[9] =0.0078

Using Program 3_11 we get

Coefficients of the power series expansion
Colums 1 through 6
- 3. 5000 1. 3750 - 0. 8438 0. 4609 - 0. 2402 0.1226

Col ums 7 through 10
-0. 0619 0. 0311 -0. 0156 0. 0078

4.5 0.5
+ :
1-05z1 1+05z7%
z-transform is given by x,[n] =3.5g[n] - 4.5(0.5)"u[n] + 0.5(-0.5"p[n].  Evaluating for values
of n=0,1K weget x,[0]=-05 x,[1]=-25 x2[2]=-01 x,[3]=-0.625 x,[4]=-0.25,
X,[5] =-0.1562, X,[6] =-0.0625 X,[7]=-0.0391 x,[8 =-0.0156 x,[9]=—-0.0098,

(b) From Part (b) of M3.19 we observe X ,(2) =3.5- Hence, itsinverse

Using Program 3_11 we get
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Coefficients of the power series expansion
Colums 1 through 6
- 0. 5000 -2.5000 -0.1000 -0. 6250 - 0. 2500 -0. 1562

Col umms 7 through 10
-0. 0625 -0.0391 -0. 0156 -0. 0098

3 4/3 5/9
(c) From Part (c) of M3.19 we observe X3(2) = - + Hence,

-2 2
1+0.81z 1+ %z_l ﬁ1+ %Z_lﬁ

itsinverse z-transform is given by
n n+l

xaln] =309)" costm/ pin+11- 3 -2 il + 2520 +0-2 g+

2
3

n

an 2 :
=3(0.9)" cos(rm/ 2)p[n] - 3 ﬁ— —ﬁ ﬁ u[n]. Evauating for valuesof n=0,

5
+—=(n+1 ﬁ
ZH HInl+ S (n+D)
1,...,weget x3[0]=22222, x3[1]=0.14815 x3[2]=-22819, x3[3] =-0.26337,
X3[4] = 2.2536, x3[5] =— 0.26337, x3[6] = —-1.37, x3[7] =-0.18209, x3[8] = 1.4345,
x3[9 = —0.10983. Using Program 3_11 we get

Coefficients of the power series expansion

Col ums 1 through 6

2.2222 0.14815 -2.2819 -0.26337 2.2536 -0.26337
Col unmms 7 through 10

-1.37 -0.18209 1.4345 -0.10983

10/5 1 1
(d) From Part (d) of M3.19 we observe X4(2) =4+ - T Hence, its
1+%z_1 1+—;z_1 1+§z_1

inverse z-transform is given by xa[n] = 48[n] +2(-2/5)"p[n] - (-1/ 2)"u[n] + (-1/3)"y[n].
Evauating for valuesof n=0,LK weget x4[0] =6, x4[]] =-0.6333, x4[2] = 0.1811,

% 4[3] = ~0.04, X 4[4] = 0.0010, x 4[5] = 0.0067, X 4[6] = ~0.0061, X 4[7] =0.0041, x 4[8] = —0.0024,
X 4[9] =0.0014. Using Program 3_11 we get

Coefficients of the power series expansion
Col ums 1 through 6

6. 0000 -0. 6331 0. 1808 -0. 0399 0. 0011 0. 0066

Col unimms 8 t hrough 10
-0. 0060 0.0040 - 0. 0024 0. 0014

M3.21 % As an exanple try a sequence x = 0:24;
% cal cul ate the actual uniformdft
% and t hen use these uniform sanpl es
%with this ndft programto get the
% the original sequence back
%X, w = freqz(x, 1, 25, whole');
%use freq = X and points = exp(j*w

freq = input(' The sanple values = ');
poi nts = input (' Frequencies at which sanples are taken = ');
L = 1;
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| engt h( poi nts);
val zeros(size(1,len));
L = poly(points);
for k = 1:len
if(freq(k) ~= 0)
xx = [1 -points(k)];
[yy, rr] = deconv(L, xx);

D) =

down = pol yval (yy, poi nts(k))*(points(k)”~(-1en+l1));
) = freq(k)/down*yy;

val = val +F(k, :);
end

end

coeff = val;
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Chapter 4 (2¢)

4.1 Ifu[n] = z" isthe input to the LTI discrete-time system, then its output is given by

[o¢] [o¢]

yinl =y hKlun-K = Zh[k]zn_kzzn Zh[k]z_k =72"H(@),

k=-00 k=—0 k=—o0
(o]

where H(z) = z h[k]z_k. Hence u[n] = Z"isan eigenfunction of the LTI discrete-time
k=~

system. If v[n] = znl{n] isthe input to the system, then its output is given by

00 (o]

n
vinl =y hkMn-K] =2" Zh[k]u[n—k]z_k:zn Zh[k]z_k.

k=-o00 k =—o0 k=-00

Since in this case the summation depends upon n, v[n] = z"L{n] is not an eigenfunction of
an LTI discrete-time system.

4.2 h[n]=38n] -adn-R]. Taking the DTFT of both sideswe get H(e!®)=1-ae IR
Let a=|a| el(p, then the maximum value of }-I(e“")l is1+|a} and the minimum value of

}-|(ej°’)| is1—al.

43 GE®)= (H(ej“’))S = (1- e IOR)3,

ML MM | .
44 G(E'%)= ZO(me_J(m = ————— Notethat G(e) = H(E®), for a =1. In order
= l1-ae
n=0

to have the dc value of the magnitude response equal to unity the impul se response should be
multiplied by afactor of K, where K =|d-a)/1-a™)|

4.5 Thegroup delay T(w) of an LTI discrete-time system with afrequency response H(ej (*)) =
h(e‘w)le“p(w), isgiven by T(w) = —%. Now,

an©) _ o ), jHeifeoe 426

dw dw .
o . dH(eJ“’)l o
Nl O] A0 dPW) _jp(w) | dH(e'™) ,
Hence, —J|H(e )|e e =e T T Equivaently, |
, , dH(E®) , dH(e'®)
jo@  dHE” dH(Ee!®
o) o .(p(w)l ) G 1 ey, o
o jHe!)|el G jHEY)  jHE®| H(E™)

Thefirst term on the right hand side is purely imaginary. Hence,
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S d(HE)
dw HE®) 7
:

(W)=

4.6 H(E®)= [(a1 + a5) cos2w + (ap +ay) cosw +ag] +j[(a— as)sin 2w + (ap —as)sinw|. Hence,
the frequency response will have zero phase for a; = ag, and a> =as.

4.7 HEP)=ag + a6 1® +aze 12 + 4,613 + age 149 + age 7150 + 276716

= (2 3® +a767130)g 130 4 (2,612 + ageT 1) g1 4 (56l + ageTI0)eTIH 4 g e300 |t
a; = ay, ap =ag, and az = ag, then we can write
H(e/®) =[2(ay + a7) cos(3w) + 2(az + a6 ) cOS(2w) + 2(ag + a5) cos(w) + ag|e 13, which is seen
to have libear phase.

4.8 Thefrequency response of the LTI discrete-time system is given by
H(e®) = aiel‘** + azeJw(k—l) + a3e1°’(k‘2) " azelw(k—3) + aiejw(k—4)

= getk=2) (alej2w+ a,d® +a, +ae 1P+ ale_jzw)
= ¢l w(k_z)(Zalcos(Zm) + 2a, cos(w) + a3)
Hence for H(€/®®) will be real for k = 2.
_1
1-Be™ 10

H(ejw)lz _ (a+e19)a+e®) o +20cosw+1
T (1B 9)(1-pe®)  1-2Pcosw+ B2 |

| | | -jo
Thus, H(el®) = H, () H, (el?) = 228

jwy — - jw jy _
4.9 Hy(e*)=a+e® and H, () = “IpeTe

h(ei‘*’)|2 =1 if a =-B.

Y ()

: =|X(ej(*))|(a_l). Since H(E®) is
X (€9

4.10 Y(ejw)=|X(eJ(*))| 9% Hence H(E!?) =
real, it has zero-phase.

411 y[n] =x[n] + ay[n—R]. Y(E®) =X () +ae Ry (&?). Hence,

X(@®) 1-ae R’

minimum valueis 1/(1+ |a |). Thereare R peaksand dipsintherange 0 < w < 211. The

~joR :+m
T a

Maximum value of H(ejw)l is1/(I- |a|), and the

locations of peaks and dipsaregivenby 1-a gIR =14 o], or e . The locations

of peaksaregivenby w=wy = % and the locations of dips are given by
W=y =M, O<k<sR-1.
R

Plots of the magnitude and phase responses of H(ej w) for a =0.8 and R = 6 re shown below:
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Magnitude Phase

0.6

0.4

02 -1
0 02 0.4 0.6 0.8 1 12 14 16 1.8 2 0 0.2 04 0.6 0.8 1 12 14 16 18 2
win wim

bo + bie ¥ + bye 2 (byel® +beI?) + by
1+ae @ +ae7% (P +ael®)+a
_ by +(bg +by)cosw+ j(by —by)sinw
g+ (1+ay)00sw +j(1-a)Snw

412 A(el®)=

. Therefore,

2 2612
A = [by+ (bo + o))" 0P @ +(Bg ~bp)° SN ok
[a; +(1+ a2)]2 coszco+(1—a2)zsin2w

b1+ (bo +bp) = #[ay + (1+ay)], and at w=T11/ 2 wehave by —by = +[1-ay].

Solution #1: Consider bg —by =1-ay. Choose bg =1,-by =1 -a5. and by =ay. Substituting
these valuesin by +(bo + by) = #[ag + (1+a2)], wehave by = &. Inthiscase,
1+ae 19 +a,671%®

A(ejw) = 70

o — =1, atrivia solution.
1+ae”)® +ase
Solution #2: Consider bg —by =as —1. Choose bg =ay, and by =1. Substituting these
valuesin by +(bg +by) = [ + (1+ay)|, wehave by =a. Inthiscase,

a, +ae 1?0 + g7I20

Ael®) = L —
1+ae )® +a,e 129

4.13 From Eq. (2.17), the input-output relation of a factor-of-2 up-sampler is given by
X[n/2], n=0,£2+4K
yln=10 ", -
0 , otherwise.
The DTFT of the output is therefore given by

(@)= % y[nje " = f x[n/2]e”Ion = f x[m] €712 =X (e12) where X(el®) isthe

n=-o n=—oo m=-—oo

n even
DTFT of x[n].
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4.14

4.15

4.16

4.17

4.18

|H(ej 4‘*’)|

Tn 1N /1.

2.2TC

| I :
0 1 03 i L m22m 3m 37 g
0.2m —, 4 4 1.8mp 4 231 4 4 38m
4 4 4 4
o _ o i 1 i 1
HE®) = (04 e = —=—— Thus, H(e/¥)|= , and
- JW —
nZO 1-0.4e 4/1.16 — 0.8 cosw
. 0 ; 0 .
argf HE')} =6(w) = tan‘lgl?&% E H(e™4) = 1.2067m j0.4759. Therefore,

H(e* ™ 4)|=12972, and B jm/4) =m0.3757 radians.
Now for an input x[n] =sin(w n)p[n], the steady-state output is given by
y[n] =|H(ej “’ojsi n(ooon + B(ooo)) which for w, =1/4 reducesto

i 0 0
yin] =|H(e'™ *fsingZn +8(1 4] =1.2072sin(Z n - 0.3757).

H(E) = hol(L+ 672+ Hile 7 = eT°(2h 0] costo+ h1]). Therefore, we reqire,

H(el%2) = 2 h0]cos(0.2) + h[1] =0, and H(e!%®) =2h0]cos(0.5)+ h[1] = 1. Solving these two
equationswe get h[0]=-4.8788 and h[1] =9.5631.

(8) HE®) =hg + hye 1® —h1e 3% — hoe 140 = ¢ jzw[ ho(ejz“’ -€ ij) + ho(ej“’ —e'j‘*’)]
= je 29[ 2h sin(2w) + 2hy sin(w)]. Thisimplies, [H(e!®] = 2ho sin(2w) + 2hy sin(@). Thus,
[H(™*)| = 2ho sin(rt/ 2) + 2hy sin(rt/ 4) = 0.5, and

[H(e™2)| =2hosin(m) +2hy sin(m/ 2) = 1. Solving these two equations we get ho = ~0.1036,
and h1=0.5.

(b) H(E®)=je 1%-02072sin(2w) +sin(w)]

(@ H(E®)=hg+ e 1® —he 120 - hye 13

_ e—j3w/2[ ho(ej3oo/2 _ e—j3u)/2) +ho(ejw/2 _e—joolz)]

= je 32[2hsin(3w / 2) + 2hysin(w/ 2)]. Thisimplies,

[H(e®) = 2hg sin(3w/ 2) + 2y sin(w/ 2). Thus, [H(e/™*)] = 2ho sin@m/8) +2hy sin(mt/8) =1,
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and |H(ej"/2)| =2hgsin(3mt/ 4) + 2hysin(tt/ 4) =0.5. Solving these two equations we get
ho =-0.0381, and h1 = 0.7452.

(b) H(e/®)=je 3“/2[-0.0762sin(3w / 2) +1.4904sin(w/ 2)],

4.19 HE®)=hg + he 19 + hpe 129 4 e 130 4 poem 4w
= e P9ho(e12? +e712) 4y (e 1@ +e719) + hy] = 7 29[ 2hg cos(2w) + 2h; cos(w) + hy] .
Thisimplies |H(ej‘*’)| = 2hg cos(2w) + 2hy cos(w) + ho. Thus, we have

[H(e1%3)| = 2ho cos(0.4) + 2hy c05(0.2) +h2 =0, [H(e1®®)| = 2hg cosi) + 2hy cos(05) + hp =1,

|H(ej 0'8)| = 2hg cos(1.6) + 2hy cos(0.8) + h, = 0. Solving these equations we get
ho = -13.4866, hy = 45.2280, h, =-63.8089.

4.20 H(ejo) =2, H(ej"IZ) =7-j3 H(ej”) = 0. Using the symmetry property of the DTFT of areal
sequence, we observe H(ej3”/2) =H* (ej"/z) =7+j3. Thusthe 4-point DFT H[K] of the
length-4 sequenceis given by H[k] =[2 7-j3 0 7+ 3] whose 4-point inverse DFT yields
the impulse response coefficients {h[n]} ={4 2 -3 -1}, 0<n<3. Hence,

H(z)=4+ 271-372-73

4.21 Now, for an anti-symmetric finite-length sequence, H(ejo) =0. Also, sincethe sequenceisred,
H(ejwz) =H* (ej"/Z) =—-2-j2. Thusthe 4-point DFT H[K] of thelength-4 sequenceis
givenby H[k]=[0 -2+j2 8 -2-j2] whose4-pointinverse DFT yields the impulse
response coefficients{h[n]} ={1 -3 3 -1}, 0<n<3. Hence, H(z)=1-3z1+3z2 -z

4.22 (@) Ha(e9)=03-¢e71° 403629 Hge®)=0.3+e7¥ + 0372,

) Highpass Filter

Lowpass Filter

15}
I i
0.5
0 0 ! ! | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
w w
o o,
@ Ha€@?) 0) Hg @)

HA(ej(") isahighpassfilter, whereas, HB(ejw) alowpassfilter.

(b) Ho@®) =Hg(@®) =H, (M),
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4.23 y[n] =y[n—-1+0.5x[n] +x[n—1]} . Hence,

. . . . . . . j 0 —jw[]
joy _ —joy, jw jo —jwy , jw jw _Y(ejw) _ 1l+e
Y(E™)=€e""Y(e )+O.5{X(e )+ e X (e )}, or, H (e )_X(ej“’) —O.%l_e_ng.
. a —jw —2jw[]
424  y[n] :y[n—2]+é{x[n]+4x[n—1]+x[n—2]}. Hence, Hsim(e“*’)=\71))§1+4;a _;jf) Q
-e

Note: To compare the performances of the Trapezoidal numerical integrati on formulawith
that of the Simpson's formula, we first observe that if the input is x4(t) = &, then the result
joot

of integrationisyg4(t) = y,(t) = Jiw e . Thus, the ideal frequency response H(ejW)is 1jw.

Hence, we take the ratio of the frequency responses of the approximation to the ideal, and

plot the two curves as indicated below.

15f e I JRESN ]
O I A H_,‘f" Simpon
g 'I‘mpe;zaidal
2 :
S R USRS S SO
a . . . .
1] 0.z 0.4 0.4 0.§ 1

Wormalized frequency
From the above plot it is eveident that the Simpson's formula amplifies high frequencies,
whereas, the Trapzoidal formula attenuates them. In the very low frequency range, both
formulae yield results close to the ideal. However, Simpson's formulais reasonably accurate
for frequencies close to the midband range.

4.25 A mirror-image polynomial A(z) of degree N satisfies the condition A(z) =z_NA(z_1') and an
antimirror-image polynomia B(z) of degree N satisfies the condition B(z) = —z_NB(z_l').

(@ Bmi(2)=5{B@) +z 8™}, Thus 2B (27 = S{z N8z + B2) = B 2)
Likewise, By (2) = %{B(Z) - z‘NB(z‘l)}. Thus, z NBy(z7Y) = %{z‘” B(zY) - B(z)} = -B4 (2).

N i (2) + N (2) N +NLi (™ Ny (@-Ngi(2)

_ “1y _
O =D @ 0a M )T @)Dy D) D@ Da@
1y _ N (2) + N5 (2) | Npyji (2) = N5 (2) _  Dpyji (2N ;i (2) = D (2)N4 (2)
AR =g (9+D4@ D@ -Da () 0%, (D -Di) "
-1y = Nmi (2 + N5 (2) _ N (2) = Nii (2) _ ., D (2N (2) = D4 ()N (2)
HAHE = (97Ds@ Dm@-Da@ - Dh@-Di@
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(c) SinceH(z) isareal rational function of 2t H(z_l) o =H* (ej“’). Therefore,
z=el®

Hre(@) = S{HE) + H* ()] =2{H(2) + iz )

o Hev (Z)lz:eiw ,and
7=

Hiim (€)= = {H(e’“’) H* (1)} = .{H<z)—H(z‘1)} Lo = T
z=
322 +42+6 -1 372+4771+6 62> +42° + 3z
d) H(2)= and H(z )= = . Thus,
(@ HE) 3z3+2722+7+1 @7 373+272+71 41 A+72+2z+3
1@ 322 +4z+6 623+422+3z@

Her(2) = 5{H@) + HZ ) =

ngz +222+z+1 z3+z2+2z+3@

9z +1352 +152 +162 +152 +135z+9
3% +52° +92% +152° +922 +5z+3
1@ 372 +47 +6 625 +47%2+3z

20383 +222+2+1 z3+72 +22+3(

and

Han(2) = 5{H@) -HEz ) =

_-978-10572°-87% +872 +1052 +9

32% +52°+ 97 +1523 + 922 + 52 +3

i 9cos(3w) + 13.5cos(2w) + 15cosw + 16
Hre(ejm) = Hev(z)l —aw =

z=e 3c0s(3w) +5cos(2w) +9cosw + 15

i . —9co0s(3w) —10.5cos(2w) —8cosw

Him(e’®) = =jHod(2)| _ jw = :

im(e™) = ~THod(@)- o 3cos(3w) + 5cos(2w) +9cosw + 15

. Therefore,

, and

N a. cos(iw) A(ejw)

4.26 Giventhereal part of areal, stable transfer function Hre(ej“’) = 2

=0 |
oy (D
S 1 by o) BEP)
N .
Pz
the problem is to determine the transfer function: H(z) = P@) = Z'NIO—'_.
D(2) Z d .z
i=0 !
(@) H, ()= % H(el®) +H* ()] = %[H(ejw)+ HEe 1)) = %[H(z)+ H(z‘l)]L:eJm
Substituting H(z) = P(z)/D(z) in the above we get
jy_ 1 PQ)DE + Pz DE)|
el T b@DE ) g @
which is Eq. (4.241).
(b) Comparing Egs. (1) and (2) we get B(ej‘”) =D(2) D(Z_l)lzzejw’ 3
A =2[PaDE ) +PE D], @
Z=e
N
Now D(z) isof theform D(z) =K z N I_l (z-7) (5)

=1
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where the z;'s are the roots of B(z) = B(ej‘*’)l i, inside the unit circle and K isascalar constant.
Putting w= 0 in Eq. (3) we get B(D) =[D@]?, or JBD =K |_| iNzl(l—zi ). Hence,
N
K =JB@)/ |'| _,1-2). (6)
() By analytic continuation, Eq. (4) yields A(2) = 1[P(z)D(z‘l) +R(z Y D(z)]. )

Substituting A(2) = 2 Z —o& (z +z ) and the polynomial forms of P(z) and D(z), we get

Z 0a](z +77 = HZ Oplz"HHzl 0 'ZH+HZi=Op'ZHHZI N iHandequatingthe

coefficients of (z +z )/ 2 on both sides, we arrive at a set of N+1 equations which can be solved
for the numerator coefficients p, of H(z).

. . - 1+ cos(w) + cos(2w)
For the given example, i.e., H _(€/°) = , we observe
av P& | re(€) 17 — 8cos(2w) W Y
A(2) =1+%(z+z_1) +:—2L(22 +272). (8)

Also, B(2) =17 - 4(22 +z_2), which hasrootsat z = i% and z = +2. Hence,
w201 L_ 2 1 -2
D(z2)=Kz “(z 2)(z+ 2) K(z 4)z
Aldo, from Eq. (6) we have K = J17-8/(L- %) =4, sothat D(z) = 4-772, 9)
Substituting Egs. (8), (9) and P(z) = p, + plz_1 + pzz_2 in Eq. (7) we get
1+2@2+27Y)+ 2224279 =[(py + Pz +pyz 2)(4-22) + (g + Pz + P24 -72)]

Equating coefficients of (zi +z_i)/2, i =0,1, 2, onbothsidesweget 4p,—-p, =1, 3p; =1,
4p, —py =1. Solving these equationswe arrive at py = p; = p, =1/3. Therefore,
1477 14272
H(Z) = —————.
@D=Za=77
427 6(2)= HER 20 This 6 =HIEEE = Hay. and G(-1)=H H
27 6@ =HE o7 F Thus G =HET L= HE). and 6(-) =HES 0= -y,

4.28 H(2) = Hi(2[Ha(2) + Ha(@)] =(3+ 227 + 42_2)ﬁﬁ§ * gﬁ * ﬁé * gﬁ ﬁg " gﬁz_zﬁ

=(3+ 2771 +4z_2)(2 +2771 +z_2) =6+10z 1 +15272 +1023 + 477%

123



5-571+0472+0322°3 51 08z H(1-0.4z27hHa+0227h
1+0521-0.34z2 -0.082° = (1+08zY)1-05z"H1+02zY)
{1 ~08z7Y)1-04z7Y

(1+0.8271)@-0.5271)
using the M-file zpl ane isshown below. It can be seen from this plot and the factored form of
H(2), the transfer function is BIBO stable as all poles are inside the unit circle. Note aso from the
plot the pole-zero cancellation at z=-0.2.

4.29 H(2) =

,obtained using the M-filer oot s. The pole-zero plot obtained

05k

]
o
[4)
o
(¢]

-05 L

-1 -0.5 0 0.5 1
Real part

5-1057 1+11.722+032 3 - 4473
1+092 1-076272-0.01622-0.0967"°
1+05z7 )1 -08z"Y)a-18z1+2.277?)

(1+1.44862 1) (1- 0.6515z 1)(1 +0.1029z"* +0.10172 %)
r oot s. The pole-zero plot obtained using the M-file zpl ane is shown below. It can be seen
from this plot and the factored form of H(z), the transfer function is unstable asthere isa ploe
outside the unit circle at z = — 1.4486.

4.30 H(z) =

, Obtained using the M-file

05k

|
o
[d]
(4]

-05 L

-15 -1 -0.5 0 0.5 1
Real part

-0.1z271+219272 ___A+BZ' _C
(1-08z1+0.4z2)1+03z) 1-08z1+04z72 1+03z

431 H(2)= —, Where
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_ -0.171+21977

C—1 0871704272 =3, Thus,
—06z “+04Z "L 403
A+Bz1 -01z7 1+ 219272 3 _ -3+32z7%

= == = = = 1= = — Hence,

1-08z1+04z2 (1-0.8271+04z2)(1+0.3z%) 1+03z1 1-08z1+04z
_ 1 0 4 1 0

H(z) = 3+_3;'22 — + 3 - =" O 1 1'9(15672 _2D+ 3 — . Now, using Table

1-0.8z27-+0.4z 1+03z fM-08z-+04z ¢ 1+03z

3.8 we observe r2 = 0.4 and r cosw, = 0.8. Therefore, r = J0.4 =0.6325 and Cosw, = J0.4 or
w, = cos (J/0.4) =0.886L. Hence r sinw, = J04sin(0.8861) = 0.4899. We can thus write

_ -1 _ -1 0 -1 [l
1 1.9?672 — = L 9i4z — — 1.3609§ OA??QZ —H. Theinverse z-transform
1-08z7++04z 1-08z-+04z Hl—O.Sz +0.4z
of thisfunction is thus given by (0.6325)" cos(0.8861n) p[n] — 1.3609(0.6325)" sin(0.8861n)u[n].
Hence, the inverse z-transform of H(z) is given by

h[n] =3(0.6325)" cos(0.8861n)p[n] — 4.0827(0.6325)" sin(0.8861n)u[n] — 3(-0.3)" u[n].

432 @) HQ=2"2 o2 e A 2 e a=(6-z Y08
' 1+0.5z71 1-04z71 1+05z71 1-04z71 z7l=—
6—2_1 8 2 )
and k=——2 =-2. Therefore, H(z) = -2+ — + —. Hence, theinverse
1+0.5z 1+0.5271  1-04z

2_1:00

z-transform of H(z) is given by h[n] = -28[n] + 8(-0.5)"u[n] +2(0.4)" u[n].

(b) x[n] =12(-0.2)"u[n] - 0.2(0.3)"u[n]. Its z-transform is thus given by

1.2 0.2 1-04z71
X(2) = - = , >0.3. Therefore,
(@) 1+02z1 1-03z71 @+0.2zh@-03z1) d
0g_,1 0 a1
Y(2) = H2)X(2) =L 6-2z 2 0 1-04z

+
F1+05z71 1-04z15@+0.2271(1-0.3z7D
U 8-247%+04z? L 1-0.4z7% 8-24z71+04z772

= = , E£/>0.5
A1+05zY)@1-04zH)ga+02zh1-0.3z7) @+o05z7h@a+02z7hHa-03zY d

A partia-fraction expansion of Y (z) yields Y(z) = L 8 + 1 Hence
P P y 1+0.5z71 1+02z1 1-0.3z71 '

the inverse z-transform of Y (z) is given by y[n] =15(-0.5)"pu[n] —8(-0.2)" u[n] + (0.3)" [ n].

4.33 (a) h[n] =(0.8)"u[n] and x[n] =(0.5)"pu[n]. Their z-transforms are given by

H2) = — — . 14> 0.8 and X(2) =

_ 1
1-0.87 =, [d>0.5. The z-transform Y (z) of the output

1- 05z
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1

(1- 08z H)a-05z1)’
1 __83 __ 53

(1-08z1YH@1-05z1) 1-08z1 1-05z71

y[n] istherefore given by Y(z) = H(z2)X(z) = [2>0.5. Its partial-fraction

expansionisgivenby Y(z) = Hence, theinverse
- _8 n 5 n
z-transform of Y (z) isgiven by y[n] —5(0.8) unj —5(0.5) u[n].

(b) Thez-transform Y (z) of the output y[n] is therefore given by

-1
Y (2) = H(2)X(2) =m, [z]>0.5. Now, theinverse z-transform of (1005+1)2 is
0.
given by n(0.5 "u[n]. Thus, the inverse z-transform of m isgiven by
- 05z

(n+2)(0.5™ u[n+1. Hence, y[n] =(n+1(05)"un+1]= (n+1)(05)"[n].

4.34 y[n] =4(0.75)"u[n] and x[n] =3(0.25)"u[n]. Their z-transforms are given by

Y(2)= Tisz_l |[2>0.75 and X(2) = % [z]>0.25. Thus, the transfer function H(z)
isgivenby H(z) = Y@ _ Dl 02527 ﬂ 8/9 ,[zI>0.75. Hence, the impulse
g 4 X(2) 351 0752‘1% 9 1-075z21 P

response h[n] is given by h[n] = 56[n] +§ 0.79"p[n].

9
4.35 (a) H(2)= 1 = L , £>0.8]
1-0.8z71+015z72 (1-05z1)@1-03z71)
(b) A partia-fraction expansion of H(z) yields H(z) = 25 __ 15 Hence
P P Y 1-0.5z71 1-03z7Y ’

h[n] =2.5(0.5)"u[n] -1.5(0.3)"p[n].
(c) the step response g n] is given by the inverse z-transform of

H@) _ 1 H( )
171 @-057 =03 a-7D' ,[zZ1>1. A partia-fraction expansion of ——7 yields

Hz) _28571 25 0.6429

. Hence, the step responseisgiven b
1-71 1-77% 1-057% 1-03z32 PP 9 y

§n] =2.8571p[n] - 2.5(0.5)"p[n] +0.6429(0.3) "p[n].

4.36 Y(2) =[Hy(@Fy(2) —H(-2)Fp(-2)1X(2). Sincethe output is a delayed replica of the input,
we must have H,(2)F,(2) —Hy(-2)Fy(-2) = z7. But Ho(2) =1+a z L., hence
L+az YR (2)-A-az YR (-2)=7". Let Fy(z)=a,+az . Thisimpiles,
2(aq0 + ai)z"1 =z

The solution istherefore, r=1and 2(a;a +a;) =1. One possible solution isthus a; =1/2,

a=1/2 and a =1/4 Hence Fy(2)=0251+27).
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437 Hy(2)F,@) = (Eo(zz) v (A ))(Ro(zz) +27 R (2 ))
= E(P)R, () + z‘l((E0 (AR, () + El(zz)Ro(zz)) +272%E,()R(z?). Thus
Ho-2Fo(-2) = [E(@) - 7 'E,2%))(Ro(2) - 2 'Ry ("))
= Eo(2)Ry(2)) -2 (Eg(@IR(2) +Ey(2))Ry(2)) +2 2E, (2R, (2D).
Asaresult, T(2)= Hy(2)Fy (2) - Ho (-2)Fy (-2) = 2z‘1(E0 (AR () + El(zz)Ro(zz)).
Hence the condition to be satisfied by Ey(2), E;(2), Ry(2), R1(2) for the output to be a
delayed replicafor inputis Ey(2°)R,(z%) +E,(z°)Ry(2°) = 0.5z (A)

(b) In Problem 4.36, Eq(2) =1, E;(2) = 0.5, Ry(2) = 0.5, Ry(2) = 0.25. Thus,
Eo(Z%)R (%) +E((z%)R,(2°) = 05.

Hence the condition of Eq. (A) is satisfied withr = 1.

(©) Eq(ZY) =Ey(Z%) =272 Let Ry(z%) =R4(z%) =0.25z2, r=4in this case. Hence
H@)=20+Z") and F@) = 2272027,

4.38 h[n] =h[N - n].

N-1 N-1 N-1 L(N-K) N L
HZ=S hnz"" =Y N=-nz" =Y Hklz" =2 "HEZz ).

Soif z=2zg isarootthensoisz = 1/zy. If G(z) = /H(z) then G(z) will have poles both
inside and outside the unit circle, and will hence be unstable.

4.39 D(z)=(05z +1)(z2 +2+0.6)=0.5(z+2)(z+0.5-j0.5916)(z + 0.5+ j0.5916) . Since one of the
roots of D(z) isoutside the unit circleat z=-2, H(z) isunstable. To arrive at a stable, transfer
function G(2) such that k;(ej “’)lz |H(ej “’)l we multiply H(z) with an alpass function

05z+1

z+05°

A(2)= Hence

0 3,552 0 0 3,52
G(2) = HZ)AQ) = 3z +222 +5 %HO.SZH __ 3z +222 +5 '
H(0.52+1)(z2 +z+06)H0 z+050  (z+0.5)(z2+2+0.6)

3(z + 1.4545z° —0.78787 + 1.1459)
(0.5z2+1)(z2 +z+0.6) '

the same magnitude as '—i(ej ‘*’)l .

Now, H(z) =

Thus, there are 14 other transfer functions with

4.40 D(z) =(z+3.1238)(z+0.5762)(z—0.2—-j0.5568)(z - 0.2 + j0.5568). Since one of the roots of
D(z) isoutside the unit circleat z = — 3.1238, H(z) isunstable. To arrive at a stable, transfer

function G(z) such that [G(el)|= [H(e'*)| we multiply H(2) with an allpass function
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A(2) = 2+3.1238 . Hence
3.1238z+1

D _ a0 0
_ (z +2z- 3)(2 3z+5) z+3.1238
C2)=H2AG = E(z +3.1238)(z +0.5762)(z2 - 04z +0.35) %%3 1238z +1%
(z +2z- 3)(z -3z+5)
(312382 +1)(z+05762)(Z2 - 042+0.35)

(z+3)(z-1)(z% -3z +5)
(z+3.1238)(z + 0.5762)(z2-0.4z+0.35) "

functions with the same magnitude as '—|(ej ‘*’)l :

Now H(z) =

Hence there are ?7? other transfer

4.41 The transfe_zr function of t_he simplest notch filter is given by
H(z) = (1- €z ) (1- e 1“0z 1) =1-2coswe 272 + 272, In the steady-state, the output for an
input x[n] = coswgh isgiven by y[n] = |H(e'°°0 )|cos(won + 6(wyg)), (see Eq. (4.18)).

(a) Comparing H1(2)=1+ z 2 with H(z) as given above we conclude coswg =0 or wg =TT/ 2.

Here Hy(e®0)=1-e12% =1-¢1™=1-1=0. Hence, y[n] = |H1(eJ ) cos(won +6(wg)) = 0.

-1

3 -
(b) Comparing Ho(z)=1- £ z 1 +27? with H(z) as given above we conclude cosw, = /3 / 4.

2

; 3 _; _ O 30 _.
Here now Hz(e‘“’)zl—%e 04 e ‘2°°=HZCosooo—§He 19'=0. Hencey[n] =

(c) Comparing H3(2) =1+ 2271 +z72 with H(z) as given above we conclude coswg = —1/ +/2.
Herenow Ho(el®) =1+ 219 + g 120 =(2cosmo + J?)e_j‘*’ =0. Hencey[n] =

4.42 Fromthefigure H(2) = XO(( )) =G, (26 (?), H,d= xl(( )) =G, @G, (2,
(2) (2)
Ho() = XZ()—G @Gy (2°), and Hy@) = X3()—G @Gy (2°),
| apee™) | Gate™) Gy [t}
1 1 1 1
O iz w0 Py iz R 00 @ nz ama m
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|H,:,{e j“)| |H1{e j"’)| |H2{e i“’)| |H3.:ej°’)|

1 1 1

1

4.43

4.44

4.45

4.46

4.47

- w0y mz md o Yo wa iz w2 0g mZ amd

1 0< W<,

. o ; O Osw<m-w
joy _ j(TT-w) : Joy _ = ’
G(e'"™)=H, p(e )- Since, H| (e )_EO, W, SWST :

: o,
jwy _ 7
CEI=H n-w co<n
Hence G(ej w) is a highpass filter with a cutoff frequency given by w, =m—w.. Also, since

G(2) = Hy_p(-2), hence g[n] = (-1)"h p[n].

G(2) = HLp(eijZ)+ HLP(e_ijZ)- Hence, g[n]= hu._,[n]e_j(*)on +h p[n] el®o" =

2h p[n] cos(w,n). Thus, G(z) isareal coefficient bandpass filter with a center frequency at
Wo and a passband width of 2w,

F@@) =H, p(e°02) +H, p(€®02)+H, p(2). Hence, f[n]= (1+2cos(w,m)h, pln]. Thus
F(z) isareal coefficient bandstop filter with a center frequency at wg and a stopband width of
(T[— &op)/ 2.

Tiz) Uiz

X{Z}—{%}—' h; ool —'{%}—'Y{Z}

-1* -n*

From the figure, V(2) = X(-2), U(2) =H | p(2)X(-2), and Y (2) = U(-2) = H| p(-2) X(2).
Hence H eq(z) =Y (2 / X(2) =H| p(=2) which isthe highpass filter of Problem 4.41.

Ui

Vple)

hy pln]

03( 00, 1L Fiz)

hppln]

sin o, n) ain o, )
U] =2x[n]cos(w,n) = x[n]e!“o" + x[nJe @™ or Uo(ej @) = x ()@ %)y 4 x (&)@ Wo)y.
Likewise, U, (€/?) = jX(e/®*©0)) - jx (/@™ %0)).
Vy(2) =H | p(2)X (2 ¥0) +H| p(2)X(ze @0},
V,(2) = jH, p(9X(z6!%0) = jH p(2)X(ze%0),
Y(2) = %(Vo(zej Wo )+ Vo(ze_j‘*’o )) + lé(vl(zej‘*’ra) - Vl(ze_j‘*’o )) which after simplification

yields
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Y(2) = 2{H_pl(z¢/%0)X(26%%0) + H p @80} X (2)+ H plze 70 ) (2)+ H_ (2 0)X(ze %)

-2 {HLp e/ 01X (26%%0) = H p(z/*0)X(2) - p(z1%0)X (@) + H plz T0)X (2670)

Hence Y(z)= %{HLP(zejw0)+ H pze o )}X(z), Therefore

Y@ _1
X(2) 2

Thus the structure shown in Figure P4.6 implements the bandpass filter of Problem 4.42.

Heg(®= {HLP(ze‘“o) +HLP(ze‘j‘*’o)}.

4.48
lHo (¢
T g I T o @
M M
[Hue™)|
1 W
0 m 2m 3m T 2n
MM M
[Ha(e")
0 3m 4m i 21 @
M M
IHa-16]
2 0 b | ' ®
—l\/l Z!M—l!T[

M
The output of the k-th filter is a bandpass signals occupying a bandwidth of 2r/M and
centered at w = K1t/ M . In general, the k-th filter H (z) has a complex impulse response
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generating a complex output sequence. To realize areal coefficient bandpass filter, one can
combine the outputs of H(z) and H -k (2).

4.49 HO(z)=£(1+z_1). Thus, }-Io(ejw)lzcos(w/Z). Now, G(z)=(HO(z))M. Hence,
b(eJ w)l |H 0(eJ w)l = (cos(w/ 2)) . The 3-dB cutoff frequency w¢ of G(z) isthusgiven
by (cos(ooC/Z)) :%. Hence, w.= 2cos_1(2_1/2M).

450 H,(2) = % 1-z"%). Thus, }41(ej‘*’)|2 =sn?(w/2). Let F@) = (Hl(z))M
||:(ej‘*))|2 =(sin(/2)™. The 3-dB cutoff frequency w¢ of F(2) isthus given

).

2M -
(sin(w, /2) :%, which yields w, = 2 sin}(27/?M

-1 [
E Notethat H, (z) isstableif |al <1. Now,

1- a§1+z

451 H p(@d)= =5

_1—sin(ooc) cos (w /2)+S|n (A Zsm((o 12)cos(w, /2
~ cos(0y,) cos (oo /2)-sin (oo /2)
_cos(w,/2)-sin(w./2) 1-tan(w./2)
cos(w,/2)+sin(w,/2) 1+tan(w,/2)
If 0<w <TI then tan(w,/2)=0 hence o < 1.

(B)

1-tan(w,/2) 1-a 0(
4.52 FromEq. (B), 0 = —————, hence tan(w./2) =
1+tan(w, / 2)’ 1+a
_1-sin(0.4) _ - . .
4.53 (a) From Eqg. (111b) we get a = m =0.6629. Substituting thisvalue of ain Eq.
_ 0.1685(1+ z %)
4.109 aH = —_—
( ) we arrive Lp(2 1- 0662971
(b) From Eq. (111b) weget a = 1;;(”%3? =0.3249. Substituting thisvalue of ain Eq.
. 0.3375(1+ 2 %)
4.109 a H = .
(4.109) wearriveat Hy p(2) = =7 251971
0 -10 a w [
l+apfl-z jo, _l1+onq1- e
454 H = Thus, H (e’ ) = :
Hpl2) = 2 El—az @ Hp(® )= 2 @l ae @
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}_| (ejw)l m+a DZD 2—2cos(w)
HP 12 D1+a %~ 20 cos(w)
M+a DZD 2-2cos(w.) 5_1 20

Hence, == whichyields cos(w )=——.
52 HH1+0(2—20(cos(coc)% 2 1+a°

0 2
%. At 3-dB cutoff frequency ., r-|HP(eJ C)l ==

1-sin(0.25)
€0s(0.25)

0.8884(1-z 1)
1-0.7767z71

455 (a) FromEq. (111b) weget o = =0.7767. Substituting thisvalue of ain Eq.

(4.112) wearriveat H,(2) =

1-sin(0.4m)
cos(0.41m)

05792(1-z %)
1-01584z71

(b) From Eg. (111b) weget a = =0.1584. Substituting this value of a in Eq.

(4.112) we arrive at H,(2) =

-1 2., .2
1-2 i (1-cosw) +sin”w
456 H(z) = . Hence, HE'®)| = .
@) 1-kz1 h( )l (1—kcosoo)2+kzsin2co
H@Of = _Loos@)° +sn’(@) 220080
| ( | - 2 1 1k2qn2 - 2 _ :
(1-kcos(w))c +k“sin“(w) 1+k” —2kcosw

2
Now H(e'™)| = 4 Thus, the scaled transfer function is given by
2
1+k)

0 0
H(z) = 1+ k 1—2_ . A plot of the magnitude responses of the scaled transfer function for
1-kz

k = 0.95, 0.9 and —0.5 are given below.
1

n.a (

046 .
0.4 L

- T EE
nz . T T ponE

D Pl L L L L
a 0.2m 04n  0O6m 08n b
Hoaormalized frequency

I ) 0 _ 0 __2jw g
457 HBP(Z) =1 G@ 1 Z_l _ZQ ThUS, HBP(er) :1 a @ 1 e zng
1-B(d+a)z " +az 2 H1-p@E+a)e ' +ae
0 DZ -
HBP(er)l = 1 a 2(1- cos2w) which can be

1+ B2 +a)? +a2 + 20 cos2w — 21+ a)2 cosw’

(1- 0()2 sn’ w

@+a)’(cosw—P)2 +(1-a)2sin?w’

simplified as HBP(er)f =

L2
At the center frequency w,, hBP(el‘*’o )| =1. Hence, (cosw,~ R)?=0 or cosw, = P.
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[TONR 2 1. .. .
At the 3-dB bandedges wq and w, }—|BP(eJ |)| =2 1= 1,2. Thisimplies
(1+0()2(cosooi —B)2 =(1—0()25in2 w;, (C)
: _0l+al . . . e
or sinw; = iHmH(cosooi —B), i=1,2. Since Wy <W, < W,, SiNW; must have positive sign
whereas, sinw, must have negative sign because otherwise, sinw, < 0 for w, in (0, ).

- 2\ ~nc2 2 2 2 2_
Now, Eq. (C) can be rewritten as 2(1+a “) cos” w; —2B(1+a)” cosw; +B“(1+a)” —(1-a)“=0.

1+0)? _BPA+a)® -(1-a)?
Trar ad (ooswy){ooso,) = S

Denote w5 = w, —w;. Then cos(wyyz) = COSW, COSW; +SiNW, SiNwW,;

Hence, COsw; + COSW, = B

al? 2d

_ _gra 2 _ =—
= COSW, COSLY Hl— q H (cosoo2 coswy + B —P(cosw, + coswl)) “Tra?

4.58 (a) Using Eq. (4.115) we get 3= cos(0.45m) =0.1564. Next from Eq. (4.116) we get

1:; = =c0s(0.2m) = 0.8090 or, equivalently a 2_2.47210+1=0. Solution of this quadratic
eguation yields a =1.9626 and a =0.5095. Substituting a =1.9626 and (3= 0.1564 in Eq.
(4.113) we arrive at the denominator polynomial of the transfer function Hgp(z) as

D(z) = (1- 0463571 +1.962672) = (1—(0.2317 +1.3816) z‘l)(l ~(0.2317- j1.3816)z‘1) which
has roots outside the unit circle making Hgp(z) an unstable transfer function.

Next, substituting a =0.5095 and [3=0.1564 in Eqg. (4.113) we arrive at the denominator
polynomial of the transfer function Hgp(2) as

D(z) = (1-0.2361z "1 + 0.50057 2) = (1 ~(0.1181+ | 0.0704) z‘l)(l ~ (0.1181- j0.0704) z‘l) which

has roots inside the unit circle making Hgp(z) a stable transfer function. The desired transfer
0.2452(1- z2)

1-0.2361z 1 + 050952 2"

function istherefore Hgp(2) =

(b) Using Eq. (4.115) we get 3= cos(0.6m) = —0.3090. Next from Eq. (4.116) we get

(o} . . . .
= =c0s(0.15m) = 0.8910 or, equivalently a2 -2.24470 +1=0. Solution of this quadratic
a

equation yields a =1.6319 and a =0.6128. Substituting a =1.6319 and 3=-0.3090 in Eq.
(4.113) we arrive at the denominator polynomial of the transfer function Hgp(z) as

D(z) = (1+0.81337° +1.6319772) = (1 +(0.4066 + j1.2110) z‘l) (1 +(0.4066 — j1.2110) z‘l) which
has roots outside the unit circle making Hgp(z) an unstable transfer function.

Next, substituting o =0.6128 and 3=-0.3090 in Eqg. (4.113) we arrive at the denominator
polynomial of the transfer function Hgp(2) as

D(z) = (1+0.49847 1 + 0.6128272) = (1+(0.1181+ /0.7040) z‘l)(1+ (0.1181- | 0.7040)z‘1) which
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has roots inside the unit circle making Hgp(z) astable transfer function. The desired transfer
0.1936(1- 29
1+0.49847 1+ 6128772

function is therefore Hgp(2) =

Ol+al  1-2Bz71+ z7?
459 Hi(2) = .
Bs(®)=§ 2 Hl—B(1+(x)z‘1+0(z‘2

ivy2 O1+al? 2 + 432 - 83 cosw + 2 C0S2w .
joy©
e = , Which can be
Hese) 241+ B2(1+0a)? +0a? +2a cos2w — 2B(1+ o )? cosw
2 _ (1+a)? (cosw - B)?

simplified as Hgg(e™)" = (1+0)?(cosw—PB)? +(1-a)?sin® @’

)
At the center frequency w,, }—IBS(eJ‘*)o)| = 0. Hence, (cosw, - B)2 =0 or cosw, = P.

)
At the 3-dB bandedges w4 and w, HBS(eJ"’i )| = % i=1,2. Thisleadsto Eq. (C) given

20

earlier Hence, asin the aolution of the previous problem w, 5 = Tv a2

4.60 (a) Using Eg. (4.115) we get 3= cos(0.6m) = 0.3090. Next from Eq. (4.116) we get

1+q2 =c0s(0.151T) =0.8910 or, equivalently a2 -2.24470+1=0. Solution of this quadratic
a

equation yields a =1.6319 and a =0.6128. Substituting a =1.6319 and [3=0.3090 in Eq.

(4.118) we arrive at the denominator polynomial of the transfer function Hgs(z) as

D(z) = (1+0.81337 1 +1.6319772) = (1 +(0.4066 + j1.2110) z‘l) (1+(0.4066 ~j1.2110) z‘l) which
has roots outside the unit circle making Hgg(z) an unstable transfer function.

Next, substituting a =0.6128 and 3 =0.3090 in Eg. (4.113) we arrive at the denominator
polynomial of the transfer function Hgg(2) as
D(2) = (1-0.49847 1 + 0.6128272) = (1+(o.2492 +j0.7421) z‘l)(1+ (0.2492- | 0.7421)z‘1) which
has roots inside the unit circle making Hgg(z) astable transfer function. The desired transfer
0.8064(1- 0.4984z 1+ z72)

1-049847 1 +6128272

function istherefore Hgg(2) =

(b) Using Eq. (4.115) we get 3= cos(0.55m) = —0.1564. Next from Eqg. (4.116) we get
1+02 = cos(0.25m) =0.7071 or, equivalently a? —2.8284a +1=0. Solution of this quadratic
a
equation yields a =2.4142 and a =0.4142. Substituting a =2.4142 and 3=-0.1564 in Eq.

(4.118) we arrive at the denominator polynomial of the transfer function Hgs(z) as

D(z) = (1+05341z 1 + 2.4142772) = (1+ (0.2671+ j1.5307) z‘l)(1+ (0.2671- j1.5307) z‘l) which
has roots outside the unit circle making Hgg(z) an unstable transfer function.

Next, substituting a =0.4142 and 3 =0.3090 in Eqg. (4.113) we arrive at the denominator
polynomial of the transfer function Hgs(z) as
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D(z) = (1+0.221272 7L + 0.41427°2) = (1+ (0.1106+ j 0.6344) z‘l)(l +(0.1106~ | 0.6344)2‘1) which
has roots inside the unit circle making Hgg(z) a stable transfer function. The desired transfer
0.7071(1+ 0.3129z 1+ 272)

function is therefore Hgg(z) =
88(2) = 0201221+ 0414222

1-a)"(1+cosw _ _
461 ( )( o) _o, UK | o B=oK-DIK

2(1+0( —20cosw.)

. Simplifying this equation we get

o (cosmC +1-B)-2a(1+cosw, —Bcosw,) +1+cosw, -B=0
Solving the above quadratic equation for a we obtain

~ 2(1+(1-B)cosw )+ ‘I4(1+ 1-B) cosooc)2 —4(1+cosw, - B)2
B 2(1+ cosw,, - B)

(1+ (1-B) cosooc) + ‘,(2 +2c0sw, —B-Bcosw C)(B(l— coswc))
(1+cosw, - B)

_ 1+(1-B)cosw,sin ooCJZB— B?

(1+cosw, - B)

1+(1-B)cosw, —sin ooCJZB -B?

(1+cosw, —B)

. For stability we require [a| < 1, hence the desired

solutionis a =

0

1+a E1 21U

Q"'Hp(ejw)l D1+a[12

2K

1- e

462 H p(2) =—
HP 1—aeJ

1-az

D1+a K 2K(1-cosw)€

“H2 B

2K D1+aD2K|1 e i@
}*HPe | e ®

K
(1+ a-2a cosw)
At the 3-dB cut off frequency o, hHP(e‘wC)l .Let B=2KD'K gmplifying the

above equation we get o (1—cosooC -B)+2a(1- cosooC +Bcosw,) +1-cosw. -B =0.

—2(1-cosw, +Bcosw,) * 2‘/(1— cosw, + Bcosu)c)2 —(1-cosw, - B)2
2(1-cosw, - B)

For Hyp(2) to be stable, we require | < 1, hence the desired solution is

sinooCJZB -B% - (@ -cosw, + Bcosw,)

(1-cosw, —B) '

Hence, a =

a=

4.63 Hy ()= H(-2). Hy(€)=H(E™?). If H(®) isalowpassfilter with apassband edge at
AL, ifm-w sw<mn o _
Wp, then Hl(e ) DO if 0<w< -, hence H4(e (*)) isahighpassfilter.
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Now, h{[n] = (-)"h[n]. The passband edge of the highpass filter is given by
Wy pp = TT= Wy ps and the stopband edge is given by Wgyp = T~ Wg p-

0,,-10 04,10
464 H pz)=22 “@“—Zlg GHP(z):l—O‘Ql—Z_l@. Let B=-a, hence
2 g1- 2 Hl+az

10
Gpp(2) = 1 B@ @ Therefore w, = cos (B) =cos (-q).

4.65 The magnitude responses of H(z), H(-2), H(zz) and H(—zz) are shown below.

|H{ej‘°)| |H{—e }w)| |H{ . jEw)I |H (e iaw)|

1 1 — 1 — 1

— ! . — : —
0 e 19 0 me i1 0 md w2 3nd n 0 md amd o

The magnitude responses of H(-2)H(z2), H(—2)H(z2), and H(2)H(~z2) are shown below.

Hee yEe Py ‘H{ em}H(epw |H.:e]‘“’}H( e?“’
w2 3md 1 0 md miz

41

M

Hence G4(2) = H(zM)Fl(z) is alowpass filter with unity passband magnitude and passband
edge at Wp/|\/| , and a stopband edge at wg/M.
The magnitude responses of H(z\) (solid line) and F»>(z) (dashed line) are shown below:
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4.67

4.68

- _
1 s 7
~
< / e
-~ i
v e ~f
i J l L l \;““‘Ws? am
M M M M I
(&m- ms} lem- UJP} (2m+ UJP} {2ﬂ+ms:,
M M M M

Hence G,(z) = H(zM)Fz(z) is a bandpass filter with unity passband magnitude and passband
edges at (2n—wp)/M and (2n+wp)/M, and a stopband edges at (2rwg)/M and (21t+wg)/M.

v[n] = x[-n](®h[n], and u[n] = v[-n] = x[n]®h[-n] Hence y[n] = (h[n] + h[-n])®x[n].

Therefore G(e/®) = H(®) +H' (¢/®). Hence the equivalent transfer function G(e'®) is real
and has zero phase.

From Eq. (4.81) we observe that the amplitude response Igl(co) of aType 1 FIR transfer
function isafunction of cos(ecn). Thus, H(w +21Kk) will be afunction of
cos{(oo + 2le)n] = cos(wn + 21kNn) = cos(wn) cos(21kn) —sin(wn) sin(21kn) = cos(wn), and hence

H(w) isaperiodic function in w with a period 21t

Likewise, from Eqg. (4.91) we note that the amplitude response I£|(oo) of aType 3 FIR transfer
function isafunction of sin(cn). Thus, H(w +21Kk) will be afunction of
sin[(w+ 21k)Nn] = sin(wn + 27kn) = sin(wn) cos(2Tkn) —cos(wn) sin(2rkn) = sin(wn), and hence

H(w) isaperiodic function in w with a period 21t

Next, from Eqg. (4.86) we observe that the amplitude response Igl(co) of aType 2 FIR transfer

1
function is a function of cosﬁco(n - E)ﬁ. Thus, ISI((o +471K) will be afunction of
1 1 1
cosﬁ(uﬁ 4rk)(n - E)ﬁ —cosﬁw(n - 5) + 41K(N - E)ﬁ
1 1 , 10 10 1
= cosﬁw(n - E)ﬁ cos§4nk(n - E)ﬁ —smﬁm(n - E)ﬁsnﬁﬁ[k(n - E)ﬁ = cosﬁ(oﬁ 41K)(Nn Z)ﬁ as
1 . 1 (N - o .
cosﬁzlnk(n - —)ﬁ =land smﬁ4nk(n - —)ﬁ =0. ence H(w) isaperiodic functionin w with
2 2
aperiod 41t

Finally, from Eq. (4.96) we observe that the amplitude response I£|(oo) of aType 4 FIR transfer

1
function is a function of sinﬁoo(n —E)ﬁ. Thus, I£|(oo +471K) will be afunction of
: 10 . 1 1
sinf(c-+ 4Tk)(n - E)ﬁ =sin“w(n 2) + 4rk(n z)ﬁ

. s‘nﬁw(n - %)ﬁ cos§4nk(n - %)ﬁ - cosﬁw(n - %)ﬁsinﬁﬁtk(n - %)ﬁ = sinﬁw(n - %)ﬁ as
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1 1
cosﬁzlnk(n - E)ﬁ =land sinﬁ4nk(n - E)ﬁ =0. ence Igl(oo) isaperiodic functionin w with

aperiod 41t

1 3
4.69 Thezerosgivenareat z1=-05, zo =0.3+ 0.5, z3= =3 +] % The remaining zeros are at

24=1/21=-2, 2z5=25*=03-j05 2z =1/25=0.12 -j0.1993, z7 =zg* =0.12+ j0.1993, and
1 .43 8
25 =23" = -7 +]— . Hence H2)=C,_;

=1-1.1353z2"1+ 05635272 +5.6841z 2 + 497717 * +5.68417 2 + 056352 ° -1.13532 " +278.

1-zz™)

4.70 Thezerosgivenareat z1 =3, 22 =j0.8,z3 =]. Theremaining zerosareat z4 =1/z1=1/ 3,
Z5=20* =—-j0.8,z6 =23* =—j, z7=1/2p =-j0.125, zg =7z7*=j0.125, and zg =-1. Hence,
HEZ) = C,, (- 2z
=1-2.33332"1+0.8692272 -6.47252 3 - 427274 - 4.277° - 6.472527°
+0.8692z 7 -23333z278 +278.

4.71 Thezerosgivenareat z1=-0.3+j05; 2z =j0.8, and z3 =-0.3. Theremaining zeros are at
Za=21*=-03-]0.5 z5=1/2z =-08824 — | L4786, zg =2z5* = — 0.8824 + j1.4786;
27=22*=-]08;, z3=1/z27=-j1.25; zg =zg* = |1.25; 219 =1/ 23 =-3.3333; z11 =1, and
212 =-1. Hence, H@) = C,-,(1-zz™") =1+509987 1 +15.134322 +27.71072 "3
+ 204822774 +23.434327° - 23.4343 77" - 234343278 -29.482277°
~27.7107z27 0 -15.13437 11 - 5998772 - 2713,

K 1 15

1
4.72 Thezerosgivenareat z1=-12+jl4; zo= §+ 17; Z3= 2 + jT' The remaining zeros
areat z4=2*=-12-jl4; z5=1/2=-0.3529 - 0.4181; zg =z5* =-0.3529 +j0.4181,

. 15
S-i5 — ==,
2 2 4 4
=1+0.60592 1 +16235272 - 1.94122 3 +4.86477 4 - 4.86477° +1.941277°
~1.62352" " - 0.6059z 8 -z7°.

— * —

Z7=20*% = g =2z3* = and zg =1. Hence, H(2) = Cigzl(l— zz )

N , N _
473 H@)= h[n]z™, and H(e'®)= > h[n]e™'“". The frequency response will exhibit
n=0 n=0
eneralized linear phaseif it can be expressed in the form H(ej‘*’) = Igl(w) e‘j“‘*’e_jﬁ, where

H(w), the amplitude function, isareal function of w, and a and [ are constants.
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We need to examine the case when the order N is even and when N is odd separately. Without

5
any loss of generality, assumefirst N =5. Then H(z) = § h{n]z™", and
n=0
H(e'®) =h[0] + h[1]eT1® +h[2] e712% + h3|e 3 + h4]e 4 + h[5]e71°®
= e '2[(h[0] + h[5]) cos(5w / 2) + (h[] + h[4])cos(3w / 2) + (h[2]+ h[3]) cos(w / 2)]
+je715%2[ (h[0] - h{5])sin(50 / 2) + (h[1] - h{4])sing(3 / 2) + (h[2] - h[3]) sin( / 2)] .

Notgfrom the ab?ve expression that if h[n]=h[5-n], 0< n<5, then we have

H(el®) = e 1% 2} (1), where Fi(w) = 2h[0]cos(500 / 2) + 2h[1] cos(3w / 2) +2h[2cos(w / 2),
whichisareal function of w, and asaresult, H(ej“’) haslinear phase. Alternately, if
h[n]=-h[5-n], 0< n<5, thenwe have H(E/®) = je 5% 2} (w) = e 59/261™2 f((), where
H(w) = 2h[0]sin(5w / 2) + 2h[1]sin(3w / 2) + 2h[2sin(w/ 2), which isareal function of w, and

asaresult, H(ej‘*’) has generalized linear phase.

6
Next, we assume first N =6. Then H(2) = hin]z™", and
n=0
H(e!®) =h[0] + h[1]eT1® + h[2] € 12© + h[3]e T3 + h[4]e 714 + h[5]e ¥ + hjg] ¢16@
- e‘i3‘°[h[01ej3‘° + h[6]e73® +h[1 &% + n[5]e 2 + H2]e/® + h{4]e I + h[3]]
= e_J'3°°[(h[0] + h[6])cos(3w) + ([1] + h[5]) cos(2w) + (h[2] + h[4])cos(w) + h[3]]
+ e 39[(h[0] - h6]) sing(3w) + (h[1] - h[5]) sin(26) + (h[2] - h{4])sin(w)].

Note from the apove expression that if h[n]=h6-n], 0< n<6, then we have

H(el®) = e B9Ry (), where Fi(w) = 2h[0] cos(3w) + 2h[1] cos(2) + 2h[ 2] cos(w) + h[3]
whichisareal function of w, and asar&sult,.H(ej‘*)) haszinear phqse. AlterPater, if

h[n]= - h[6-n], 0< n<6, then we have H(e!®) = je BN (w) = e 3®e™2 (), where
H(w) = 2h[0]sin(3w) + 2 h[1]sin(2w) + 2h[2]singw) which isareal function of w,and asa
result, H(&!®) has generalized linear phase.

4.74 (a) H»(2) islinear-phase (also can be seen from the symmetric impulse response).
(b) H3(2) isminimum-phase as dl its zeros are inside the unit circle.

(c) Hs(2) ismaximum-phase as dl its zeros are outside the unit circle.

475 G,@)=(6-2 '-122°)(2+52 ") =30(1- gz_l)(1+ g z_l)(é )

(a) The other transfer functions having the same magnitude response are:
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() H@) =303 +2 ) 22E+27, (i) @) =300-22 DG +2 HE +77),
(i) Hy() = 30122 HG+ 2 Ha+ 227, (W H, @ =303 +2 )G +2 227,
() Hy(d) =302 +2 79+ 377+ 227, W) He@ =300-37 )+ Sz has 2270,
(Vi) H-(2) =30(—§’ + z‘l)(i31 +27 e+ é Y.

(b) H7(2) has aminimum phase response, and G1(z) has a maximum phase response.

(c) The partial energy of the impulse responses of each of the above transfer functions for
different values of k are given by

k=0 k=1 k=2 k=3 k=4
G1(2) 144 928 1769 5369 5369
H1(z) 324 3573 3769 5369 5369
H, (2) 256 1040 3344 5369 5369
H3(2) 900 949 4793 5369 5369
H,(2) 576 4420 4469 5369 5369
Hs(2) 2025 4329 5113 5369 5369
He(2) 1600 1796 5045 5369 5369
H7(2) 3600 4441 5225 5369 5369

The partial energy remains the same for values of k > 2. From the table given above it can be
k k 00 o0
seen that Z|hi[m]|2s Z|h7[m]|2, and zlhi[m]lzz Z|h7[m]|2, i=1,2,....7
m=0 m=0 m=0 m=0

4.76 A maximum-phase FIR transfer function has all zeros outside the unit circle, and hence, the
product of the roots is necessarily greater than 1. Thisimpliesthat only those FIR transfer

functions which have the coefficient of the highest power in 71 (z‘6 in the present case) greater
than 1 can have maximum phase. Thus only H1(z) and H3(z) can be maximum-phase transfer
functions. Also, maximum-phase transfer functions will have minimum partial-energy (as
indicated in the solution of Problem 4.65). Hence, H4(z) is amaximum-phase transfer function
since it has the smallest constant term in comparison with that of H3(2).

Likewise, a minimum-phase FIR transfer function is characterized by: (1) largest constant term,

and (2) the value of the coefficient of the highest power of 71 pei ng lessthan 1. In the present
problem, it can be seen that Ho(z) satisfies these two conditions and, is hence, a minimum-phase
transfer function.

Total no. of length-7 sequences having the same magnitude responseis 27. Thus, there exist
123 other sequences with the same magnitude responses as those given here.

4.77 (@) Typel: {hin}={a b ¢ d ¢ b &,
(b) Type2: {hin}={a b ¢ d d ¢ b &,
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(c) Type3: {hn}={a b ¢ d 0 -d ¢ -b -a},
(d) Type4: {hn}={a b ¢ d -d ¢ -b -a.

478 (a) Typel: H(z)=-1 -2271 47245723 +627% +52°-42%-27"-28 Fromthezero

4.79

plot obtained using the M-file zpl ane it can be seen that complex-conjugate zero pairsinside
and outside the unit circle appear in mirror-image symmetry, complex conjugate zero-pair on
the unit circle appear singly and the zero at z = 1 is of order 2, verifying the observations of
Section 4.4.4 of text.

(b) Type2: H(z)=-1 —2271 47245773 4+62% +62°+520-477"-228-2° From
the zero plot obtained using the M-file zpl ane it can be seen that complex-conjugate zero
pair inside and outside the unit circle appear in mirror-image symmetry, complex conjugate
zero-pair on the unit circle appear singly, thereisazero at z =—1, and the zeros on the real axis
exhibit mirror-image symmetry, verifying the observations of Section 4.4.4 of text.

(c) Type3: H(z)=-1 ~27271 47245723 +62%-620-52"+478+22°+21° From
the zero plot obtained using the M-file zpl ane it can be seen that complex-conjugate zero
pair inside and outside the unit circle appear in mirror-image symmetry, complex conjugate
zero-pair on the unit circle appear singly, thereisazero at z=—1 and at z = 1, verifying the
observations of Section 4.4.4 of text.

(d) Type4d: H(z)=-1 227 -472+573+67% -62°-520+47"+228+27° From
the zero plot obtained using the M-file zpl ane it can be seen that complex-conjugate zero
pair inside and outside the unit circle appear in mirror-image symmetry, complex conjugate
zero-pair on the unit circle appear singly, and thereisazero at z = 1, verifying the
observations of Section 4.4.4 of text.

H1(z) isof Type 1 and hence, it has a symmetric impulse response of odd length 2n+1. Let a
be the constant term of H1(z). Then, the coefficient of the highest power of 271 of H1i(2) is
aso a.

Ho(2) isof Type 2 and hence, it has a symmetric impulse response of even length2m. Let 3
be the constant term of H2(z) . Then, the coefficient of the highest power of z7% of Ho(2) is
aso B.

H3(2) isof Type 3 and hence, it has an anti-symmetric impul se response of odd length 2r+1.
Let y bethe constant term of H3(z). Then, the coefficient of the highest power of 271 of

H3(2) is—y.
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H4(z) isof Type 4 and hence, it has an anti-symmetric impulse response of even length 2k.
Let & bethe constant term of H4(z). Then, the coefficient of the highest power of 271 of
H4(z) is -0.

(@) Thelength of Hq(z) H1(2) is (2n+1)+(2n+1) — 1 = 4n+ 1 which isodd. The constant term
of H1(2) H1(2) is a2 and the coefficient of the highest power of 7zt of H1(z) H1(2) isaso a?.
Hence, H1(z) H1(2) isof Type 1.

(b) Thelength of H1(z) H2(2) is(2n+1)+(2m) — 1 = 2(n + m) which iseven. The constant
term of H1(z) H2(2) is aB and the coefficient of the highest power of 271 of H1(z2) H2(2) is
aso af3. Hence, H1(z) Ho(2) isof Type2.

(¢) Thelength of H1(z2) H3(2) is(2n+1)+(2r+1) —1=2(n+r) + L whichisodd. The constant
term of H1(z) H3(2) is ay and the coefficient of the highest power of 27t of H1(2) H3(2) is
aso —avy. Hence, H1(2) H3(2) isof Type 3.

(d) Thelength of Hq(z) H4(z) is (2n+1)+(2k) — 1 = 2(n + k) which iseven. The constant
term of H1(z) H4(z) is ad and the coefficient of the highest power of 271 of H1(z) Ha(2) is
aso —ad. Hence, H1(2) H4(2) isof Type4.

(e) Thelength of Ho(z) H2(2) is(2m)+(2m) —1 =4m — 1 which isodd. The constant
term of Ho(2) Ho(2) is [32 and the coefficient of the highest power of 271 of Ho(2) Ho(2) is
aso [32. Hence, Hy(2) Ho(2) isof Type 1.

(f) Thelength of H3(z) H3(2) is(2r+1)+(2r+1) —1 =4r + 1 whichisodd. The constant term
of H3(z) H3(2) is y2 and the coefficient of the highest power of z7tof H3(z) H3(2) isalso
Y 2. Hence, H 3(2) H3(2) isof Type 1.

(g) Thelength of H4(z) H4(z) is (2k)+(2k) —1 =4k — 1 which isodd. The constant term of
H4(z) Ha(z) is 8 and the coefficient of the highest power of z ™ of Ha(z) Ha(z) isaso 2.
Hence, H4(z) H4(2) isof Type 1.

(h) Thelength of Ho(z) H3(2) is(2m)+(2r+1) — 1 = 2(m + r) which iseven. The constant
term of Ho(z) H3(2) is By and the coefficient of the highest power of 271 of Ho(z) H3(2) is
—By . Hence, Hy(2) H3(2) isof Type4.

(i) Thelength of H3(z) H4(z) is (2r+1)+(2k) — 1 = 2(r + k) which iseven. The constant
term of H3(z) H4(z) is yo and the coefficient of the highest power of 271 of H3(z) Ha(2) is
aso yd. Hence, H3(z) Ha(z) isof Type2.
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N/2
4.80 (a) (g(m)zlg|(w)+6. H(w) = Za(n)cos((m) where a[0] = h[N/2]. Hence

n=0
_ h[n], [In except n = N/2, _ _
g[n]—ﬁh[N/2]+5, n=N/2. Thusm=N/2and a =95.

(b) Since é(w)is real and positive hence it can be expressed as é(w) = F(ej O)p= (ej “y. As
H(z) isalinear phasefilter so is G(z). Therefore G(z) will haverootsat z=z andat z=1/z;.

Thismeans that G(z) will have roots inside the unit circle with reciprocal roots outside the unit
circle. Hence F(z) can be obtained by assigning to it al the roots that are inside the unit circle.

Then F(Z_l) is automatically assigned the reciprocal roots outside the unit circle.

(c) No, H{w) can not be expressed as the square magnitude of a minimum-phase FIR filter
because H(w) takes on negative values too.

K 0
a8l y I n]? = 095 Ih[n]?. Since H(z) =1/(1+az %), hence h[n] =(-a)"u[n].. Thus
n=0 n=0

_1oPK
L Ia|2 = 0'952. SolvingthisequationfoeregetK=0_5|09(0-05).
e oa(a)

482 (a) F@)=1+ 27 te3 2 F1(2) hasrootsat z = -1+ jJ2. Since H(z) isalinear phase FIR
transfer function, its roots must exist in reciprocal pairs. Hence if H(z) hasroots at

1 1. .42
= —— | —
N ol Therefore H(2)
2 2

should atleast have another factor with roots at z = —%tj? . Hence F,(2)=3+ 2714z ,

z=-1+ /2, then it should also haverootsat z =

which is the mirrorimage polynomial to F1(z) and H(z) = F(2)F,(2)
= (1+ 2271+ 3z‘2)(3 r27714 2_2) =3+8z 1414224823+

(b) F(2) =3+ 527 -472-2273. Itsmirror-image olynomial is given by
Fo(2)=—=2- 47 1+5272437°3, Therefore, H(2) = R (2)F,(2)

= (3+ 577477 2z‘3)(—2 e 32‘3)

=—6-227 1 +37 24547 2+3 " —2227°—627°,

~-d; 1-dz)1-d,z)
4.83 Al(z):lz_déz' IAl(Z)lzz( l) 1* . Thus,
1 (Z - dl)(Z* _dl)
1Ay @2 = 229 —dy) ~(1-diA(1-dy2 )

(z-d)(@ -dy)
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:|z| +la)’ -dyz - zd, -1- |d1| bF +dyz +d;z (IZI -D@- |d1|)

(Z_d]_)(z - 1) IZ 1|
>0, if |4>1, o<1 if |z]>1,
Hence, 1-[A.(z) 0=0 if 4=1 Thus, (2| 0=1 if l4=1
& )I H<0,  if|g<L. & |H>1 if |<1.

Thus Eqg. (4.132) holds for any first order allpass function. If the allpassis of higher order it
can be factored into a product of first order alpass functions. Since Eqg. (4.132) holds true for
each of these factorsindividually hence it also holds true for the product.

4.84 An m-th order stable, real allpass transfer function A(z) can be expressed as a product of first-

x

order alpass transfer functions of the form A;(z) = -

z
. If d;j iscomplex, then A(z) has

. -z
another factor of the form A, (z) = z—o;* . Now,
i

o 1-del® . (1-del®)1-del®) . .

A (e Si% i i = 2 Letd =P.|e®=ae®. Then,
AR ) I-de @) i-de) =hil

_ _ PR

Az eio 208 € )
(1+a —2acos(9—w))

Therefore,

arg{Ai (ej“’)} = -+ argﬁ(l ~oe 1 ej“’)zﬁ =—w+ 2arg{(1— ae‘jeej‘*’)}

1Y asin@-w) U
—_—
OL—acos(8 — w) [

0 —asin®+w) U

. "oaion] - -1
Similarly, arg{Ai(e )}- w+2tan %1 o cos(B + w) [

=-w+2tan

If d, = a isredl, then arg{Ai (ej‘*’)} = —m+2tm_1§%;
Now, for real d;, arg{Ai (ejo)} - arg{Ai(ej”)} =-0+ 2tan_1(—0) —{—T[+ 2tan_1(—0)} =T
For complex di, arg{A- (el } + arg{A'i (e 0)} - arg{Ai (ej")} - arg{A; (ej”)}

0 0 D_ ; 0
= 0+2tan =350 1o pgn1p 0S8N0 o
01- o cos8r Ol-oacos8r

D _ O O ; O
+ 11— 2tan” Dﬂﬂ + TT— 2tanane =
O+ acos6d 01+ o cosO

Now, T(w) =— %)(arg{A(ej ‘*))}).

Therefore, J’OTr[(w)dw = —J’;Td[arg{A(ej‘*’)}] = arg{A(ejo)} - arg{A(ej ")}.
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Since arg{A(eJ‘*)} = i {A (el® } |tfollowsthatj'r(oo)dm mrt

d+z1 - dy+e 1?0  delW2 4702 g elP
485 (a) Ai(2)= . Thus, Aq(el®) = =L =e?®,
@ Ai2) 1+dz ! (€™ 1+de’ )@ eJ‘*’/2+de Oz = B

where a e/P =de1®? + e‘j“)/2 =(dy +1)cos(w/ 2) +j(dy ~Dsin(w/ 2). Therefore, phaseis

givenby B(w) =2p=-2tan" E

e For small values of x, tan(x) =x and

tan (x) = X. Hence, the approximate expr on for the phase at low frequenciesis given by
M-d;lw 01-d;0

B(w)=-2 Hl le > _Hl o, H w. Therefore, the approximate expression for the phase delay

L 0(w) 1-4d;
b =- =d= I
isgiven by Tph(w) ” v d, samples.
1, -1
1-3 05 1 377
(b) For 6=0.5 samples, dj=——=—==. Then, A1(2) = . Thus, the exact phase
1+6 15 3 1+1,71
3

6(w) _ 201-4d,
W wil+dg

2
delay isgiven by Tph(w) = - tan(w/ Z)H = 0 5tan(w/ 2))

For a sampling rate of 20 kHz, the normalized angular frequency equivalent of 1 kHz is

103 1

20x10° 20
2 2

Tph(0o) = w—(O.Stan(wo 12))= E(O.Stan(O.OZS)) =0.500078 samples, which is seen to be

(6]

— =0.05. The exact phase delay at wy isthus

Wo =

very close to the desired phase delay of 0.5 samples.

0.6

0.9
0.55 | |

0.8 ~_~_,_-~—”"
0.5 1

0.7

06} 0.45 |

0.5 s s s 0.4 | | |

0 0.2 0.4 0.6 0.8 1 0 0.05 0.1 0.15 0.2
w w
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4.86

4.87

4.88

dy +die1® +e712 d,el®+d) +67I
1+de® +dye 20 &® 4 g +d,e
_ (dq +d, cosw+ cosw) +j(dy SiNw —sinw) (d1+ (d, +1)cosoo) +j(d, —Dsinw

An(e?)=

_ - . Theref
(dh +d, COS®+ 0S®) + (SNW—dp Snw)  (dp + (dy +1)C0S@) — [(dp ~DSNe 0
40 (dy-Dsnw O B(w) 2 40 (dy-Dsnw O
B(w) = 2tan " Ln—2 . Now, ) .
() =2tan Hdl +(d2+1)cost oW, Tp(®) W W an dy +(d, +1)cosooH

10 (dp - [
Hd + (dy + )

2 ([d-Do __ 2d-1) .

wdy +(dy +1) dy+dy+1

2
For w00, snw=w and cosw=1. Then Tp(oo):—atan . Again, for x 0O,

-1 -
tan “x x. Hence, Tp(w) =~

2-50 . _(2-8)1-9)

Now, substituting d; = Zﬁmg and dy = 2+3) (179 we can show easily that

_2d-)
dy +dy,+1
Since G(z) is non-minimum phase but causal, it will have some zeros outside the unit circle. Let
-1 -1 i 1—0(2_1 i
Z = O be one such zero. We can then write G(z) = P(2)(1—-az ) = P(z)(-a* +z )E—_lg
-a*+z
O1-0z7? H. _ . . .
Note that Sﬁﬂ isa stablefirst order alpass function. If we carry out this operation for
a +z

all zeros of G(z) that are outside the unit circle we can write G(z) = H(2)A(z) where H(z) will
have all zeros inside the unit circle and will thus be a minimum phase function and A(z) will be
aproduct of first order allpass functions, and hence an allpass function.

2
H(z) = (2+1.4(z" +22+4) . In order to correct for magnitude distortion we require the
(z+0.8)(z-0.6)

l- .
)

transfer function G(z) to satisfy the following property F%(ej w)l = Hence, one possible

1  (z+0.8(z-0.6)
H@) (z+14)(2%+2z+4)
it is not stable. Therefore we require a stable transfer function with magnitude response same as
G4(2) . Using the technique of the previous problem we thus get:

()= (z+08)(z-0.6) (z2+2z+4) (z+14) _  (z+08)(z-086)
T (z+14)(@Z%+ 2z +4) (422 +2z+1) (14z+])  (4Z°2 +2z+1)(L4z+1)

solution such that b(ej “’)"H(ej “’)l =1.

solutionis Gy(2) = Since G4(2) has poles outside the unit circle.

isthe desired stable

4.89 (a) G(2) =H(2) A(z) where A(z) isan alpassfunction. Then, g[0] = lim G(z).

Z -0

b[OH:LILnl G(z)l :|ZILn20 H(2)A(2) :|ZILn20 H(z)|

lim H(2)A(2) lim A(z)
Z— 0 Z —» 00
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<|lim HZ)| because|lim A(z)|<1 (seeProblem4.71)
Z — 00 Z — o0
<In[o]l

(b) If A, isazeroof H(2), then le |<1, since H(z) is a minimum-phase causal stable transfer

function which has all zerosinside the unit circle. We can express H(z) = B(z) 1 - A, 2_1). It
follows that B(z) is also a minimum-phase causal transfer function.

. N
Now consider the transfer function F(z) = B(z) (A, —z_l) = H(z)ﬁ. If h[n], b[n], and
|
f[n] denote, respectively, the inverse z-transforms of H(z), B(z), and F(z), then we get

_H toj, n=0
hnl = o - X Bin-1, n=1
H AThO =0
and f[n]=C  biOl, ’

n
B\ bl - bin-1, n=>1,

A

- 2 a2 2 2 2 e 2 e 2
Consider £ = In]l” = > If[nI =lo[OI ~]x, [ O] +  IA(n]™ - KIn]".
n=0 n=0 n=1 n=1

Now  |h[r]i® = b[n]? +|)\||2|b[n—1]|2—)\| bln-1]b*[n] - X}b*[n-1b[n], and
FIngl® =y |2|b[n]|2 +lb[n =1 =\, b{n =1]b* [] - A} b* [n -~ 1]b[],

_ 2 2 2 <l 2 2 o0 w0 P 2 20
Hence, € =101 -y, [0 + > Hoinll” +, [Ibin -2 - S By [Teln)® -1dn -2
n=1 n=1

= gll—l)\l |2at{m]|2

m m m m
Since ) [<1, £>0ie, S NP> SN2 Hence, S n]F > |g[n]|2.

(z+3)(z-2) - GA(Q) = Bz+)(1-2z) (z+3)(z-2)
(z-0.25)(z+ 0.5) (z—=0.25)(z+0.5) (3z+1)(1-22)
Therefore G(z) = (22+ D -22) :

(z—0.25)(z+0.5)
functionsaregiven by h[n] ={1, 0.75  -6.0625 16093 -1.16015 L}, and

gnl={-6, 25 -0375 040625 —-0.1484  0.0879, L}, respectively. It canbe
m 2 m 2
seen that Zn:0|g[n]| is bigger than Zn:0|h[n]| for all values of m.

4.90 H(z) =

The inverse z-transforms of these causal transfer

4.91 See Example 4.13.

(@ Hgs(z) = %—-(1"'2_2)2. Thus, HBP(Z) :2_2 — :11(1_'_2—2)2

1 2.2
=-=(1-z 9"
Z0-27)

(b) Hoa(?) = 1—16 @+ 22)-1+6272-7). Thus, Hgp(2) =2 - 1—16(1+z‘2)(—1+ 62 2- 7%
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= i{1—4z‘2 +6z 4-4z7" +z'8} - La-2)4
16 16
(©) Hpd2) = 312 1+z %) (-3+14z2 2-3"%. Thus
-4 1 -2,2 -2 4 1 { -2 -4 -6 —8}
H 2)=z —-—(1+z -3+14z ~ -3z =—13-8z “+10z -8 +3z
ep(@d =2 - S (A+27) ) =%

== {3-822 4102 -8 O+ Y.
32
4.92 Hy(29)=Ay(2+A(2, and H, (2 =Ay(2) —A,(2),where Ag(z) and A1(2) are allpass
functions of orders M and N, respectively, with no common factors. Hence, the orders of Hp(2)

and Hq(z) are M+N. Now, we can write A (z)-M and A (z)-—Z_NDl(Z_l)
. - 7T Dy 17750
-M -1 -N -1

_P@) _Z Dy(z )Dy(2)+z "Dy(2)Dy(z 7)

Then, Hy(2) = D(2) = D,(2)D,(2) )
Q@) 2 VDy)D,@) -z "Dy@)Dy(z )
H,(2 = = :

D(2) Do(@D;(2)

Since P(z) is of degree M+N and z-M*Np )= M +N)(z“" DD, ) +2" Do(z_l)Dl(z))

=z N Do (z)Dl(z_l) +zMp 0(z_l) D;(2) =P(2). Hence P(z) is symmetric. Similarly one can

prove that Q(z) is anti-symmetric.

4.93 Ho(z)=%[A0(z)+Al(z)], Hl(z):%[AO(z)—Al(z)]. Thus, Hy(2)Hy (27 +H,@H,(z7)

Aq(2) +A1(z)][Ao(z‘1) +A1(z‘l)] + %[A @ —Al(z)][Ao(z_l)—Al(z_l)].

[As@A0@ )+ Ag@AZ™ + A DA Ay 2A Y]

1
NIE ME AN R AP

+

Ao(DALE ) -AyDAL(ZH-A(DA(ZH+A 1(Z)A1(z_l)]

2 LR
AyDA (27 +A1(2)A1(z_1)] =1 Thus, Ho(€ ) +Hy(€) =1 implying that
Ho(z) and H1(z) form a power complementary pair.

4.94 Ho@) = %{Ao(e'wmo(e‘“’) +A LAY+ AR +A, €)ALY,
Since A (2) and A4(2) are alpass functions, A 0(ej @) = el®%®@ gng A 1(ej(") = ®®)

0 ) _ » ~
Therefore i—|0(eJ °°)| = :11{2 + ¢/ (@0(W) =01 (@) | =i(%(«) ‘pl(“’))} <1 as maximum values of

e/ @0(@)=01(@) g IO =AU e 1. Hy(z) is stable since Ag(2) and A1(2) are stable
transfer functions. Hence, Hy(z) isBR.
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M -1 1 M-1M -1
4.95 H(z)=— ZAk(z) Thus, H(2)H(z~ )——22 ZAk(z)A Y. Hence,

e M—1M -
HE®)| —iz Z Z &K@ (@) <1 Again H(z) is stable since {A;(2)} are stable

transfer functions. Hence, H(z) isBR.

0 -2 0 -1 -2
1-a 1-z 1-a 1-23z +z
4.96 Hgp(z) = @ — _2§ and Hg(2) = B — .
2 H1-B@A+a)z +az 2 1- [3(1+0()z Liaz
-2 -2 ) -2
l-a-z “+az “+1-2Bz +z “+a-20Pz +az
Hps(2) +Hgp(2) = : 2 - =1

20-BlL+0)z T +az”
Hence Hyp(2) and Hgg(2) are alpass complementary.

4.97 H@HEZ Y +H(-2)H(-zY) =K. Onthe unit circle, this reducesto
H(E Q) H(e 1) + H(-e/®)H(-e719) = K, or equivalently, }-|(ei‘*’)|2 +|H(—ei°°)|2 =K, asH(z) isa
real -coefficient transfer function. Now, '—|(—e"‘“’)|2 = |H(ej(”+‘°))|2. Hence, for w=11/2, the
power-symmetric condition reduces to
HEe'™ 2)|2 + [l 2))|2 =|H(E™ 2)|2 +[HECE=™ 2))|2 =K. Since H(z) is area-coefficient
transfer function, '—|(ej‘°)|2 is an even function of , and thus, }-I(ejmzj2 = |H(ej(2"_"/2))|2.
Asaresult, 2|H(ej"/ 2)|2 = K, from which we obtain 10l0g,,2 + 20IoglO|H(ej "/Zj =10log,, K
or 20log,, |H(ej"/2)| =G(w)| =10log,, K -3.

w=T11/2

4.98 H(2)=A,(z%) + 7 A,(z?). Therefore,
H@HE ™Y +H(=2)H(-z ) = [A () +z7A (A )][A oz +2A 1(2_2)]
+ [AO((—Z)Z) —71 Al((—z)z)][Ao((—z)z) - zAl((—z)z)]
=Ao(Z)AG 2 +2IA(P)AL 2 D) +2A, DA (27) +ALZDA (27D
+A((Z2)A 22 -2 A (A2 ) - 2A 2AA(ZD) +A(ZDA(27D) =4, as
Ag(Z)AN(Z ) =A ()AL 27H)=1.

1 4 21 _ 27_ 5 _
4.99 (a) Ha(z)=§—z 1+?z2 2 3_5z” _EZ 5 Thus,

Ha(2)Ha(z 1) = -1.252° - 2823 - 72,752+ 325~ 72,752 1 = 28272 -1.257™° and
Ha(-2)Ha(-2 1) =1252° +282° + 72,752+ 325+ 72,752 1 + 2873 + 1.252™°. Hence,
Ha(2)Ha(z ™) + Ha(-2)Ha(-2~*) = 650.
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(b) Hp(2)=1+ 3271414272+ 222% -12274 + 477°. Thus,

Hyp(9Hp(z 1) =42 + 4223+ 412 +850 + 41271 + 42273+ 42° and
Hy(-2)Hp(-z ) =-42°- 427 417+ 850- 41271 - 42273 - 427°. Hence,
Hp(2Hp(z 1) + Hp(-2)Hp(-2z1) = 1700.

4100 H(2H(z H= a2(l+ bz_l)(1+ bz) =a’bz+a’ 1+ b2) +abz L Thus, c=a%b and
d= a2(1+ b2) . Now, H(2H(z ) + H(—z)H(—z_l) =cz+d+cz t-cz+d-cz ! =2d. Therefore,

2d=2a%(1+b% =1 Thisconditionissatisfied by a=1/42(L+b?). Forb= 1, then a= %
Other solutionsincludeb=-1 and a= % b=2anda= L.
Ji0

Since H(2) isafirst-order FIR causal FIR transfer function, G(z) = - z_lH(—z_l) isalso afirst-
order FIR causal FIR transfer function. Now,
H@H(Z™) + GG ) = HHE ™Y +]- 2 HH(- 27~ 2H(-2)]

=H(2) H(z_l) +H(-2) H(—z_l) =1. HenceH(z) and G(z) are power-complementary.

4101 HHEZ H=(cz+d+ cz‘l)[clzz2 + Oy (1+dp)z +(L+dF +d3) + dy(1+ dp)Z L+ dpz 2.

Thus, H2)H(z™) + H(=2) H(-zY) =2 cdy (1 + dp)z? + 2c dh(1+ dp) +dd oz + d(1+dF +d3)
+ddyz 2 +cdi(1+ dz)z_z] = 1. Hence, werequire

ddy +cdy(1+dy)=0, and 2cdq(1+ dp) + d(1+ df + d3) =1. Solving these two equations we
d and d=- ! For dqy=dy =1 weget
d,(1+d,)(2d, —1- dZ - d2) 2d,-1-d2 —d3’ 1o J
1
c=——andd=1.

2

arriveat ¢ =

Since H(z) isathird-order FIR causal FIR transfer function, G(z) = - z_3H(— z_l) isalso athird-
order FIR causal FIR transfer function. Now,
H2H(Z™) + GGz ) = H HEZ Y +]- 2 °H(- 27 -23H(- 2)

=H(2) H(z_l) +H(-2) H(—z_l) =1. Hence H(z) and G(z) are power-complementary.
01+0.5z271+0457 2 +0452 2 +0.527% +0.12°

1+09z7%2 +0.2z7%

0.2+0.9z7 1 +772
=1 097170272 isastable alpass function. Thus,
+09z ~+0.2z

H@ZH@E ™Y + H(-2)H(-z 1) =%[A(zz) +z_l][A(z_2) + z] + %[A(zz) - z‘l][A(Z‘Z) -7l=1

1 _
4.102 H(2) = - E[A(zz) ‘7 1], where

A(2)

4.103 (a) Hl(z)zﬁ(lmz‘l).
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L2
hl(e'w)l = {(1+0(cosoo) +(0(smco)} L+’ +2cxcosw' Thus,
+a)? 1+a)®
2
dH. (e o e .
| 1 )l = 2asm§o<o’ for a> 0. The maximum value of }—Il(ej“’)lzlatw:o, and the
doo (1+a)

dH, @)

minimum valueisat w = 1. On the other hand, if a< 0, then >0, Inthiscasethe

maximum value of hl(ej“)l = (1—0()2 1A+ o()2 >1atw =11, and the minimum valueisat w =
0. Hence, H,(z) isBR only for a> 0.

1+ B —ZBcosoo

b = jo h

(b) Hy@ =1 B(l pz). Hy@f = s

dH.,(e®)

| 2 | ZBSInoo>0forb>0 ThemaX|mumvaIueof}-| (e )| 1atw =T and the
do @+

d|H (e °’)|

minimum valueisat w = 0. On the other hand, if b <0, then <0, Inthiscasethe

maximum val ue of }—|2(ej‘*’)| = (1—[3)2/(1+ [3)2 >1 atw =0, and the minimum valueisat w =
1. Hence, H,(2) isBR only for b> 0.

_1 _
(© Hi@)= mgi a;g:% ). From the results of Parts (a) and (b it follows that Hs(2) is BR

only fora>0and b > 0.

(@ H, (=047 )([+057)a+067) _ 1ro4trurosztor0e e L
4 3.36 @ 1.4 @@ 15 @@ 16 @

each individual factors on the right-hand side is BR, Hy(2) isBR.

D
242771 1+3z"
4104 () H,(@="5 2@1 " _1@ ( 0@ +A, @), where Ag(2) = 1 and

Z—1

1(z)- = are stable allpass functions. In view of Problem 4.80, H,(z) isBR.

-1 0 -10
1-z 1 2+47 1
(0) Hyd)= == 5H- =5 (Ag(2—A,@). where Ag(2) = 1 and
Al )—24% are stable allpass functions. In view of Problem 4.79, H,(z) isBR.
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1—2_2 1D 2+22_ +4z_ZD 2+27 +4z

(€) Hy@=——F——= - @ where A, (2) = isa
3 4+27 34272 28 a+27 %4272 1 4+27 4277
stable allpass function. Hence, H3(z) isBR.
-1 2 0,0 -1000, 0 -1
(d) H4(Z)=%:Dl§1 1re E l@l 1r2z @D which is seen to be a product
6+5z  +z H2 3+z 1 2 2+7 1 H
of two BR functions. Hence, Hy(2) isBR.
-1 2 0 -2[]
3+2z "+3z 1 2+27+47 1
(e) H (z)=f=—§1 —@=—1+A(z) where
ST a+277 42772 25 a+27t422 2( 12)
Al(z)—2+22 +4Z_2 isastable allpass funcion. Hence, Hg(z) isBR.
4+27 427
1 -2 -3 0,0 1DDD 1000, , -10
(0 Hea) == S @1 S whchissa
12+10z " +2z R 3+z718RE 2+77

to be a product of three BR functions. Hence, Hg(2) isBR.

4.105 Since A4(z) and A,(z) are LBR, aalAl(ej“)lzl and IAZ(ejw)l =1. Thus, Al(ej“’) = eln (@)

|-

1

1DA (e“*)) —A( ‘1‘92("’)) Thus, IA(e J“’2(‘*’))| 1. Hence,

and A (e‘w) 92 Now, AL

0 d
Q isLBR.

A1

0 04ew
-G )+a§ er@e J(p(w)ggnceG(z)isLBR.
1+aG(e l+ae

G() cx

4106 F(2)= zD oG )D

Thus, F(e®) = e”"@

|F(ejw*2 :lej‘p(‘*’)'+o(| _ (cosp(w) +0() +(sin(p(oo)) _1+2a cosq(w) + o> -1
L+ 0| (1+acosp()? + (o Sngw)? 1+ 20 cosg(w) +
Let z=1 beapoleof F(z). Thisimplies, G(I) =—L/aor [G(A\)|=f/al. If p|<1, then
IG(\)|> 1, which is satisfied by the LBR G(2) if p|<1. Hence, F(z) isLBR. Theorder of F(z) is
same as that of G(z).
G(2) can berealized in the form of atwo-pair constrained by the transfer function F(z).

| — Yz
o —
Yl — Xz
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-0+ z_lF(z) _C+DF>z
1-az 'Rz A+BF(2)’

where A, B, C, and D, are the chain parameters of the two-pair. Comparing the two expressions

on theright-hand sidewe get A =1, B=-a zt C=-a,andD=z"" The corresponding

-1

To this end, we express G(z) in terms of F(z) arriving at G(2) =

transfer parametersare given by t,; =-a, t,; =1 t;, = (1—0(2)2_1, and t,, =0z

040 o i
4107 LetF(2) = GHA%H. Now A(z) being LBR, A(e'®) = ¥®) | Thus,

1
A(el®)

. g 1 O
F(e°) =G :
o) ={ocmy
Let z= & beapoleof F(z). Hence, F(z) will beaBR functionif [{|<1. Letz= A beapole
of G(z). Then this poleis mapped to the location z = & of F(z) by the relation

1
A(2)

. 0 0 j i
FE®) = c g G(e 1)) . Since G(2) isaBR function, [5(e"*“)|<1. Hence,

<1

=\, or A(§) :Xl' Hence, [A(8)|= ﬁ >1 because of Eq. (4.129). Thisimplies,
z=¢

g4 0
A<l Thus GH%H isaBR function.

1
1

1

3+z
= l:1-

2+27 1 1-71 2+22_1+1—z_
3+z

4.108 (a) H(z) = 3 G(z)=3+z_1. Now, H(z)+ G(2) = ar = P

+7 1

-1 -1

-1 -1 2+2z " 2+2z 1-z " 1+z

Next, H(z)H(z 7) + G(2)G(z = + =
@HE)+C@6E ) = T T+

4447 v a7+ 44141-77" -
B+Z )(3+2)

Z -1 Thus }—|(e"‘*’)|2 +|G(ejw)|2 =1

Hence H(z) and G(z) are both allpass-complementary and power complementary. Asaresult,
they are doubly complementary.

2 -2

- -1 -1, , -2
% , G(Z) = % . Note H(Z) + G(Z) = %
4+2z7 “+2z 4+2z7 “+2z 442z “+2z
implying that H(z) and G(z) are allpass complementary. Next, H(Z)H(z ) + G(2)G(z 1)
14772 ~1+7° 3+27 1 +37°2 3+22+3°
= 1. .2 2t 1. 2 2
A4+2z7 “+2z ~ 4+2z2+2Z° 4+2z "+2Z2 T 4+ 22+2Z
141-72-7249+62+97° +67 L +4+62+97 2 +67 T +9

(4+27 1+ 22_2)(4 +2z+ 222)

(b) H(2) =

= 1. Hence, H(2)

and G(z) are also power complementary. As aresult, they are doubly-complementary.
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2L+ 71 +z_2) 1 U 427 4+ 3720

4109 (a) H_.(2) = — —@1+f§. Its power-complementary transfer
a 3427+ 2% 2 3+27 14772

1427 +323 1772
1,2 @‘ 1

3+2z "+z 3+2z "+z
5+652 1 +652 2 +157°%) 3(15+65z7 1 +6.5272+1.527)
18+21z71+8z2 +7273 2+z7HE+z7hHE+zh

0 -1 -1 -10
-1 D(1+22_1)(1+ 32_1 ) + 1+3Z_1 0  Its power-complementary transfer

20(2+z7H)@+z™") 3+z [

function therefore is given by

1 E(1+ 27 ha+3h 1+ 32_1%_ ~15-3527 143572 +157°3

26 @+zh@B+zY) 3+z71F  18+2171+872+773

O
function thereforeis given by G_(z) = % @1— —.

(b) Hy(2)=:

Gy(2)=

4110 [Gy( ‘*’)|2 +|<31(ej“°)|2 = %@IA o)+ A (€ ‘*’)|2 +|a o) -A € ‘*’)|2§
= ‘1—1{(A o(€%) + AL Ag () + A7 1)) + (Ao (€2) - A (€9)) A @) - AL (E*)]
= HAG(EAYED) +AEDAYEY) + A (E)A] €9)+ A (9)A(E)
A )AGED) A (V)AL EP) - A (E )AL (E?) - AL (E9)AG )}
10 o2 20
=3 EZIA o @) +2Ja @) 0=1

4.111 Let the output of the predictor in Figure P4.11(a) be denoted by E(Z). Then analyzing this
figure we get E(2) = P(2)[U(z) + E(2)] and U(z) =X(z) - E(2). From the first equation we

have E(z) = 1—P(Ff()z) U(z) which when substituted in the second equation yields
_U@ _._
H(z) = X(2) =1-F(z2).
Analyzing Figure P4.11(b) we arrive at Y (z2) = V(2) + P(2)Y (z) which yields
Y 1
G(2) = % = 1P’ which is seen to be the inverse of H(2).

_ _ 1 _ _
For P(2) =z ™%, H(2) =1- hyz * and G(2) = 71 Similarly, for P(2) =z L nyz?
1

- hlz_l - h22_2 .

H(z)=1-hizt —hy,z? and G(2) = N

5/3 1/12
_l +
1-05z7% 1+02z
075+ 05917z 1+ 01272 _0.751+ 054367 1)(1+ 0.2453z%)
1-03z71-01z72 1-05zhH@a+02z7)

4.112 The z-transform of hq[n] isgiven by Hy(z) =

7 —1. Using the M-file

residuez we arrive at H1(z) =
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Since the zeros of the numerator of H1(z) are inside the unit circle, the inverse system is causal
and stable. Hence, the transfer function of the inverse system is given by

1-0.3z71-01z2  1.3333-0.4z71-01333z72
0.75+05917z271+0172 = 1+0.7889z 71+ 0.1333272

29474 06141
1+0.5437z271  1+0.24522

z-transformisgiven by H,(z) = 2.9474(-0.5437)"p[n] - 0.6141(-0.2452)" [ n] - & n].

H,(2) =

A partia-fraction expansion of

H2(2) using the M-fileresiduez yields H,(2) = — — 1 whoseinverse

4113 X, =AY, +BX,, Y;=CY,+DX,. Fromthefirst equation, Y, :%xl—%xz.
Substituting this in the second equation we get

01 B, O C AD-BC : : :
Y, = CEK Xl—z X2H+ DX, = le + sz’ Comparing the last two equations with
. C AD-BC 1 B
Eq. (4.146) we arriveat t;, = N t, = —Qa ty = N to, = ~A

Next, Y, =t,X, +1,X,, Y, =t X, +1,,X,. From the second equation we get

Xy = —tﬁx o+ ti Y,. Substituting this expression in the first equation we get,
21 21
H 1,c bay, |, botas —tale -
Y, = tn@—— Xy +— YZQ +t,X, = ==Y, + =S=—=222 X Comparing the last two
1 T 1 to1
- - - 1 ) 1 Uolor — gl
equations with Eq. (4.149) we arriveat A =—, B=——==, C=—=, D =",
21 b1 I I
4.114 From Eq. (4.176a) we note t;, = % and t, = % Hence, t;, =t,; imply
AD-BC=1
‘0 0 _ 1.2y, 1N, O "0 0 _ 1.2\, 100\, "0 O "0 [\'0
4115 Viptkh @Kz X ke (@-k)Z Xr where DX10=0"10

Mol 31—k BGH BoR A1k HGH Kol B
dq @-kDHz 't

” 0, and
1 kgt g

Thus, the transfer matrices of the two two-pairs are given by 1, =

1-k2)z 0
T,= é(lz ( L 2)21 0. The corresponding chain matrices are obtained using Eq. (4.76b) and

22 H
J1 kz U1 k,z
aregivenby r, =0 " Oandrl, =0 27, 0 Therefore, the chain matrix of the I' -
! Ky, z ! 2 tky, z ! H

0 100 -1
1 kz 1 k,z
cascadeisgivenby M, =1 1" 00 2

Ky 2t Ek, 2T

Hence using Eq. (4.176a) we arrive at the transfer matrix of the I' -cascade as

Atkgk,z ™ k2t kz 2

0
0=
BBk +koz Tt kk,z T4z 72
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1 -1
T=H1+ K,z 1+kk,zZ E
11 2 Mk, + k;Zh) 0
Al+kk,z ™t 1+kk,z™t g
00 A0y O 00 100\, 0
4.116 %(1 ! DDYZD %xl 1 k2 DDYZD where D ZD %(m. Therefore,
afil Hk X Hk = BGH X0 BYi0
O 1 k —1D 0 1 k.7 —1%
the chain matrices of the two two-pairsaregiven by I'; = _1 and I _1
1 §<1 g 2~ Hk z-
The corresponding transfer matrices are obtained using Eqg. (4.151a) and are given by

dg (@-k z‘lD 1- k z 4
1, =01 ( 1)1 : %2 ( 2) 0. Thetransfer matrix of the t-cascadeis
ﬁl —k,z @

| G, a-K3) ‘m (1- k)2
therefore givenby 1 =1,1, = 512 —kzz aé(ll —klz1 B

gk, +272- k) z K (- k) z %k, - k2)D

i k L—k,zt 21—k +kk2z?  §
Using Eq. (4.151b) we thus arrive at the chain matrix of thet cascade:
0 _ 141 _12y,-10
i ;1 (klkzz +1 rl)z i
Hkk +z7H1-k3) 772 I
_ 1 "k 1
B k1 kzz kl kzz H

4.117 (a) Analyzing Figure P4.13(a) we obtain Y, =X, -k .z X, and Y; =k .Y, +Z X,

= km( -k, 71X )+z‘1x2 =k, X1 +(1— kfn)z"lxz. Hence, the transfer parameters are given

1-k2)z
byT—%(m ( )_ D Using Eq. (4.176b) we arrive at the chain parameters given by
91 k2t
m

0 -0
r=pl k_zlu
K H

. . . _ -1
(b) Analyzing Figure P4.13(a) we obtain V, = km(xl—z Xz) ,
Y, =V, + X, =@+ kX —k 2 X, and Y, =V, +Z X, =k X, +(1- k)2 X, Hence, the

+k, k2t y
transfer parameters are given by 1 = m _1D Using Eq. (4.176b) we arrive at the
C Ky (k)2

4 _Gokp)zty
k k
chain parametersgivenby I = E

mel:n:
:L

|
x

-

m m
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C+DG(2)
A +BG(2)
Substituting these values of the chain parametersin Eqg. (4.151a) we get

4.118 For the constrained two pair H(z) = . Hence, C= km, D =z_1, A=1 B= kmz_1

__-1 2 _ _ -1

4.119 From the results of Problem 4.117, Part (a), we observe that the chain matrix of thei-th lattice

D -10
1 kz
two-pair is given by T _§( 7 % i =12,3. Thus, the chain matrix of the cascade of three
|
| attice two-pairsis given by I Dl Ky Z 1DD1 k 2‘1551 K 2_1%
- 2, 2
cascade ~ Ek Hﬁkz Hak Z E

1z 1DHl.+k k2t k3z‘1+k22‘25
1 Bk, +k3z Kk 4272

D1+ kokz t+kz Yk, +k z-l) k3z‘1+k 272 +k z‘l(k k +z-2)

0y
-0t
£

=1 - F Eqg. (4.181

§k1(1+k kgz™ H+zo (k +kgz™ h kl(ksz +k,Z" )47 (kk +y 2)B rom Eq. ( a)
: _C+D
WeObta'nAs(Z)‘A+B

1+ kok Zz 1 +kz7 (k,y +Kaz ™) +koz T+ kyz 2 + Kz Nk kg + 272)

K L+K Kz +27H K, Kz ) +ko(k z2 L +kyz72) + 271K,k +272)
_ kyt(kokg +kky +kg)z” L (kpkg +ky+ KiKokg)Z2 +k 273
ky + (K, k +k, +k K k3)z‘1+(k +k Ko+ k)z2+773
function.

which is seen to be an allpass

4120 Let D(2) =1+d,z t+d,27 % = -M\Z HA-A,z ). Thus, d, =AA, and dy = (A, +),).
For stability, p;|<1 i=1,2. Asaresult, i,|=]AA,|<1.
Case1: Complex poles: dy > 0. Inthiscase, A, = )\*1. Now,
’ 2
2
d .
A=t é‘,4d —&. Thus, [ = (d2 +4d, -dZ)=d, <1 Consequently, if the poles
are complex and dy < 1, then they are |nS| de the unit circle.

AL, . Hence, A, and A, will be complex, if di <4d,. Inthiscase,

Case2: Red poles. Inthiscaseweget —1< )\i <l i=1,2. Since P\i|<l it follows then

_ , 2 _
bl|<|)\l|+l\2|< 2. Now, -1< o 21 44, <], or J_r"df—4d2 <2+d,;.

It is not possible to satisfy the inequality on the right hand side with aminus sign in front of
the square root asit would imply then dq <—2. Therefore,

’d12_ 4d, <2+d,, or d3 —4d, < 4+d? +4d,, or —d, <1+d.,. (14)
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Similarly,

-d i‘,d2—4d
1 1 2 2 o .
> <-1, or J_r"dl -4d, >-2+d;. Againitisnot possibleto

satisfy the inequality on the right hand side with aplus signin front of the square root asit

would imply then dq > 2. Therefore, —de -4d, >-2+d,, or "dlz -4d, <2-d,,or
d? —4d, <4+ d? -4d,, or equivalently, d; <1+d.,. (15)

Combining Egs. (14) and (15) we get bll <1l+d,.

4121 (a) b1| =0.92and 1+d, = 1.1995. Since hl1| <1l+d,and b2| < 1, both roots are inside the
unit circle.

(b) hlll =0.2and 1+d, = —0.43. Since bzl >1and bll > 1+d,, al roots are not inside the

unit circle.
(©) |, = 1.4562 and 1+d,=1.81. Since | <1+d,and f,| < 1, both roots are inside the
unit circle.
(d) p,| =2.1843and 1+d, = 1.81. Since ;| <1+d,and | < 1, both roots are inside the
unit circle.
1 151 2, ,3 .
4122 (a) Ag(z)=24 2 . Note, |k === <1. Using Eq. (4.177) we arrive at
1- 12_1 12"2 + ! z73 12
27 47 12

-0.2098-0.48252 "1 + 772

A,(2)= — —-. Here, [k,|=0.2098<1. Continuing this process, we get,
2 1-04825z7 1 - 0.20987 2 kol
-1
-0.6106+z ) . . .
A, (2) =——. Findly, [k,[=0.6106<1. Since [k.|<], for i =3, 2,1, HL2) isstable.
™ 1-0610627" ko kil d

e B Y A 4, .2
(b) Ay2)=—30 8 Note kJ=2<1 A,@)=EE L Since
14271422 278 3 1+ 252 +2
6
lk,|=1 Hy(2) isunstable.
() A,2= . Note, [k,[==—=<1
RV v Py weve we M
3 18 B 3
1 2. .3
Aq(2)= 0'2317+Z_1+ 1‘?26022 T2 Thus, [k]=0.2317<1.
1+166027 T +772 +0.23172
-1 -2 -1
A7)z 200802 *2 e |k, |=06503<1 Finally, Aj(z)=2oa “Z
1+ 150967 +0.65037 1+091477

Thus, k| = 0.9147<1. Since |k;|<1 for i=4,3,2,1, H{(z) isstable
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1 5 41 5

3‘2*%2 "2
(d) A (2)= 1,52

1+ T+ -7+

2+22 3+5Z-4+Z—5

o . 1
. Thisimplies, |k5|=—<1
EZ_3+£Z_4+iZ_5 32

16 32
0.2346+1.1737 ~+2.46337 2 + 2.49277 > +7 7%

A, 2= — — — . Thus, [k,[=0.2346 <1.
A 142492777 + 24633772 +1.1732° +0.23467 % el
-1 -2 -3
A= O.6225+1.?f522 +2.:_324662 2~ \mplying k=0.6225 <1
1+2.34667 © +1.99527 2 +0.62257
-1 -2 -1
Ay(g)= 2BTBHLEBB T2 e |k |= 08726 <1. Finally, A (z) =—eootE
1+1.8034z 1 +0.87267 1+0.96307
Thus, k| = 0.9630<1. Since |k;|<1, for i =5,4,3,2,1, H{z)isstable
Lt bt S
(e A5(Z)=1+§ .2,2,1,5,1, 4,15 Thisimplies, |k5|_
6
-1 —2 -3 —4
02+047 2 +0672+082° +7
A, (2)= — — — —. Thus, [k,[=02<1
A 1v0827 06272 +0.427° +02774 i
-1 -2 -3
Ay(z)=22X052 +0752 *2 e lkJ=0.25<1.
1+0.75z “+0.5z © +0.25z
1, .2
0.3333+ 0.6667Z ~ +2 . 05+7 *
A,(2)= — — . Here, [k,|=0.3333<1. Findly, A (z) ——— Asa
2 1+ 066672 1 +0.333327° [ +05z2° L

result, k| =05<1 Since [k;|<1, for i=5,4,3,2, 1, H{z) isstable

bt
4.123 (a) Ay(2)= . Thus, k,l==<1
1+ilz_1+§z_2+gz_3+}z_4 S
5 5 5 5

-1 2,3
As(29)= 0.25+ Oiz b 0_725 z 1 2_3 . Thus, |k3| = 0.25 < 1. Repeating the p rocess, we
1+0.75z “+0.5z ~ +0.25z

-1 _2
. + 0. + .
arrive at Az(z) = 0.3333 0_616672 z = - Thus, |k2| =0.3333< 1. Finaly, we get
1+ 0.6667z ~ +0.3333z

Al )—050—52 Thus, |k1| =05<1. Since |ki|<l for i=5,4,3 2,1, Dg2) hasall
ke V4

roots inside the unit circle.
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2

04+032 t+0272+7°3 0.2619+0.0952z L + 7~

(b) AL(2)= — — —. Thus, [k,[=0.4<1. A,(2)= — —.
B 140227 +0327 %2+ 0427 kd 2 14009522 1 +02619772
-1
Thisimplies, |k |= 02619<1. Next, A;(2) =222 ence, x| =0.0755<1. Since
1+0.0755z

|ki|<], for i =3, 2,1, Dy(2) hasall rootsinside the unit circle.

1+s z-1
4124 z=——. Hence, s= ~ 1 Thus, the k-th root in the ssdomain is given by

* 2 *

@ )G+ ol -1tz -7
k — 2 - 2
|Zk ”l |Zk+1|

2

|Zk|

l2i +
Refs,} < 0. Hence B(s) isastrictly Hurwitz polynomial.

where z isthe k-th root in the z-domain. Hence,

= . Since D(z) is a minimum phase polynomial, |Z|<| < 1. Therefore,

Refs } =

4.125 H(z)=1-az 1. Hence, using Eq. (4.212) we get
®yy(2) =H@H(Z Hdyy(2) =@1- az )L -az)oZ. Therefore, from Eq. (4.214) we have

Pyy(@) = [HE| Paae) = [HE)| 0F = (1-a 7)1 - a )0 = (1 +a? - 20 cos9) 0%,
Now, HZ)Hz ) =1-az H(l-az)=-az+ (1+0(2) -az 1 Hence
[Nl = (—0(6[n +1 +(1+ a)n] - adn —1])05.

As aresult, average power = @y [0] = (1+ a2) 0>2(. Note that the average power increases with

increasing a .
1 . 1 1
4126 H(z) = ————. H(E®) = . — = . Hence, rom Eq.
@ 1-05z 1 |( )l (1-05e!¥)(1-05€®) 1.25-cosw .
o2 P, (w) o2
4.214) we have Pyy (@) = [H(€'®)| Pxx () = o T *—_ N
( ) we have Py (w) | (e )| wx (W) 1-0507°)(1-059%) - 125- oo ow,
_ 1 1 2771
HHE ™Y = ——= = - % =" ——
1-05z71 1-05z  (1-05z7YH)05-zYH @-052"hHa-2z7h
473 4/3 402
= - . Therefore, =—2((05)"u[n] + (2" u[-n -1]}.
oot 5, Therefore, byy(n] = —*((05)"Minl+ @"wi-n -1)
L2
4.127 P =AE®)| P = = . 16
@ Py @) =|AE) By () T doye) ~ 17 d50%0) (16)

(b) No, The answer does not depend upon the choice of a . However Eqg. (16) holdsif the
filter is stable for which we require | < 1.
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4128 (a) cpxy[l] = E{x[n +I]y[n]} =E{x[n+1]x[n]} @h[n] =@ [nl @h[n]. Taking the discrete-
time Fourier transform of both sides we get ny(w) = Pxx(w)H(ej(*)). Since H(e®) in
genera isnot real, ny(oo) in genera isnot real.

(b) @, [11=E{x{n+11un} =E{x[n+11H-r] D[N} =@, [ Dhn]Fh[-n]. Taking the

L2
discrete-time Fourier transform of both sides we get Py, (®) = P (0)HE®)| . Thus, P, )
isareal function of w.

jw
M4.1 From Table 3.2,the DTFT of {n h[n]} is j%ej) . Hence, the group delay t(w) using Eg.
0w

(4.203) can be computed at aset of N discrete frequency pointswy = 21k/N, k=0, 1, ...,
N-1, asfollows: {t(wy)} = Re(DFT{n h[n]}/DFT{h[n]}), where all DFTs are N-pointsin length
with N greater than or equal to length of {h[n]}.

M 4.2 We modify Program 4 2 using the following statements:

b =[-4.8788 9.563[l -4.8788];
x1 = cos(0.2*n); x2=cos(0. 5*n);

2

0 20 40 60 80
Time index n

M4.3 We modify Program 4_2 using|the following statements:

b =[-13.4866 45.228 -63.8089 45.228 -13.4866];
Zi [0 OO O];
x1 cos(0. 2*n); x2=¢os(0. 5*n); x3 = cos(0. 8*n);
y=filter(b, 1, X1+x2+X3, zi);

2

20 40 60 80
Time index n
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M4.4

I D.I211 I:I.Iﬂ'n |:|.Iﬁ']'l D.ISTII T
Hornmalized frequency

M4.5 (a) numl [0 0.75 2 . ;
nung [0 -0.75 2 -2 1 -0.75];
den = [3 0 3.5 0 1];
w = 0: pi/ 255: pi ;
hi freqz(nunil, den, w);
h2 freqz(nun, den, w);
pl ot (W pi, abs(hl).*abs(hl)+abs(h2).*abs(h2));

(b) Replacethefirst threelinesin the above MATLAB program with the following:

numil [1 1.5 3.75 2.75 2.75 3.75 1.5 1];
nun [1 -1.5 3.75 -2.75 2.75 -3.75 1.5 -1];
den =[6 0 6.5 0 4.75 0 1];

M4.6 The magnitude response of H(z) is as shown below from which we observe that H(z) isa

lowpassfilter.
1 <~
0.8
206
@
20.4
0.2
|:| L 1 P —
0 0.2 06 0.3 1

0.4 )
Hormmalized frequency

By multiplying out the factors of H(z) we get
0.05634 —0.0009357 * +0.0009352 2 +0.056347 >
1-2.12917 * +1.783386 2 * + 05434637 °

H(z) = , The corresponding difference

equation representation is therefore given by

y[n] = 0.05634x[n] — 0.000935x] n — 1] + 0.000935x]n — 2] — 0.05634x[n —3]
—2.1291y[n -1+ 1.783386y[n — 2] + 0.543463y[n —3).

M4.7 The magnitude response of H(z) is as shown below from which we observe that H(z) isa
highpass filter.
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-100

-150

1] EI.I211 I:I.Iﬂ*n D.iﬁ‘]‘l! EI.;ET: bid
Hormalized frequency

By multiplying the factors of H(z) we get
1-471+627%-423+274
1-30538771+3.8227272-2.28377°2 +0.54727°*
The correspondong difference equation is given by
y[n] —3.0538y[n —1] + 3.8227y[n — 2] - 2.2837y[n — 3] + 0.5472y[n — 4]
=x[n]—-4x[n=-1+6xX[n-2]-4x[n-3]+x[n-4].

H(z) =

1
2 log, (cos(0.12m)

M4.8 From Eq. (4.66), we obtain M = =4.7599. Wechoose M =5. A cascade

of 5 first-order lowpass FIR filter has atransfer function given by G(z) = é(h 2_1)5, whose
gain response is plotted below:

0z 04 06 08 1
Hormalized frequency

M4.9 For acascade of M sections of the first-order highpass FIR filter of Eq. (4.67), the 3-dB
1

~ 2log,(sin(w, /2)’
Substituting the value of w_ wethen obtain M = 4.76. ChooseM =5. A cascade of 5 first-

cutoff frequency we is given by w, = Zsin_l(z_ll M ) Hence, M =

order highpass FIR filter has atransfer function given by G(z) = é(l— 2_1)5, whose gain
response is plotted below:
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0.z S 1

0.4 0
Hormalized frequency
M4.10 From Eq. (4.72b), we obtain o =0.32492. Hence, from Eq. (4.70) we get

] -1
0337541+ ., . 0.66246(1—7 %)
H, 5(2) = . Likewise, from Eq. (4.73) weget H_,(2) = .
Lp(2) 1-0.324927°% A (4.73) we get Hyyp(2) 1-0.324927 7%

The magnitude responses of H|_p(z) and Hyp(z) are show below:

0 0z 04 06 08 1
Hormalized frequency

The magnitude response of H| p(z) + Hyp(2) is shown below on the left-hand side, while the

. jo 2 jw 2. . .
gain response of }-||_P(e )| +|HHP(e ﬂ is shown below on the right-hand side:

Muztradon of allpass complementary property INustration of power complementacy property

10
1
L S U,
K - 1 S S, -
E =
HOB -l L 0
5 £
b I [ T - S 0w
T -
T - S
i} i i i -0 i i i i
] 0.z 0.4 0.a 0.s 1 ] 0.z 0.4 0.6 0.s 1
MNormalized fraquency Mormalized frequency

M4.11 From Eq. (4.76) we first obtain b = 0.309017. From Eq. (4.77) we arrive at two possible
values of a 0.6128 and 1.63185 leading to two posible solutions:

C 0.1935(1—72) ~0.31591-7 %)
Hgp(2) = 1 —1 )
1-0.4984z ~+0.6128z 1-0.813287z ~ +1.63185z
seen that H'ép(z) isunstable. From Eq. (4.79), the bandstop transfer function corresponding to

—, and HI,I3P(Z) = . Itcanbe
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0.8064(1-0. 61802 1 )
1-0.498383z * + 061282~

of H'Bp(z) and H'Bs(z) are given below:

. A plot of the magnitude responses

H'Bp(z) isgiven by H'BS(Z) =

1 .......... .......... ........... ......... i

IMagnimde

a i i i i i i i
0 0.2z 0.4 0.é 0.a 1 0 0.z 0.4 0.6 0.8 1
Normalized frequency Hormalized frequency

The magnitude response of Hpgp(z) + Hgg(2) is shown below on the left-hand side, while the

- I
gain response of }—| BF,(eJ(*’)l +|H Bs(€ w)l is shown below on the right-hand side:

Mwztration of allpazz complementary property Hnsteation of power complementay properts
T T T T 10 T T T T
| r r r T
o =1 - S SO o S PR SO
L k]
E TE = A S SO =
= I ™
S S
QL2 Frreree e
0 i i i i -10 ; ; ; ;
0 0.z 0.4 0.6 0.8 1 u} 0.z 0. 6 0.8 1
Hormsalized frequency Nnnmllzed frequency

M4.12 From Eq. (4.76), we first obtain b = 0.309017. From Eq. (4.77) we arrive at two possible
values of a: 1.376381 and 0.72654253 leading to two posible solutions:
) 1935996(1— 772 .o —0.3159258(1— 7 %)
Hpp(2) = and Hgp(2) = = =)
1+0947982 1 +0.61287 2 1+15469636z ~+1.631851682

It can be seen that HBP(Z) isunstable. A plot of the gain response of H'Bp(z) is shown below:

0z 04 06 08 1
MNornmalized frequency

M4.13 From Eq. (4.76), we first obtain b = 0.309016. From Eq. (4.77) we arrive at two possible
values of a2 0.72654253 and 1.376382 leading to two posible solutions:
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0. 86327126(1+ 0.61803% " + z‘2) and HL(z) = 11881910+ 0618033z +772)
1- 05335312+ +0.726542537 ° B 1_073434247 1 +137638277%°

It can be seen that H BS(z) isunstable. A plot of the gain response of H"BS(z) is shown below:

gs(d) =

0z 04 06 0.8 1
MNornmalized frequency

M4.14 (a) Using the following program we arrive at the two plots shown below:

=[22]; b2 =1[]1-1]; den =[3 1];
w = 0: pi/ 255: pi ;
hl = freqz(bl, den, w); h2 = freqz(b2, den, w);
sum = abs(hl) *abs(hl) +abs(h2).*abs(h2);
subplot(2,1,1);
pl ot (W pi abs(h1+h2)) grid
axis([O 10 1. 2]);

x| abel (' Norrral i zed frequency'); yl abel (' Magni t ude' ) ;
title('Illustration of allpass conpl enentary property');
subpl o (2 1, 2);
pl ot (W pi ,20*IoglO(surr)) grid
axis([0O 1 -10 10])
x| abel (' Normal i zed frequency');yl abel (' Gain, dB');
title('Illustration of power conpl ement ary property');
Iustration of allpsss complementary Property [Nustration of power complementary property
T T T T 1|:| T T T
1
%D.E ..................................................... . S S
= LU= T O SN =
A g "
B b L]
I R S S
0.z TP TP L ATRTIE CERTIEI AT [SERPTEI
0 : ' ' 1 -0 ; ; ; ;
0 0.z 3 0.5 1 0 0.2 0.4 0.6 0.5 1
Nnnmhzed frequency Hormalized frequency

(b) For this part, replace the first line in the above program with the following:
=[-12 0 1]; b2 =[3 2 3]; den =1[4 2 2];
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15 1 05 0 05 1 15
Real pait

-15 -1 05 0 0.5 1 1.5
Feal part

15 1 @5 0 05 1 15
Real part

-1.5 -1 -05 0 0.5 1 1.5
Real part
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0.z 0.4 0.6 0.8 1
Hormalized frequency

i} i i i i

0 0.z 0.4 0.6 0.3 1
Mormalized frequency
S A SR i
OBE L i
;:

_@Dlﬁ ..................................................... i
ED'4 ................................................... i
=2 T U A S U ]

o i i i i
] 0.z 0.4 0.6 0.8 1

Hormalized frequency

0.z 0.4 06 08 1
Hormalized frequency



0.8

0.6

0.4

Hormalized frequency

0.z

05 15

o5

0
Real part

15

0.6 0.8
Mormalized frequency

0.4

0.2

1.5

0 0.5
Feal part

-0.5

-1.5

(b)

M4.16 (a)

0%

B

0

-0.5
Real part

-1

Real part

G

0%

05

i}
Real part

15

15

0%

05

Feal pait

B

1
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©

—_

Trag inaory part
! o

—_

M4.17 (a)

(b)

(©

(d)

(e

M4.18 (a)

(b)

I e e e
[a] u x
c,
5 4 3 2 1 0 1-
Real pait
The stability test paraneters are
0. 0833 - 0. 2098 -0. 6106
stable =1
The stability test paraneters are
—0. 3333 1. 0000 2. 0000
stable = 0
The stability test paraneters are
0. 0278 0. 2317 0. 6503 0. 9147
stable =1
The stability test paraneters are
0. 0312 0. 2346 0. 6225 0.8726 0. 9630
stable =1
The stability test paraneters are
0. 1667 0. 0286 0. 3766 0. 3208 0. 5277
stable = 1
The stability test paraneters are
0. 2000 0. 2500 0. 3333 0. 5000
stable = 1
The stability test paraneters are
0. 4000 0. 2619 0. 0755
stable = 1
3 B
gz
Z.5 L
0. kO z T
M4.19 H(z)=—5+51+ I—‘Hz‘l—Ez‘Z. g 2 -t
4 2 4 g =
15
1D i-.IZI.2 0.4 0.6 0.8 1
Hormalized frequency
k, k 0 k; k,O k k
M4.20 H(z)=——2+-2z7t+q—2+ 20724+ 1,3 274
4 4 0o 2 20 4 4
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Magnimde

L

1]

0.z 0.4 0.6 0.a 1
Hormalized frequency
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Chapter 5 (2¢)

51 pt) = Zé(t - nT). Since p(t) is periodic function of timet with aperiod T, it can be

n=-o

o T/2
represented asa Fourier series: p(t) = z c.e @mt/T) \where c, = J' 3ty I G Ty = _%
n==co Ti2
_ - R - jemt/T)
Hence p(t)= nZ Ooé(t nm) == nzme .

5.2 Sincethe signal x4(t) is being sampled at 1.5 kHz rate, there will be multiple copies of the
spectrum at frequencies given by F; + 1500 k, where F; is the frequency of the i-th sinusoidal
component in Xg(t). Hence,

F1 = 250 Hz, Fim = 250, 1250, 1750, . . . . , Hz
Fp = 450 Hz, Fom = 450, 1050, 1950 . . . . , Hz
F3 = 1000 Hz, F3m = 1000, 500, 2500 . . . . , Hz
F4 = 2750 Hz, Fam = 2750, 1250, 250, . . . .,Hz
F5 = 4050 Hz, Fsm = 34050, 1050, 450, . . . .,Hz

So after filtering by alowpass filter with a cutoff at 750 Hz, the frequencies of the sinusoidal
components present in yg(t) are 250, 450, 500 Hz.

5.3 Onepossible set of valuesare F1 = 450 Hz, F» = 625 Hz, F3 = 950 Hz and F4 = 7550 Hz.

Another possible set of valuesare F; = 450 Hz, F» = 625 Hz , F3 = 950 Hz, F4 = 7375 Hz.
Hence the solution is not unique.

n
54 t=nT =——. Therefore,

4000
4001tNn . 1200 1in 44001TN . [05200T1tN
x[n]:3cosﬁ ﬁ+55| ﬁ ﬁ+600 ﬁ ﬁ+29nﬁ ﬁ
4000 4000 4000 4000

TN . [O3T1n 11mtn . p131n
=3005ﬁ—ﬁ+59nﬁ—%+ﬁcosﬁ—ﬁ+ Zsmﬁ ﬁ

10 10 10 10

N . 031N (20-9)1tn . 0(20-7)1n
= 3cosﬁ—ﬁ +59nﬁ—% + Gcosﬁ—ﬁ +29n ﬁ—ﬁ

10 10 10 10

TN . [O371n 91N . g7/Tn
= 3cosﬁ—ﬁ +59nﬁ—% +6cosﬁ—ﬁ —anﬁ—ﬁ.

10 10 10 10

5.5 Both the channels are sampled at 48.2 kHz. Therefore there are atotal of 2x 48200 = 96400
samples/sec. Each sampleis quantized using 15 bits. Hence the total bit rate of the two
channels after sampling and digitization = 15x 96400 = 1.446 Mb/s.

U2 nd

in(Q,1) in(QnT) o,
Sn [n n . 21T T

56 h (t)= c . Th ,h nT =—C, SlnceT=—,hence h (nT) = —.
W=y M™M= e T Q; () —

sin(rm
If Q.=Q /2 then, h (nT)= # =d[n].
5.7 After sampling the spectrum of the signal is as indicated below:
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X, 0%

0
20, -0y 0 Oy 20y 30, 4, S

21 Tt Q

T
T= =L Asaresult, . =—" = Hence after the low pass filtering the spectrum
20 Q. ¢T3 3
of the signal will be as shown below:
AL
e 0,08, 8y
3 3

5.8 (@) Q2=200mm Qp =160T1t Thus, AQ =Q»> —Q1 =401t Note AQ isan integer multiple of
Q»>. Hence, we choose the sampling angular frequency as

2x200T L . ;
Q1 =2AQ=2(Q> —Q1)=80T[=T, which is satisfied for M =5. The sampling

frequency istherefore Fr =40 Hz.
Xp(iQ)

Q
-160mt *  -80m-40m O 40m 80m 1201 1601 200TT
=120t

(b) Qy=1601 Q1 =120Tt Thus, AQ = Q> —Q; =401t Note AQ isan integer multiple of
Q- . Hence, we choose the sampling angular frequency as

2x160TT
Q7 =2AQ=2(Q2-Q4)=80T1= v which is satisfied for M = 4. The sampling

frequency istherefore Fr =40 Hz.

Xp(iQ)

) ' ¥ —Q
-160TT 12TO 80m-40m (0 40m 80m 1201 160T 200Tt
-120m
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(©) Qr=150m Qq =1101t Thus, AQ =Q»> —Q1 =401t Note AQ isnot an integer multiple
of Q,. Hence, we extend the bandwidth to the left by assuming the lowest frequency to be Qg
andchoose the sampling angular frequency satisfying the equation

2x150m L g
QT =20Q=2(Q2 -Qp) = , Which is satisfied for Qg =100t and M = 3. The

sampling frequency istherefore Fr = 50 Hz.

Xp (iIQ)
WNCNC NN
= = S = = o
T i -7
5.9 ap=-20logio(1- 8p) and as=-20log10ds. Therefore, 5, =1~ 107%7'% and s =1079s/20
(@ ap=015 as=43, Hence, op = 00171 and ds = 0.0071
(b) ap=004, as=57. Hence dp = 00046 and ds = 0.0014
(0 ap:o.za og =39. Hence, 6p = 00261 and o5 = 00112
5.10 H (9 =——. Thus, Hl(JQ)—_— and hence, i.e. Hl(JQ)l Z.02
H.( Q)| |sam0noton|cally decreasing function with [H,(jO)| = 1 and |H,(jo)| = 0. Let the
2
2
3-dB cutoff frequency be given by Q.. Then, Hl(jQC)| = azi 2 =%, and hence, Q. =
C
. 2
_ s o JQ 2 Q
511 Hy(9 == Thus H2(jQ)—jQ—+a, and hence, H,(jQ)|” = T o7

2 . .
H,(j®)|" isamonotonically increasing function with |H,(j0)| = 0 and |H,(je)| = 1. The 3-
2

Q
dB cutoff frequency is given by 2 < and hence, Q. =

+o2 2
512 H (9 =—2=1m-572 and H (9=—>— +; Thus, A1(s) = 1 and Ao(s) =
! Hl val 27 s+a 2H1 al 1 A

S—

sT Since IAl(jQ)l Land |A,(jQ) =1 0Q hence A1(s) and Ax(s) are both allpass

functions.

bs ibQ _ b?Q?>

513 Hy(9 =————. Thus, H,(jQ)=————, hence |H,(jQ)|" =

s +bs+Q?2 jbQ+Q% -0 b’Q* +(Q5 - O)*

Now at Q =0, h1(10)|:0andat Q=o, |Hy(joo)) =Oandat Q=Q,, H,(jQ,)| = 1. Hence
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2.2
b Q
H1(s) has abandpass response. The 3-dB frequencies are given by c =
1 b°QZ +(@Qf - 0%)°

Thus, (Qg—Qg)2 =b2£2§ or Qg —(b2+2§2§)§2§+§2;1 =0. Henceif Q; and Q, aretheroots
of this equation, then so are -Q,, —Q,, and the product of therootsis Qé. Thisimplies
Q,0,=02 Also QF +Q35 =1 +202. Hence (Q, - Q;)* = b” which gives the desired resuilt

Q,-0,=b.
2 2 2 2 2 2.\2
ST+ Q - 2 (Q° —Qy)
5.14 Hy(9 = 5> . Thus, H,(jQ) = ——>5—— hence, H,(jQ)| = > -
27 Pabsr QF 2 Q-0 +jbo H2(i9) (Q%-Q2)%+1°Q°

Now, }—Iz(jO)l =1, Hz(jw)lzl and }—|2(on)| =1. Hence, Hy(s) has a bandstop response. Asin

the earlier problem one can show that Q,Q,, = Q(ZJ and aso Q, -Q, =b.

0 2 2 0 2 20
1 S —bs+QOD 1 1 S —bs+QOD
5.15 H,(9==rl-5——25 = S{A,(9-A,(9} and H,(9=Zrl+ ——3F =
1= - 780 = {A - A 29 =5+ 5 — 37
0 ol 0 ol
1 B _sz—bs+§2§
§{A1(8)+A2(S)}. Thus, Al(s)—land AZ(S)—m. Now

(0}
o - =)+’
2 (9(2)_92)2+ 202

to be an allpass function.

=1, and ishence Ay(s) is an allpass function. A4(s) is seen

Kk . 2 ~
R 1 d*@/H, () 2Nk
5.16 Ha(JQ)l = @0 )2N ) JOK =2N2N-DL 2N-k +1) SN Therefore
¢ Cc
k RN ‘ o
d @/ Q d 4 (o
Lﬁj)l) =0fork=1,2,...,2N-1. or, eCIUiVa|ent|y, (l a(]k )l ) — 0 for
dQ 40
Q=0 0=0

k=1,2,...,2N-1

1 . . 0lqQ . .
0=-0.5,, whichyields € =0.3493. 10lo —= =-30, whichyields
L+c2 y glOHA2H y

0
1 8 1 JA?-1 999
A2 =1000. Now, —=—S = — =38095238 and — = = = 90.486576. Then,
k Q, 21 Ky £ 0.3493
N = Jogo@/ ky) _ 904866

log;p(1/ k) ~ 3.8095

g
517 10 Ioglog

@)

from Eq. (5.33) we get =33684. Hence choose N = 4 asthe order.

 T(N+21 -1)
5.18 The poles are given by o =chJ 2N L1 =1, 2,K,N. Here, N =5and Q¢ = 1. Hence

p=e8710 = _03000 + j0.9511, p, =e/8™0 = _0.8000 +j 05878, p3=e10710=_1
ps=e210 = _ 08090 - j 05878 =p>, and ps =& 8™10 = -0.3000 - j0.9511=p;.

174



5.19

5.20

521

5.22

From Eqg. (5.39) Tn(X) = 2X Tn-1(X) — Tn=2(X) where Ty (x) isdefined in Eg. (5.38).

Casel: IX|<1 Making useof Eg. (5.38) in Eq. (5.39) we get
Tn(X) = 2xcos((N -1 Ed:os_l(x)) - cos((N -2) E:os_l(x))

1

=2xcos(Ncos ~x — cos_lx) -cos(N cos 1x - 2cos_1x)

= 2x[cos(N cos_lx) cos(cos_l x) +sin(N cos ™t x)sin (cos_lx)]

- [cos(N cos_lx) cos(2 cos ™t X) +sin(N cos_lx)si n(2 cos ™t x)]
=2xcos(N cost X) [eos( cos t X) — cos(N cos * X) [&os(2 cost X)
=2x2 cos(N cos t X) —cos(N cos_lx) Eﬁz cosz( cos * X) = 1]

= cos(N cos * x)[2 x% —2x% + 1] =cos(N cos_lx).

Case?2: |x|>1. Making use of Eq. (5.38) in Eg. (5.39) we get

Tn(X) = 2xcosh((N -1 [tosh‘l(x)) - cohs((N -2) u:osh‘l(x)) . Using the trigonometric
identities cosh (A — B) = cosh(A)cosh(B) —sinh(A) sinh(B), sinh(2A)=2sinh(A)cosh(A), and
cosh(2A) = 2cosh? (A) -1, and following asimilar algebraasin Case 1, we can show

Tn(X) = 2xcosh((N -1 u:osh‘l(x)) - cohs((N -2) u:osh‘l(x)) = cosh(N cosh ™ 1x).

01 O 010
10log, 0 0=-0.5,, whichyields € =0.3493. 10log,~0—0=—-60, which yields A2 =
910D1+ 20 y gloDAz H y
1 Q. 8 1 JAZ_1  Jooo
1000. Now, —= — = —=3.8095238 and —= = =90486576.. Then,
k Q D 2.1 k1 € 0.3493

cosh™(1/ky) _ cosh™(90.486576) _ 5.1983
cosh }(1/k) cosh™(3.8095238) 2.013

from Eq. (5.41) weget N = =2.5824. Wethus

choose N = 3 as the order.

1 1
From Problem 5.18 solution, we observe E =3.8095238 or k = 0.2625, and k_ = 90.4865769
1

or kq =0.011051362. Substituting the value of k in Eq. (5.52a) we get k' = 0.964932. Then,
from Eq. (5.52b) we arrive at p, = 0.017534. Substituting the value of in Eq. (5.52c) we get
p =0.017534. Finaly from Eq. (5.51) we arriveat N = 2.9139. We choose N = 3.

From Eq. (5.53) By (9 =(2N-1)By_4(9 +szBN_2 (9, whereB1(s) =s+ 1and Bo(s) = 2 +3s+
3. Thus, By(9) = 5B,(9+5°By(s) =5(s” +3s+3) +s(s+1) =s° +65° + 15+ 15, and
B (9 =7B4(9+5°B,(9 = 7(s> +65° +156+15) +°(s* +35+3) =5 +10s° + 455 +1055+ 105,

Thus, Bs(s) =9B4(9) + B3 (s) =9(s* + 10> + 455 +105s+105) + (° + 6% +155 + 15)
=< +15¢" +105s° +420s? + 9455+ 945, and
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5.23

Be(9) = 11B5(S) +5°B4(9) = 14 + 15s* + 105> + 420 + 9455 + 945,)
+ (s +10s° + 4552 + 1055 +105) =<0 +21s° +210s* +1260s° + 47255 + 103955 + 10395,

We use the lowpass-to-highpass transformation given in Eq. (5.59) where now
Qp=2m(0.2) =041 and Qp =2m(2) =41 Therefore, from Eq. (5.59) we get the desired

00, 16m 15791367
transformation as s — pf L S = . Therefore,
Hep(©) = HLp(S)L 15791367 = 4.52 ~ 452
HPSI = TIPS — 157913672 (115791367 45252 + 47.3741s+2.49367
ﬁ—s i 3@—3 T+as2

524

525

We use the lowpass-to-bandpass transformation given in Eq. (5.61) where now
Qp=2m(0.16) =0.321, Q o = 2T(3) = 671, and Q p2 — Q py = 21(0.5) =T Substituting these
0 +36m0 & +367C

valuesin Eq. (5.59) we get the desired transformation s - 0.3211[g 0= .
N 0 3.125s
2 0
ad
00560 S+ o ol
o 31255 1 0
Therefore Hep(9) = HLp(9)|  s°+36m° = >
> S1ms 02+ 36m20 0 + 3620
——[ +1.06D—[|+
0 3125s [ 0 3125s [

_ 0.056(s* + 49,615 + 70695.62)
s? +331255° + 721 646675 +1176.955+ 126242.182

Q= 27(5) x105, Q=2m(05) x10°, d,=03 dB and Gs=45 dB. From Figure5.14 we

0
H1+ 82

observe 1010gso @ =-0.3, hence, €2 =10%%% - 1=0.0715193, or € = 0.26743. From

1
Figure 5.14 we also note that 10 |0910§F§ = -45, and hence A2 =10*® =31622.7766. Usi ng

€
these valuesin Eq. (5.30) we get k1 = =0,001503898.

To develop the bandedges of the lowpass prototype, we set Qp =1 and obtain using Eq. (5.59)

Qp 5 . . Q, 1 I
Q¢ =-=—=—=10. Next, using Eqg. (5.29) we obtain k=— =— =0.1. Substituting the
s 05 Qg 10

. |0g10(1/ kl)
al f k and k Eq. (5. et N = ——
values of k and kp in Eqg. (5.33) weg Togy0(L/ k)

order of the lowpass filter which is aso the order of the highpassfilter.

=2.82278. We choose N = 3 asthe

To verify using MATLAB er use the statement
[N,Wwi] = buttord(1, 10,0.3,45,"'s")
whichyieldsN = 3andWh = 1. 77828878.
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5.26

527

Fo1 =20 x10%, Fpp =45x10°, Fg=10x10°, Fg =60 x10°, ap=05 dB and as=40 dB.

We observe Py = 20x 45x 10° = 9 x108, and FgRsp =10x 60x 10° = 6 x 108 Since
Iesllesz # IA:pllA:pz , we adjust the the stopband edge on the left to Iesl =15x10° in which case
Iesllesz = IA:pllA:pz = Fg =9x108 The angular center frequency of the desired bandpassfilter is
therefore Qg = 21FR, = 211% 30 X 10°. The passband bandwidth is

Bw =Qp2 = Qp1 =271 25x10°

To determine the banedges of the prototype lowpass filter we set Q, =1 and then using Eq.

02-02 302-152 Q, 1
(5.62) we obtain Qg =Q 22— = =1.8. Thus, k= —2 = — = 0.5555555556.
04B,  15%25 Q. 18

Now, 10log;0" @ =-0.5, and hence, €2 =10°9% - 1=0.1220184543, or € = 0.34931140019.

1+¢?
1
In addition 10 Iogloﬁﬁa =-40 or A =10* =10000. Us ng these values in Eq. (5.30) we get

€
= 0.00349328867069. From Eq. (5.52a) we get

Ja2_1

k= Jl — k? = 0831479419283 and then from Eq. (5.52b) we get

k1=

1- k'
Po = 2(1+—‘I‘/_k_) =0.02305223718137. Substituting the value of py in Eq. (5.52c) we then get
p =0.02305225. Finally, substituting the values of p and kj in Eg. (5.51) we arrive at
_ 2loglo(4/ kl)

=3.7795. We choose N = 4 asthe order for the prototype lowpass filter.
log1p(1/ p)

The order of the desired bandpass filter is therefore 8.

Using the statement [ N, Wh] =el | i pord(1,1.8,0.5,40,'s') weget N = 4 and
W = 1.
For =10 x10%, Fyp =70x10°, Fg=20x10°, and Fg =45x10°, Weobserve

ForFp2 = 700 x10%2, and FgRsp = 900 x10%2. Since FyyFyz # FgFe. we adjust the right
stopband edge to |552 =35x 106, in which case |Ep1f:p2 = Iesllesz = ﬁg =700x10%. The
stopband bandwidth is By, =Q &p —Q ¢ =21 x 15x108

177



5.28

5.29

1
1+ €2

Now, 10 |og10§ @ =-0.5, and hence, €2 =10%% - 1=0.1220184543, or € = 0.34931140019.

1
In addition 10 Iogloﬁﬁa =-30 or A% =10°=1000. Usi ng these valuesin Eq. (5.30) we get

= 0.01105172361656.

€
Ja2-1
To determine the banedges of the prototype lowpass filter we set Qg5 =1 and then using Eq.

: Q «1Bw Q p
. = S ~ = 0 0 y = = . .
(5.65) we obtain Qp = Q 52 0.3157894. Therefore, k o 0.315789%4.

_ Q2
(0] sl S
cosh (1 /k
Substituting the values of k and kj in Eq. (5.41) weget N = W =2.856. We choose
co

N = 3 asthe order for the prototype lowpass filter.

The order of the desired bandstop filter istherefore 6.

Using the statement [N, WA] = cheblor d(0. 3157894, 1,0.5,30,"'s') weget
N = 3andWwh = 0. 3157894.

From Eqg. (5.59), the difference in dB in the attenuation levels at Qp and Q isgivenby
IIIQ {

20N IoglOH—OE. Hence for Q =2Q ), attenuation differencein dB isequal to 20N log,,2 =
1900 P

6.0206 N. Likewise, for QO = SQp, attenuation differencein dB isequal to 20N Ioglo3 =

9.5424 N. Finaly, for Q= 4Qp,attenuation differenceindB isequa to 20N log,,4 =
12.0412 N.

The equivalent representation of the D/A converter of Figure 5.39 reduces to the circuit shown
below if the | —this ON and the remaining bitsare OFF, i.e. 8, =1 and a, =0, k#1.
""""""""""" VO,I

2N -1 2| 2I -1 2| -2 20 GL

a Vg

In the above circuit, Y isthe total conductance seen by the load conductance G| whichis

N-1
givenby Y, = 22' =2N —1. The above circuit can be redrawn as indicated below:
=0
@ Vol
2I—l v _2I—l GL
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-1
Y, + G,
theorem, the general expression for the output voltage V is thus given by

N ol-1 -1
V, = V 2 1g —ne——1
072 VG ART Z @ R R

Using the voltage divider relation we then get V), = a,Vg. Using the superposition

5.30 The equivalent representation of the D/A converter of Figure 5.40 reduces to the circuit shown
below if the N-th bit is ON and the remaining bitsare OFF, i.e.an =1, and ¢ = 0, k # N.

\Y,

2
¢ G >
2 3 Gu
+
aNV
which simplifies to the one shown below
Von
S —+G
2 2 L
+
ayVr
G
) R
Using the voltage-divider relation we then get VO,N = ﬁ ayVR= Z(TLR) ay VR
E+GL+E L

The equivalent representation of the D/A converter of Figure 5.40 reduces to the circuit shown
below if the (N-1)-th bit is ON and the remaining bits are OFF, i.e. an_—1 = 1,and g = 0, Kk #
N.

G

o Vo N-1
G
= G
2‘% -
V

aN-1YR

The above circuit simplifies to the one shown below:

+NI1 @
NI

G
. 2 VoN-1
G G G
2 2 AR
+
aN-1VR
Its Thevenin equivalent circuit isindicated below:
Vo,N-1
9 9 +G
2 2 L
+

a
N—lV

2
from which we readily obtain
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531

Nl ®

v =2 &4, __ R &,
ON-1"G+G, 2 R 2R +R 2 F

Following the same procedure we can show that if the | -th bit is ON and the remaining bits are
OFF, i.e. a, =l,andag =0,k # | , then
AL N T
o, Z(RL +R) oN-I" "R
Hence, in general we have
N R a
Vo= lzle(RL +R) 2N

I
Vg

From the input-output relation of the first-order hold we get the expression for the impulse
o(nT)-o(nT - T)
T

response as h¢(t) =o(nT) + (t=nT), nT<t<(n+1T. Intherange 0<t<T,

0(0) =o(-T t
the impulse response is given by hs(t) = d(0) + %t =1+?. Likewise, in the range
T)-6(T-T t
T <t<2T, theimpulseresponseisgiven by hf(t)ZB(T)‘FW(t_T):l_?.
Outside these two ranges, h¢(t) =0. Hence we have
h (t)
. 2
D1+?t, 0<t<T,
A 1
hf(t)=%1—$ T<t<2T,
O o, otherwise t
H 0 T 2T
-1

Using the unit step function p(t) we can write

ne() = F+ Hu® - - 1]+ ZHue -1 -ue-2m)]

2(t-T)
T

= u(t) + %p(t) - H(t-T)+2u(t-T) - p(t -2T) + ﬁt ZTﬁp(t—ZT) + 21(t - 2T).

Taking the Laplace transform of the above equation we arrive at the transfer function

_ _ _ _ _ _ 2
H(S)-l+ 1 _ZDe sT+2esT_e2$T+1De 25T+2628T_ﬁ1+STﬁDl—eSTD
I=s" T2 T &2 s s T & s 0T % s H

Hence, the frequency response is given by

OT 2
o\ _p+joril-e 0T 28n(QT/2)72 . 4
Hf(JQ)=ﬁ _JI_ ﬁg T % =11+ QZTZ@%@ Qi OTan o1
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A plot of the magnitude responses of the ideal filter, zero-order hold and the first-order hold is
shown below:

15
First-order hold
1 Ideal
Zeyo-order hold
0.5
0
0 1 2 3

Q

5.32 From the input-output relation of the linear interpolator we get the expression for the impulse

response as hg(t) =3(nT -T)+ NT), nT<t<(n+1)T. Intherange

0(0)-3(-T)
T

o(nT)—&(nT-T) (t-
T

0<t<T,theimpulseresponseisgivenby h¢(t) =&(-T)+ t, and in the range

T <t<2T, theimpulseresponseisgiven by h(t)=9(0)+ M(I—T), Outside these two

ranges, h¢(t)=0. Hencewe have
h (t)

E L ost<T,
E T
t
hf(t):gz—? T<t< 2T,
E 0, otherwise t

Using the unit step function p(t) we can write

e(0) =2 [0 -t =T+ 2= St T) - e - 21)]
t

= 20 - A Due -+ 2 ye-2m,

Taking the Laplace transform of the above equation we arrive at the transfer function
0p~ST o 2T  [j_gsT?

Hf(s):%— 77 +esz-|- =T% == % Hence, the frequency responseis given by

O1_ cIQT0? (g 2

, 1-e sSnQT/2)2" _jor

H (jQ)=TE—0 =Tp——= :
1(19) %jQT% T ar/z 0°

A plot of the magnitude responses of the ideal filter, zero-order hold and the first-order hold is
shown below:
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M5.1 Using the MATLAB statement
[N, Wi] = buttord(2*pi *2100, 2*pi *8000, 0.5, 30, 's')
wearriveat N = 4 and the 3-dB passband edge frequency Wh = 21199. 429284 rad/sec.
M5.2 Using the MATLAB statement
[N, Wi] = cheblord(2*pi *2100, 2*pi *8000, 0.5, 30, 's')
wearriveat N = 3 and the passband edge frequency Wh = 13194. 689145 rad/sec.
M5.3 Using the MATLAB statement
[N, Wi] = el lipord(2*pi *2100, 2*pi *8000, 0.5, 30, 's")
wearriveat N = 3 and the passband edge frequency Wh = 1. 3194689145 rad/sec.
M54 WeuseN = 4andWh = 21199. 429284 computed in Exercise M5.1 in Program M5_2

anduseonmega = 0: 2*pi : 2*pi *9000; to evaluate the frequency points. The gain plot
developed by running Program 5_2 is as shown below:

Analog Lowpass Filter Pasband Details

10 0.5

0
10} 1 ° \\
20} E I

05} X

-30} ]

O M M M M -l | | | |

0 2000 4000 6000 8000 10000 0 500 1000 1500 2000 2500
Frequency, Hz

Frequency, Hz
M55 WeuseN = 3 computed in ExerciseM5.2andand Fp = 2*pi *2100 and Rp = 0.

in Program M5 _3and useonega = 0: 2*pi : 2*pi *8000; to evaluate the frequency
points. The gain plot developed by running Program 5_3 is as shown below:
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Analog Lowpass Filter 05 Passband Details

0 M M M M M M M M
0 2000 4000 6000 8000 0 500 1000 1500 2000) 2500
Frequency, Hz Frequency, Hz

M5.6 We replace the statement
Rp = input (' Passband edge frequency in Hz
Rs = input (' Stopband edge frequency in Hz
[ num den] = chebyl(N, Rp, Fp,'s'); with
[ num den] = cheby2(N, Rs, Fs,'s'); tomodify Progran5 3and useN = 3
computed in Exercise M5.2and Rs = 30 inthe modified Program M5 3 and usew =
0: 2*pi : 2*pi *8000; to evaluate the frequency points.

") ; with
'); andreplac

The gain plot developed by running the modified Program 5_3 is as shown below:

Analog Lowpass Filter 05 ' Pass'band Det'ails

0
-10
-20 . 0

I- N
-40 | -0.5}
-50
-60 -1 L L L L
0 2000 4000 6000 8000 0 500 1000 1500 2000
Frequency, Hz Frequency, Hz

M5.7 WeuseN = 3andWh = 1. 3194689145 computed in Exercise M5.3 in Progr
M5 3andusew = 0: 2*pi : 24pi *9000; to evaluate the frequency points. The
developed by running Program 5 [3 is as shown below:

0.5

Analog Lowpass Filter Passband Details

-60

0 2060 40(30 GOE)O 80(.)0 0 500 1000 1500 2000 2500
Frequengy, Hz Frequency, Hz

M5.8 The MATLAB progran] used is as given below:
[N, WA] = buttord(1, 10,0.3,45,'s")
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[B,A] = butter(N, W, 's")

[ num den] = | p2hp(B, A, 2*pi *5e6)

figure(l)

onega = [0: O0.1: 20];

h = freqgs(B, A onega);

gain = 20*1 ogl0(abs(h));

pl ot (omega,gain);grid;axis([0 20 -80 5]);

x| abel (' \Orega'); ylabel (' Gin, dB)

title(' Anal og Lowpass Filter")

figure(2)

omega = [0: 10000: 10e6*pi];

h = fregs(num den, onega) ;

gain = 20*1 ogl0(abs(h));

pl ot (omegal/ (2*pi),gain);grid;axis([0 5e6 -80 5]);
x| abel (' Frequency in Hz'); ylabel (' Gain, dB')
title(' Anal og H ghpass Filter')

5.6235
+ 3.556652 +6.32465+ 5.6235

HLp(s) =
LP(S) 3

Analog Lowpass Filter Passband Details

0 0.5
-20F
0 o
I-4O | I x
_0_5 .
60}
-80 -1 1 1 1 1 1
0 5 10 15 20 0 02 04 06 08 1
Q Q

3 +44345x 1092 + 9.0568 x 10 2s +4.2847 x10™ 1

Hup(s) =
s3+35333x10" & + 6.242 x 10" s+ 55137 x 107

. . Passband Details
Analog Highpass Filter 05 . .

OF

I-O.5 :

] ] ] ] -1
0 1 2 3 4 5 3 4 5
6 Frequency in Hz X 10

Frequency in Hz x 10

M5.9 The MATLAB program used is as given below:

[NNw] = ellipord(1,1.8,0.5,40,'s'
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[B,A] = ellip(N 0.5,40,W,"'s")
[ num den] = | p2bp(B, A, 2*pi *30e3, 2*pi *25e3)
figure(l)

onega = [0: 0.01: 4];

h = freqgs(B, A onega);

gain = 20*IoglO(abs(h));

pl ot (omega,gain);grid;axis([0 4 -80 5]);

x| abel (' \Orega'); ylabel (' Gin, dB)

title(' Anal og Lowpass Filter")

figure(2)

omega = [0: 200: 200e3*pi];

h = freqs(nunlden,onega);

gain = 20*1 ogl0(abs(h));

pl ot (onega/(z*pl) galn) grid; aX|s([O 100e3 -80 5]);
xlabel( Frequency in Hz' ) yIabeI( Gain, dB')
title(' Anal og Bandpass Filter' )

0.01s* + 017921 +0.44866
4 +1.1789s> +1.75585% +1.0845s + 0.47524

HLp(s) =

Analog Lowpass Filter 05 Passband details

-20

-60

1 S S 1

0 1 2 3 4 0 02 04 06 08 1
Q Q

1.0002 x107%s® —2.3081 x 10125’ +5,8434 x 10°S° - 6.4605x 1071 <° +6.6313 x 100 s*
-3.9221 x10'%s3 + 73769 x10%0? - 31971 x 10%%s + 1.5941 % 10
P +1.8519%10°s” +1.8544 x10M' P + 23043 x 10'° & + 1.0942 x 10¥ &
+8507 x 10%%s3 + 2.3411 x 10%%s? +8.3065 x 10%0s + 1.5937 x 10%

Hep(s) =

Analog Bandpass Filter Passband details
0 . . . . . . . .

-20 I
I\AO n\)//\\\\d////f\\\\u/fq

-60

-80 -1 1 1 1 l l

0 2 4 8 10 D 2.5 3 3.5 4 4.5
Frequency i Hz x 10% Frequency in Hz x 104
M5.10 The MATLAB program|used is as given below:

[N, Wi] = cheblord(0.3157894,1,0.5,30,'s')
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[B,A] = chebyl(N, 0.5 WA, 's")

[num den] = | p2bs(B, A 2*pi *sqrt (700)*1076, 2* pi *15e6)
figure(l)

onega = [0: 0.01: 10];

h = freqgs(B, A onega);

gain = 20*1 ogl0(abs(h));

pl ot (omega,gain);grid;axis([0 4 -70 5]);

x| abel (' \Orega'); ylabel (' Gin, dB)

title(' Anal og Lowpass Filter")

figure(2)

omega = [0: 100000: 160e6*pi];

h = fregs(num den, onega) ;

gain = 20*1 ogl0(abs(h));

pl ot (omegal/ (2*pi),gain);grid;axis([0 80e6 -70 5]);
x| abel (' Frequency in Hz'); ylabel (' Gain, dB')
title(' Anal og Bandstop Filter')

Lo = 0.022538
LP) T 3 1039566 — 0.15306s +0.022538

Analog Lowpass Filter 05 Pass'band Det'ails
0 r r r
-20¢
I-4O -
-60}
0 1 2 3

8 - 2.6591x 10785° + 8.2905 x 10'%s* - 1.4698 x 10°s
+2.2911 x10%3s? - 2,031 x 10%°s +2.1104 x 10™
+6.4007 x108s° + 2.3884 x10%s* +7.2521x 10%°s
+6.6003 x 1033 + 4.8881x 10*'s +2.1104 x 10*

Hps(s) =
BS() 56

Analog Bandstop Filter Passband Details

0.5

I—0.5 -

0 2 L[ 4 6 8 0 2 4 6 8
-fequency in Hz X 107 Frequency in Hz x 10
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M5.11 The MATLAB program to generate the plots of Figure 5.48 is given below:

% Dr oop Conpensati on
w = 0: pi/ 100: pi ;

hl = freqz([-1/16 9/8 -1/16], 1, w;
h2 = freqz(9, [8 1], wW;
wl = O;

for n = 1: 101
h3(n) = sin(wl/2)/(wl/2);
wl = wl + pi/100;

end

mL = 20*| ogl0(abs(hl));
m2 = 20*1 ogl0(abs(h2));
m = 20*1 0gl0(abs(h3));

plot(wWpi, n8, 'r-', wWpi, nm+nB, 'b--'",wpi, nm2+nB, " 'r-
")igrid

x|l abel (' Nornal i zed frequency');ylabel (' Gain, dB);
text(0.43,-0.58," DAC ,"'sc');text(0.85,-0.58,"IIR,"'sc');
text(0.85,-1.67,' FIR ,"'sc');
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6.1 From Figure P6.1, we get w[n]

6.2

Chapter 6 (2¢)

=AX[n]+CDu[n]), and y[n] =C(A Bx[n]+u[n]). These
two equations can be rewritten as w[n] = Ax[n] +A CDu[n], and y[n] =CA Bx[n]+Cun].
The corresponding realization shown below has no delay-free loop:

A

x[n] HE win]

1ufn]

€Y

Y(2)

X3(2) Y3(2) X2(2) Y2(2)

Analyzing the above figure we get (1): W(z) = X(2) — a1Y3(2), (2): Y2(2) = W(z) + k1Y 2(2),
(3): Y3(z) =k2Y2(2) +X2(2), and (4): Y(2) =a2W(2) + X3(2).
From Eqg. (2) we get (5): W(z) = (1-Kk1)Y2(2). Substituting Egs. (3) and (5) in Eq. (1) we get
1
(1-k2)Y2(2) =X (@) ~e1(kaY2(2) + X2(2) or (6): Y2(2) = T3 o (X(2) ~0uX2(2).
1 U1K
Substituting Eqg. (5) in Eq. (4) weget (7): Y(2) =a2(1-k1)Y2(2) + X 3(2).
A realization based on Egs. (6), (7) and (3) shown below has no delay-free loops.

Y2(2)

X(2) 1- k1+ aky
*2(2)

Y3(z)
X2 k2

. " e
Y (2) + {m 02(1—k1w1

()
5

s
I R
X(2) Y2(2) Xo2(z) ij(Z) X3(2)

——+ Y (2)

§

RS
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6.3 H(2) =

6.4

Analyzing the above figure we get (1): Y2(2) = X(2) +8Y(2), (2): Y3(z) =BY2(2) + X2(2),
and (3): Y(2)=X3(2)+yY2(2). From Egs. (1) and (3) we get

Y2(2) = X1(2) +8(X(2) + Y Y2(2)), which yields (4): Y2(2) = 16 y(esx<z) +X3(2)). Next,
substituting Eqg. (4) in Eqg. (3) we get
(9): Y(@)=X3()+yY2(2) =X3(2) +

5 (X@)+ 3% 2(2) = 175 (X () +X(2)

-dy
A realization based on Egs. (2), (4) and (5) shown below has no delay-free loops.

Y2(2)

1
Gy(z -2z71 2
1(2) o 122 = —. Thepoleisat z=——. Therefore, the
1-Gy(29Gx(2) - K (1-K)-2z 1-K
1-2z°

2
systemisstable if K <lieif -1>K >3

From the above figure, we get W, =K X + z_]W3, W, = z t-ayw,,
W, =aW, - [32_1W1 =(a - Bz_l)Wl, and Y = z_lvv2 +BW,. Substituting the third equation in
thefirst weget W, =KX + 7 o -pzYw,, or l-azt+ [32_2]W1 = KX. Next, substituting

the second equation in the last onewe get Y =[z “(z * - a) +f] W,. From thelast two equations

20
we findlly arrive at H(z) = < = K@BGZ—”@
X 1-0az ~ +pz

(@) Sincethe structure employs 4 unit delays to implement a second-order transfer function,
it is noncanonic.

-2 20
s 23B-az t+z B-az+z
(b) and (c) Wenext form H(zH(z ") =K @1—0(2 +l32 le_azﬂkzg
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2 MNa,2_ -1, .0 .
@@ |3_22 a_zl +1E = K2 Therefore, H(e’w)lz K, for all
z -0z +Bz

valuesof w. Hence H(ejw)l =1ifK =1.

(d) Note H(2) isan alpasstransfer function with a constant magnitude at all values of w.

X(2) +
Q
¥
W) r Y(2)

Analyzing the figure we get (1): W(2) = X(2) - klz_1U(z) + k22_1W(z),
2): U@z)=-koW(2) + 7 2W(z) = (—k2 + z‘l)W(z), and (3): Y(2) = a1z U(2) + a2 IW(2).

Substituting Eq. (2) in Eq. (1) we get W(2) = X(2) - klz‘l(—kz + z‘l)W(z) +koz W(2), or
1
1- (1 +Kky)koz T+ kez
~ky +z 71
1— (1+ Ky )kpz 1+ kyz
(0p —aqks) z__11+ 0(12__2l X(2), o
1-(A+ky)koz ~+kyz

2D|3—0(z_1+z
=K E = )
l-0az +pz

6.5
e

1-(1+kp)koz ™t + klz_z]W(z) =X(2),0r (4): W(2)=

= X(2).

Substituting Eq. (4) in Eq. (2) weget (5): U(z) = — X(2). Findly,

substituting Egs. (4) and (5) in Eq. (3) weget Y(z) =

_ (ap-asky)zt +agz™?
1- A+ k) koz T+ kz ™t

ko@+kp|<1+ky, or |ky|<1.

H(2)

For stability we must have |k1| <1, and

6.6

Andysisyields S,(2)=X(2)-S,(2), S,(2)=7"'S,@) +27S,(2), S,(2) = 8;5,(2) ~Z S, (2),
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Sy =az 'Sy~ 7 'S,(2), $,(0=S@ +7'S@), S5(2) =aS,() -7 'S(2), and
Y(2) =a,S,(2). Eliminating Sp(2), S1(2), Sp(2), S3(2), S4(2) and Sg(2) from these equations we
get after some algebra

_Y@_ a,(1+z71)3

H(z) = X(@) 1+@+a +ay)z t+(3+2a +2a,-aa,)2 2 +(1+a +a,-aa, ~aa,a,)z >

6.7

X(2)

Andysisyields Y(2) =0 X(2)+Bz 'R (2), W, (2) = X(2) -B,z 'R,(2),
R,(2) =Wy(2) +a 8,27 R (2), W,(2) =B,z 'Ry(2)— Bz W5 (2),
R, (2) = W(2) +0,By2 TR,(2), W4(2) =Byz 1R, (2) + 04852 Ws(2).
From the third equation we get W, (z) =(1- alﬁlz_l)Rl(z). From the sixth equation we get
Bzz_le @ W,(2)
l-apz 1-a,B,z7t
Rewriting the fourth equation we get W.,(2) B,z *W(2) =B,z 'R, (2), in which we substitute
the expressions for W3(z) and W1(2) resulting in
BBsZ " H a1
—(1_ q 3332_1) E =B,z "R, or
=11 -1
_ Bz (1-a 3_[3132 ) R,
BzB3Z + (1_ a 2[322 )(1_ a 3B3Z )
Combining Wy (2) = X(2) ~B,z 'R,(2), W, (2) = (1 - a,B,z 1)R,(2). and making use of the
expression for Ry(z) we arrive at
[32[332_2 +(1-aB 22_1) (1-a 3[332_1)
-2 -1 -1 -1 it -2 T, X
BPz (1-apz ) +(1-aBz)(d-0o,Bz)1-a Bz ) +B B,z “L-0,Bz7)
Substituting the abovein Y (z) =a X(z) + Blz_lRl(z), wefinaly get

W5(2) = From the fifth equation we get R, (2) =

Ry g(l— ARz Y +

R,(9=

Rq(2) = 2.

Y@ o+ B1[32[33Z_2 +B;|_Z_1(1 - aszz_l)(l - G3B3Z_1)
X(2) 0 @- G]_B]_Z_l) (1-a ZB 22_1) (1-a 3832_1)
+ByBaZ A(L- 0B 7 )+ B,7 P (L-agByz )

H(z) =
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Y(2)

Andysisyields Wy (2) = X(2)+Bz 'Wy(2), W,(2) =Bz W, (@) + B,z "W,(2),
W,(2) =Bz W, (2) + BaZ ' Wa(2), Wa(2) =Boz W,(2) -Bz W, ().
Bzt

m W2 (Z) and

+B,7 L -B,Ba7 20 S Bz |
et TR, 00 W= g g

[I -1 -1 -2 0
BoZ ~(1+ B3z = BB3z79) EYY

Bz - (B, +Bp)7 2 —Bp g on 0P

. BPz 21+B2 1 BBz D) -

From these equations we get W,(2) =

In addition, Wl(z)

Now, W - — — — ==X H

o Wo) =1 T B, + e -t Heree

W)= . _ 1+p5z" Bz(Bljzsg)z Blszssz‘_3 _ X(Z),
T BT O, B, Bpr - BB, PyT S PP EEE H

W.(2) = - Bz l(1+Bz 1B Bz ?) X(Z)

O BT B, BB, BPr T B R,B, B PP p
D -2 -1 D

BBz “(1+B5z™)

o) = TG g, B BT B, RS R pp @
D -3 D

Wi,(2) =H BoPyPyz 0X (2).

1+ Bz T= (BB, +Bofy +B Pz 2~ BBy, + Bz +B P B,B,7  F
Finaly, Y(2) =0 BoZ "Wy (@) + 0Bz "W, (2) + 0B,z W(2) + 0Bz W, (2). Substituting the
expressions for Wp(z), W1(2), Wx(z) and W3(2) in the above we get

Bz + (BB + A Byo)Z 7 + (@ BByBs + BB By~ BoB1By ~ APBPB)Z
Y@ _ +H-og+a, =0 +0,)ByBB P2z

H(2) = XQ - 1+I332_1 (BB, + BByt [30|31)z—2 —BB,(B, + [30)2‘3 + BOI31[32[332—4
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6.9

W(2) U2 ki

X(2) + Y (2)
i ky ko

Analysisyields (1): W(z) = X(2) +k1Y(2), (2): U(z)=

W(2) + koY (2), and

1- Z—l
3): Y@ = 1:'(21_ -U(2). Substituting Eq. (2) in Eq. (3) we get
4): Y(2)= 1:21_1 @1_12_1 W(2) + k2Y(z)§ = - (1_le_1)2W(z) - % Y(2). Substituting
Eq. (1) in Eq. (4) wethen get Y(2) = - (1_2—1_1)2[X(z) +kY(2)] - 1k_1531 Y(2)
T kl‘1)2 (2)- 1—ki‘1 gkl+fz z_lizz_lng)’ o
Eﬂ_+ Kyl kl(;_kj_;)‘;zz'l) ;Y(z) = (1_kz—1_1)2 X(2). Hence,
= YO s

TX@ T [Lrky(ky ko) -2+ kkp)z Tz

6.10 (a) A direct form realization of

H(z)=1- 35z +4.9272 -3.43273 +1.20052"% - 016807z ° and its transposed structure aare
shown below:

x[n] H, 1 ——r,1 +—H ;L ——n -1|——H -1

-35 4.9 -3437 1.2005 —0.16807

y[n]

o} Ho} Wt} W}

yIn]
-0.16¢

x[n]

(b) A cascaderealization of
H(z) =(1-07zH1-07zH1-072H1- 0721 1- 0722 isshown below:

x[r’ I:I 0.7 I:I -0.7 I:I 0.7 I:I 0.7 I:I 0.7 ]

(c) A cascaderealization of H(z) = (1- 0.72_1)(1— 14771 +O.492_2)(1— 14771+ 0.492_2) is
shown below:
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_n7 0.49 0.49

X[n] yin]
14 -1.4

W} W}

(d) A cascaderealization of H(z) = (1- 21771 +147772 - 0.3432_3)(1 -1.4z71+049 2_2) is
shown below:

-0.343 049

x[n] —— : yin]
2.1 0.98
+ 3 ‘- +

6.11 (a) H(2)= (h[O] +h[3]z3 + h[6]z‘6) + z‘l(h[JJ +h4)z73 + h[7]z‘6) +z‘2(h[2] + h[5] z‘3).
Hence, Eq(2) = O]+ 3z + h6]z™°, E;(2) =1 +h4]z 3 +h71Z°, E,(2)=h2]+h[5z">.

b
() Figureissame asin Figure 6.9 with h[8] = 0.
6.12 (a) H(z)= (h[O] +h2]Z2 + 4]z + h[6]z‘6) + z_l(h[l] +h3z 2+ 74+ h[7]z‘6).
Hence, Eq(2) = O]+ 2]z 2+ W4 Z* +h6] 2°, E,(2) = N1 +h 3]z 2+ h[5]z ™ +h[7]2"°.
(b)

NE
1

X(2) — 72

6.13 (a) H(2)= (h[O] +h[4] z‘4) + z_l(h[l] + h[5]z‘4) + z'z(h[Z] + h6] z‘4) + z‘3(h[3] + h[7]z'4).
Hence, Eq(2) = O]+ 4 Z*, E (2) = h[1] +h[5]z ™%,
E,(2) = h2] +h[6]z™*, E5(2) = i3+ 7]z ™.
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(b)

X[n] ¥ Hz1 Hz 1 vzl

h[o] h[1] h[2] h[3]
nE Wi nEh Ul

BLRS
:

X[n]

%h[ﬂ

dab

6.16 Consider first the case of N = 4.

H(2) = by + blz'l(l ++b,z Y1 +byz Y1+ b 4z‘1))) =by +byz Y1+ +b,2 14Dz T +bgb,z72))
= by +by 2 1+ b,z +b,b37 % +b,b3b,7 )
= by +b,Z T +bb,z? +bib,baz 3 + bybobab,z ™ = hO] + 1zt +h[2]z 7% + N3z~ +h[4]*,

Comparing like powers of 21 on both sides, we obtain h[0] = by, h[1] =b,, h[2] = b, b,,

h[3] = b;b,b,, h[4] =b,b,b,b,. Solving these equationswe get b, =h[0], b, =h[1], b, TE]]
b3 ES} and b, % In the general case, we have

b, =h[0], b, =h[],and b, = hik] 2<ksN

0 P K hk-2" "7

A nested realization of H(z) for N = 7 is shown below:
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T

I
17

6.17 G(2)= N2 H(z). A canonic realization of both G(z) and H(2) is as indicated on next page

for N=8.
h[0] %h[l] %h[z]
H1) H+

ol

+H(2)

6.18 Without any loss of generality, assume M = 5which means N = 11. In this case the transfer
functionisgiven by H(2) =

Z79\h[s] + 4]z +Z2 D+ NA@2 +Z272) + N[22 + 22 + N1 (E* +27%) +h[0](2 +27°).

Now, the recursion relation for the Chebyshev polynomial is given by

Tr (X) =2Xx Tr—1(x) = T—2(x), for r = 2with To(x) =1 and T1(X) =x. Hence,

To(X) =2xT1(X) — To(X) =2x% -1, T3(X) = 2xTo(X) — Ta(x) = 2x(2x2 -1)-x =453 - 3x,
Ta(X) =2x T3(X) — T2(X) = 2x(4x3 -3x) - (2x2 -)= 8x* —8x% +1,

Ta(X) =2x T3(X) — T2(X) = 2x(4x3 -3x) - (2x2 -)= 8x* —8x% +1,

We can thus rewrite the expression inside the square brackets given above as

Dz+z_1|] Dz+z_1|:| Dz+z_1D
h[5] + 2h[4] T[] O+ 2h[3 T2 0+ 2h[2] T3 0
0 0 0 0 0 0
DZ+Z_1D Dz+z_1|]
+2h[1] T4 0+ h[0] TsQ 0
0 0 0 0
2 3
07+ 7710 0 Oz +2710 O O 07+ 7710 DZ+Z_1DD
= h[5]+ 2n[4] 0+ 2h[3 2 0 —18+2h[2] B 0 -3Q o
0 0 %ZD 2 0 U 0'g o 0 2 ©
0 0 0 0
0g,4,10% 0,4, 107 O 0 0,471 Oy4,°10° 0,410
Z2+7Z Z+Z Z+Z Z+Z Z+27
+2h[1)Bp=——7 -8 0 +10+2h0] 167 0 - 207 0 +5 I
g0 d 0 0o 3 g O 2 0 b 2 [ o 2 O
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6.19

6.20

6.21 A canonic direct form Il redlization of H(z) =

S Oz +7710"
= Y Anl 5, where a[0]=H{5 - 21{3 +2h[1, al1)=2H{4] -61{2] +10K0]
=0

a2 = 4n3 -16 1], a[3]=8h2] - 40h[1], a[4]=16h[1], and a5 =32h0].

Os DZ-*Z_lunD Dl*—Z_ZD
A redlization of H(z) =z 0y a[n] 0 0 =q0z°+41z7%g 0
a4 0 2 oo 0 2 [
=0 0
2 3 4 5
|:|_’]_+ Z_ZD D1+Z_2D D1+Z_2D D]_+ Z_ZD
+a[2127%] 0 +a3z77 0 +d41z7'p 0 +d5]0 0
a U U d g U 0 2 [
is thus as shown below:
, 1+z'2 , 1+z_2 , 1+z'2 , 1+z'2 :1+z_2
z z z z 2

A0y a[lg &[2];}; &[3]; aH]z al5]
oz z71 27} z71 271

P2 _P@) P )
D(z) Di(2) Da(2) D3(2)
Note that the numerator of the first stage can be one of the 3 factors, P1(z), Po(z), and P5(2), the
numerator of the second stage can be one of the remaining 2 factors, and the numerator of the
third stage isthe remaining factor. Likewise, the denominator of the first stage can be one of
the 3 factors, D1(z), D»(z), and D3(z), the denominator of the second stage can be one of the
remaining 2 factors, and the denominator of the third stage is the remaining factor. Hence,

there are (3!)2 = 36 different types of cascade realizations.

Consider H(z) = Assume all zeros of P(z) and D(z) are complex.

If the zeros of P(z) and D(z) are dll real, then P(z) has 6 real zeros and D(z) has 6 real zeros. In
this case then there are (6! )2 =518400 different types of cascade realizations.

5 R@ | K
H(z) = |_| D_(z) Here the numerator of the first stage can be chosenin 11 ways, the
i=1 i

numerator of the second stage can be chosen in @K 1_ 1@ ways, and until the thereis only
possible choice for the numerator of the K-th stage. Likewise, the denominator of the first

stage can be chosenin @E@ ways, the denominator of the second stage can be chosenin

@K 1_ 1@ ways, and until the there is only possible choice for the denominator of the K-th stage.
Hence the total number of possible cascade realizations are equal to

BT B -

3+4z71-272 .
1737 +572+422 is shown on next page:
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0 _ac-1 OO -10
g 03 9i52 = %E 2+31z —H isshown below:
H1+21271-3272FH1+0672 LH

6.22 (a) A cascaderealization of H,(2) =

0.3 0.5 2
31

x[n] yn]
21 %7 -0.67

(EH

0 -1 na_nc,~10
H 2+3_'}Z _2%%0'3 0'52_1 % is shown below:
H1+217271-32725H1+067z

A cascade redization of H,(2) =

0 i 0
0 41zz-3) O ;2,04 0

(b) A cascade realization of H2(Z):é(z+o.3)(z—0.5)§522—2-0-15

0 -1 [ -2 [
41-1.3667z 1+04z .

=f EH is shown below:
H1-02z71-015z2H1-2"1+ 0.12"2%

H¥)
4.1 —4.1/3

0.4

x[n] yln]
0.2 0.15%7 I 0.1
TH i+

vl
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-2 Udpq— -10
1+0.4z 4.1 1.36672_2% i< shown below:

g
A cascade redization of H,(2) =E

1-0.2z71-015272 %@1—z‘1+ 0.1z

X[n]

U -1 0 -1 -2

3-21z 27+42z ~—-5z .
B EE is shown below:
H1+0527z7 1 1+271-034272 %

(c) A cascaderedlization of H3(z) =

3-21z71
1+z1-034772
/[n]

Y

6.23 (a) A partia-fraction expansion of H;(2) in 21 obtained using the M-filer esi duez gives

_ 06-007z71-15572 04454 01571 03117
H,(2 = 1 2 _ 3= 1 = 1
1+277z 1.593z 201z 1+3.0755z 1-0.9755z 1+067z

U27+42771-57720
1+0.52z71 %

d
% is shown below:

CIm 1

A cascade redization of Hj(2) = ;

{+

whose

realization yields the Parallel Form | structure shown below:
.0.-4454

] — gy
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A partial-fraction expansion of H,(2) in z obtained using the M-filer esi due gives

0.62%-0.0722 -1.552 g4+ 13699 01533  -2088
723 +27722-15932-201 z+3.0755 z-09755 z+067

-1.3699z71  01533z1  -2088z71
+ - + — + —
1+3.0755z71  1-0.9755z71 1+067z

H, (2=

whose redlization yields the Parallel Form |1

structure shown below:

+

—1.3699

xX[n] —

> vIn]

~0.1533]

—0.2088

b
0o Dr 0L

(b) A partia-fraction expansion of H,(2) in 271 obtained using the M-filer esi duez gives
4.17* - 1366723 +1.64 22 - 0.54672

74 -1.223+ 01522 + 0.13z- 0.015
75700 37014 32458 _ -30153

1-08873z71 1-05z1 1+03z1 1-01127z71
Form | structure shown below:

Ha(2) =

whose realization yields the Parallel

xX[n] —
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A partial-fraction expansion of H,(2z) in z obtained using the M-filer esi due gives
6.7176 N -1.8507 N -0.9737 N -0.3398
z-08873 z-05 z+03 z-01127

-1 _ -1 _ -1 _ -1
6.7176z _ 1.85072_1 N 0.97372_1 N 0.3398z — whose realization yields the
1-0.8873z 1-0.5z 1+ 0.3z 1-0.1127z

Parallel Form |1 structure shown below:

H,(2) = 4.1+

.h""l
v 6.7176
+ +

iI —1.8507
x[n] ::+i :D—(-‘E)—py[n]
-0.9737

.3398

b

~

(c) A partid-fraction expansion of H,(2) in z™* obtained using the M-filer esi duez gives

8.1+6.93271-23.82272+10.523 —24.2434 77.0449 14.6876
— — — = -59.3891 + — + — + =
1+152z - +0.18z - -0.1768z 1+1.2681z 1+ 0.52z 1-0.2681z

Hz(2) =

whose realization yields the Parallel Form | structure shown below:

—59.3891

N

—24.2434

77.0449
X[n] — +:2|—> y[n]
-0.52
14.6876
+ P
0.2681
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A partia-fraction expansion of H;(z) in z obtained using the M-filer esi due gives

_ 307434 -40.0633  3.938 30.7434z71  -40.0633z71 3938771
H,(z) =81+ + + =81+ -+ -+ —
z+12681 z+0.52 z-0.2681 1+1.26817 1+0.52z 1- 0.2681z
whose realization yields the Parallel Form Il structure shown below:
N2
V" 30,7434
, *
40,0633

T yIn]

¢
:

X[n] —

:
S w

6.24 A cascade realization based on the factorization

0 -1 0o -1 20
H@) = Z__ 504403622 "+ 0.022 - iqindicated below:
1+ 08271 +05272F1 1-04z .
HF}
0.44 X"O’BZ
T 0.02
X[n] g Nzt y[n]
0 BY 05 0 EF
i+
2+01z71 3+02z7% 1 6+0.721+002272
6.25 (a) H(z)= E

E = .
1+04z1 1-03z71 1-02z1 1-01z1-0.1422+0.02473
(b) y[n] =6x[n] +0.7x[n -1 + 0.02x[n — 2] + 0.1y[n —1] + 0.14y[n— 2] - 0.024y[n - 3.

(c) A cascaderedization of H(z) is shown below:

(d) A parallel form | redization of H(z) is obtained by making a partial-fraction expansion in
1.6667 11 —6.6667
+ )
1+0.4z71 1-03z11-0.2771

using M-Filer esi duez H(z) =
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whose realization is shown below:

1.6667
T :[}
11
X[n] — +:|—> y[n]
—6.6667
+ :[}

(e) h[n] =1.6667(—0.4)"u[n] + 11(0.3)" p[n] - 6.6667(0.2)"u[n].

1 03z% 1-03z7% 1
6.26 Y(2)= - = . = ———— Thus,
@ Y(2) 1-0.4z1 1-04z71 1-04771 @) 1-0271 '8
H@) = Y@ _(1-03z7h1-02z" _1-0521+00677°
X(2) 1-04z71 1-04z71 '
(b) y[n]=Xx[n]-05x[n—-1] +0.06x[n—-2]+0.4y[n-1].
(©
)
-0.5
0.06
x[n] yin]
04

(d) A partial-fraction expansion of H(z) in 27! obtained us ng M-file residuez is given

by H(z) = 0.875z 1-0.15+ %ji‘l whose redlization yields the Parallel Form | structure as

indicated below:

X[n] —

(e) Theinverse z-transform of H(z) yields h[n] =0.8758[n —1] - 0.153[n] +0.125(0.4)" p[n].
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1 o4zt _1-0477"
1-03z71 1-03z71 1-03z71

01— 11 - -1,\00q — -10
Y(2) = H2)X(2) _g-03z )d _(1)'22 )t 0'42_1” =1-0.27"1, whoseinverse
] 1-0.4z HH1-03z

z-transform yields y[n] =§[n] -0.29[n —1].

Therefore

(f) X(9)=

6.27 Figure P6.11 can be seen to be a Parallel Form Il structure. A partial-fraction expansion of
372 +18.52+175 .

H(z) = (2+05Z+2) in z obtained using the M-file residue is given by
H(z) =3+ % + . +60 3 Comparing the coefficients of the expansion with the corresponding

multiplier coefficientsin Figure P6.11 we conclude that the multiplier coefficient 2 should be
replaced with 6 and the multiplier coefficient 0.5 should be replaced with — 0.6.

6.28 Figure P6.11 can be seen to be a Parallel Form | structure. A partial-fraction expansion of

_ _ -1
H(z) = 325z-0) 3'75_11'52 — in 21 obtained usi ng the M-fileresiduez is
(z+05)(4z+1) 1+0.75z++0.125z
. 135 9.5 . . . .
given by H(z) = Comparing the coefficients of the expansion with the

1405271 1+025z71
corresponding multiplier coefficientsin Figure P6.11 we conclude that the multiplier
coefficient A = 13.5 and the multiplier coefficient B = —0.25.

Y2 _ 1+a+p

X@ 1+az t+pz 2
isgiven by y[n]+ay[n-1]+By[n—-2] =(1+a + B)x[n], which can be rewritten in the form
y[n]=x[n]+a(x[n]—y[n-1]) + B(X[n] -y[n—2]). A redlization of H(z) based on this equation is

thus as shown below:
i [:ﬁ
=4
Wt

z[n] — ‘ HE—1— ¥[n]

6.29 The difference equation corresponding to the transfer function H(z) =

2—1

{9l-1]
¥ln-2]
6.30 (a) The difference equation corresponding to the transfer function

1+, +0,)(1+2z7 1 +772
Y(Z):( 1+ap) > )isgiven by

H(z) = - -
X(2) 1-0a,z 1+0(22

yin]+ o y[n =1 -a,y[n=2] = @+ a, +a,)(X[n] +2X[n —1] +X[n = 2]), which can be rewritten as
yin] =(x[n] + 2x[n=1] +x[n=2]) + a4 (y[n =1 =x[n] =2x[n -1] =X[n - 2])

=0, (y[n=2]=x[n] =2x[n—1 - x[n-2]). Denoting w[n] = x[n] +2x[n-1] +x[n-2],
the difference equation representation becomes
y[n] =w[n] +a, (y[n—1] —w[n]) —a,(y[n -2 —w{n]). A redlization of H(z) based on the last two
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equationsis as indicated below where the first stage realizes w[n] while the second stage realizes
y[nl.

— W]

x[n] 1 W + ¥[n]

An interchange of the two stages leads to an equivalent realization shown below:

¥[n]

Finally, by delay sharing the above structure reduces to a canonic realization as shown below:

% [n]

1 W — ¥0]

(b) The difference equation corresponding to the transfer function

Y@ _ @-a)d-z?)

X(@2) 1—0(12_1+0(22_2 Isgiven by

yln]—ay[n =1 +a,y[n-2]= L-a,)(X[n] - X[n—2]) which can be rewritten as

yln] =ayy[n=1] —a,y[n=2] +X[n] = o, x[n] =x[n = 2] —a,x[n-2]

=ay[n=1-a,X[n] =x[n=2]+y[n=2]) +(X[n] -x[n—2]). Denoting w[n] = x[n] - x[n—2],we
can rewrite the last equation as y[n] =a,y[n —1] —a, (W[n] +y[n-2]) +w[n]. A realization of
H(z) based on the last two equationsis as shown below:

Pty

x[n] 1 W+ 3 1]
1 - oy
ol S @ o1
-1 -1
x[n-2]1 ok ly[n-2]

=

An interchange of the two stages leads to an equivalent realization shown below:
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1 C+DH N— 1(z)
6.31 (a) From the structure of Figure P.6/14 it followsthat H(2) = —= = , from
X; A+BHy_41(2
whichweget Hy_,(2= m Substituting the expression for Hy(z) we then arrive

0 N
(] ID D i
Cql+ d;z —A Pz
e
a Hy.,(@= DN

sz 0 Dguzolz i
_ (C—Ap0)+(Cd1—Ap1)z'1+L++(CdN_l—ApN_1)z'N 1+ +(Cdy -Apy)z N
" (Bp, ~D) +(Bp, ~Dd,)z 1 +L +(Bp,,_, - Dd,_,)z N **+(Bp,, ~Dd )z N
Substituting thevaluesA =1, B = sz‘l, C=pg,andD = pNz‘l, we get Hy_1(2)
_ (Pg =Pg) *+ (Pgdy = pl)z_l +L +(pody 1 — pN_l)Z_N = +(pody pN)Z_N
~ (dypy =Py )zt + (dypy — Py d)Z72 +L+(dypy; ~Pyydy 1)Z_N +(deN —pdy)z
(po L =P+ (Ppdy =P,z l+|—+(po N-1" Pn- 1)2 +(po N pN)Z_N+1
(P =P *+ (P = Py d)Z + L+ (py g Ay =Py )27
R 7l L+py 2N 2+pN [N
1+d'z7t+ L +d 'z N where

I:II:II:I (] I:II:II:I |

d d d
b= PP 7Pt Z 01k N -1 and d,’ PN TP C ok N -
Pody — PN PodN ~ Py

C
(b) From the chain parameters, we obtain for the first stage t;; = —=p,,

_AD-BC _ -1 1 _ B _ -1
tlZ_T_(pN_podN)Z ’ t21_z_1’ and t22‘_K‘_dNZ - The

corresponding input-output relations are then given by
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- -1 _ -1 -1
Y1=PoXy+ (PN ~Podn)Z 7 = Pg(Xy —dyZ Xp) +PyZ Xy,
Y, =X, —dy 7 X »- Substituting the second equation into the first we rewrite it as

Y, =pgYs+ pNz_lx o- A redlization of the two-pair based on the last two equationsis
therefore as indicated below:

Except for the first stage, all other stages require 2 multipliers. Hence the total number of
multipliers needed to implement an N-th order transfer function Hy(z) is2N+1. The total
number of two-input adders required is 2N while the overall realization is canonic requiring N
delays.

044z71+0362272+0.022°2% .
170471401872 -0273" using Eq. (6.135) we arrive at

-1, -2 .
H,(2) = 22t 18'_112 A — . Repeating the procedure we obtain H,(2) = 10593+z .
1+ 48z ~+88z 1+0.7746 2

From Hz(z), Ho(2) and H1(z) we then arrive at the cascaded lattice realization of H3(z) as

6.32 From H3(2) =

shown below:

0.6-0.07z1-1.55772

6.33 (&) From H,(2) = (Note the change in the labelling of the

1+277z71-1593z72-20173

-1.4362-0.49277 1 + 772
1-0.1167z71-25833z72"

transfer function) using Eq. (6.135) we arrive at H,(2) =

Repeating the procedure we obtain H (Z)_M From H3(2), Ho(2) and H4(2) we
epesingihep 1= 105127271 312 L
then arrive at the cascaded lattice realization of Hy(z) as shown below:
x[n] —F W) W}
201 2.5833 -0.5127
0.6 -1.4362 0.2436
y[n] z_1 z_l Z_l
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41-1.3667z 1+1.64272- 0546772
1-1271+0.15272+0.13z73-0.0152%
of the transfer function) using Eq. (6.135) we arrive at

57.7772+ 1666672 1 -17.5561z 2 + 22

(b) From H 4(2) = (Note the change in the labelling

H.(2) = . Repeating the procedure we obtain
3@) 1-0.3333z71+04272-0.1333273 epedling the p
41284-4.67352 1 +7272 -2.8997+z1
H,(2) = , and H,(z) = ————— . From H ,(2), Ha(2), Ho(z
2= 13021702 1- 0223022 22 =170 220671 4(2), H3(2). H2(2)

and H1(2) we then arrive at the cascaded lattice realization of H3(z) as shown below:
xInl

+ ++) W) W}
0.015 0.1333 0.223 0.4296
0.6 57.7772 4.1284 —2.8997

\

yiu

81+6.9321-23.8272+10.5273
1+152271+0.18272-0.1768273

- _ 1,2 1
04511 2;11852 * 2_2 . Repeating the procedure we obtain H,(z) = %4-2_1
1+1.4403z7--3.3873z 1+10.866z

(c) From H,(2) =

using Eq. (6.135) we arrive at

H,(2) =

From H3(z), Ho(z) and H1(z) we then arrive at the cascaded lattice realization of Hy(z) as

shown below:
X[n] —¥ W} )
0.1768 3.3873 —10.866
8.1 -0.4511 2.7827
y[nl

6.34 When Hy(2) isan alpass transfer function of the form

dy + dN_lz"1+ L+z -
=] —— then from Eqg. (6.135a), the numerator coefficients
1+d;z “+L +dyz

Hy@=A\(@)=

dp.q— dyd, ., —d
of Hy_1(2) are given by p,'= Pok+1 ~Pva _ O kal N-kIl " and from Eq. (6.135b) the
Podn — PN dy -1
denominator coefficients of Hy_1(z) are given by
| I IVRTs NP D N NP _
d' ok = N-k 1dN— N-k-1 _ kil N2 - N—k 1=pk , implying Hy_1(2) isan alpass
Poln ~ PN dy -1

transfer function of order N—1. Since here py = 1 and pg = dy;, the lattice structure of Problem
6.31 then reduces to the lattice structure employed in the Gray-Markel realization procedure.
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6.35

6.36

(b)

(@) Consider the realization of Type 1B alpass transfer function. From its transfer parameters
givenin Eq. (6.62b) wearriveat Y, =7 "X, +(1+2 )X, =2 (X, +X,) +X,, and

Y, =(1- z_l)X1 -z =Xy z_l(xl +X,). A redlization of the two-pair based on these two
equations is as shown below which leads to the structure of Figure 6.36(b).

(b) From thetransfer parameters of Type 1A; allpass given in Eq. (6.62c) we obtain

Y =2 X+ X, and Yy =(1- 2 )X, —2 X, =X =2 (2T X +X,) =X ~Z Y A
realization of the two-pair based on these two equationsis as shown below which leads to the
structure of Figure 6.36(c).

(c) From the transfer parameters of Type 1B; alpass given in Eq. (6.62d) we obtain
Y =27 +(L-Z )X, =27(X, X ) +X,, and
Y, =(1+ z_l)X1 -z 5 =Xt z_l(xl - X,). A redlization of the two-pair based on these two

equations is as shown below which leads to the structure of Figure 6.36(d).

(a) A cascade connection of three Type 1A first-order allpass networksis a shown below
which is seen to require 6 delays:

+——s H o1

By delay-sharing between adjacent all pass sections we arrive at the following equivalent
realization requiring now 4 delays.

A cascade connection of three Type 1A first-order allpass networks is a shown below which

isseen to require 6 delays:
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By delay-sharing between adjacent all pass sections we arrive at the following equivalent
realization requiring now 4 delays.

6.37 Analyzing the structucture of Figure P6.14 we obtain
-1

it l |
W
X(2) + @ :a =¢JU(2)T WA} + Y (2)
N T
|

(1): W(2)=X(2) -z U(2), (2) U(z)=aW(z)+z U(2), and (3): Y(2)=-W(2)+U(2).

a
1-z71

From Eqg. (2) we obtain (4): U(z) = W(z). Substituting Eq. (4) in Eq. (3) we get

l-a-z10
5): Y(2=- HﬁEW(Z). Substituting Eq. (4) in Eq. (1) we get
-z

-z 1y az7l0

01
(6): X(2) :gﬁgwa). From Egs. (5) and (6) we finally get
-z

Y@ _ -@-a)y+z?
X2 1-@-az

H(2)

-1, _-2
d1d2+dlz +z

6.38 Weredlize A,(2) = = — intheform of a constrained three-pair as indicated
1+d;z "+dd,z

below:
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%11 tyy Y3l
for to los[] d
Hy tg, tooF
31 'z a3

1Y,
—d il

2

U0y O
Dtl by t13DDX15

DYlD 01
From the above figure, we have %KZD: Myt t500X,0 and X, =d;Y,, X5 ==d, Y.
H‘@H H[Sl 3 tssaaxsﬁ
N(2
Z

Y j——

Xy

X3

Y
= —=~ where

From these equations, after some algebrawe get A ,(2) = X—l D)
1

N(2) = ty9 —dy (ty5tp) ~tyotpg) + dy(ty5ta3 ~Ti5ts)
+ d1d2{t21(t12t33 ~glan) Hgy(tootyg — tyotog) + 14 (tystay — t22'[33)}-

Comparing trhe denominator of the desired allpass transfer function with D(z) we get

ty, = z_l, ta3 =0, tyots, = 2_2. Next, comparing trhe numerator of the desired allpass transfer

1

function with N(2) we get ty; =2, tioty =2 (2 2 =1), tigts; =0, and

oo (t1qtog —togtiz) Htg1(toot s —t,t55) =1. Substituting the appropriate transfer parameters
from the previous equations into the last equation we simplify it to t)5 toqta, + tait 5 ta= 74-1

Since t 5 t3) =0, either t;5 =0, or t5; = 0. (Both cannot be simultaneously equal to zero, asthis

o - __—4

will violate the condition t;5 tota, +tyitiotn=2 " =1

Consider the case t;5 =0. Then the equation above reducesto tgt,t,0= z* -1 Fromthis

equation and t,4t 4, =272, it followsthat

-2 -4 -1 -1 -2
There are four possible realizable sets of values of ty1 and t3; satisfying the last equation and
tyoty) = 71272 -1). Theselead to four different realizable transfer matrices for the three-pair:

el L g
Type2A: [ _z2 z_2 1% Type2B: [ _22 (z _—11) z_2 10
+1 7z oH Hz2+)(zt-) 2z of

o g7 z7t-1 ot o 72 1 ot

T VR | -1 0 U1, 2 -1 0
ype2C: 0 z (z ~+)) z 10 Type2D: [ “(z ) z 10
Hz_2+1)(z_1+1) z? OH % z"-1 z? OH

A redlization of each Type 2 allpass structures is obtained by implementing its respective
transfer matrix, and then constraining the Y » and X5 variables through the multiplier d; and
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6.39

6.40

constraining the Y 5 and X 3 variables through the multiplier —d, resulting in the four structures

shown in Figure 6.38 of text.

It can be easily shown that the allpass structures obtained for the case t3; =0 are precisely the

transpose of the structures of Figure 6.38.

A cascade connection of two Type 2D second-order alpass networks is a shown below which
isseen to require 8 delays:

wnl wlh-11 7 W[H—EJ

*[n]

-1

wn-2]

=W[n—f]
By delay-sharing between adjacent all pass sections we arrive at the following equivalent
realization requiring now 6 delays.

i)

x[n] —+ 7[1n]

wln-1]

The minimum number of multipliers needed to implement a cascade of M Type 2D second-
order allpass sectionsisthus4 + 2(M-1) = 2(M + 1).

dy+d; 7t +27% | N
— intheform of a constrained three-pair asindicated in

Weredize A,(2)= -
2 1+d,z 1+d22

the figure in the solution of Problem 6.46. Comparing the numerator and the denominator of
the Type 3 dlpass transfer function with N(z) and D(z) given in the solution of Problem 6.46
wearriveat ty; = 2_2, tyy = z_l, tag = 2_2, togtsy = 2_2, tostan =z_1(z_2 -1,

4 -3,_-2 -1, -4
equations, we preselect ty3 and t3; satiasfying t,qt5, = 272 and then determine realizable values

for {10, 1, 13, and t31,
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Choice #1: to3 = 71, t3o = z2. Thisleadsto four possible realizable sets of values of t12, to1,
t13, and t3q, satisfying the constraint equations given earlier and resulting in the transfer

matrices given below:

RS s SRTE I B S

Type3A: [ _22 z_2 z_2 0 Type3B: 0 z (z -1 z
o+l oz z " f Hz t-p(z%+1) 772 72 f
i 272 77l 7t o ;2 1 1
N ] -1 -171 02 -1 =1l
Type3C: 0 z (z  +1) z z 0 TypedD: & (z°-1) =z z 0
Bz_lﬂ)(z_2 +1) 72 72 H H 74-1 72 z_ZH

A redlization of each Type 3 allpass structures is obtained by implementing its respective
transfer matrix, and then constraining the Y » and X5 variables through the multiplier d and
constraining the Y 3 and X 3 variables through the multiplier —d,. Realizations of Types 3A, 3C
and 3D allpass are shown in Figure 6.38 of text. The realization of Type 3B allpassis shown
below:

Choice#2: to3=1, t3p = z3. Thisleadsto four possible realizable sets of values of t12, to1,
t13, and t3q, satisfying the constraint equations given earlier and resulting in the transfer

matrices given below:

H 22 7Y %-y 27 —1% E 272 2V tvy 7t +1%
Type3E: 0 1 2 1, QTypesr: 0 z'-1 2, 1,
% +1 z zZ" § %z -D(z = +1) z Z"f
E 272 2%ty 1 —1% E 72 7l t-y - 1%
Type3G: O 2t +1 z:; 1 E[l Type 3H: DZ:Z -1 :; 1d
%z +D(z ~ +1) z Z" % -1 z z 5

Realization of Types 3H isshown in Figure 6.38 of text. The realizations of Types 3E, 3F and
3G allpass are shown below:

Choice #3: to3 = 72, t3o = 71, The structuresin this case are the transpose of the Types
3A, 3B, 3C and 3D allpass networks of Choice #1 given above.

Choice#4: to3 = 73, t3o = 1. Thestructuresin this case are the transpose of the Types
3E, 3F, 3G and 3H allpass networks of Choice #2 given above.

6.41 A cascade connection of two Type 3H second-order allpass networksis a shown below which
isseen to require 8 delays:
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x[m]

By delay-sharing between adjacent all pass sections we arrive at the following equivalent
realization requiring now 7 delays.

x[n]

The minimum number of multipliers needed to implement a cascade of M Type 3H second-
order allpass sectionsisthus 4 + 3(M—-1) = 3M + 1.

6.42 From the transfer parameters given in Eq. (6.52d) we arrive at the input-output relations of the
two-pair as (1): Y; =k, X;+21X,, and (2) Y, =(1-k2)X, -k .z X,. A threemultiplier

realization based on these two equationsis shown below:

1-k2,

X1

km ii x
Y + i+H h— X

6.43 Eg. (2) in the solution given above can be rewritten as
Y, =X —kZ X~k 271X, = Xq =k (K Xq + 271X ,). Substituting Eq. (1) of the solution
given above in this equation we then get (3): Y, =X, — k%x1 - kmz_lx2 =X =K, Yy

A redlization based on Eq. (3) and Eq. (1) in the solution given above resultsin the lattice
structure shown below:
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X1

:él
o

Y1 4 + — Xo

Analyzing the above structure we obtain Y1 = ki Xq + z 1 2, and
Y2 = X1 =k Y2 = Xg ~Kn(kinXq + 27X 5) = @ = k&) X1 ~ k2 X Hence, the transfer
parameters of the lattice two-pair are given by
t11= Ky t1p =2 5 toy =1-K3, thy = Kz -
The corresponding chain parameters are obtained using Eq. (4.176b) and are given by

-1 -1
A=y B=fM c=fm p=f_
1-K2' T 1Ky 1-KE T 1-KR
X4 i e —+ Wy
Y]_ t +

Hence, the input-output relation of the all-pole cascaded lattice structure given above can be

z 0 -100 ~100W, (z
expressed as: X )D= 21 > Dl k2_21 DDl klfl DEWl( )0 from which we
(20 A-k3)1-kD) ik, 1 Ek, z EHS!L(Z)H
2 2
. W;(z 1-k5)(1-k
cbtain Hy(9 = MA@ ____0-k9AK)
X1(z2) 1+ky(1+ky)z "+ kyz
X1 + HF) + W
-ka — kg
ka Ky
Y1 771 7S

Likewise, from Section 6.8.1, we arrive at the input-output relation of the all-pole cascaded
. . X12)0_ 01 kyz 1001 Kz t00Wi(2)0
lattice structure given above as: HY H= 0 _¢ 00 1 DH
10 ke z7t Ak, z7t A0S
Wi(2) _ 1
X1@Z) 1+ kA+kp)Z 1 +koz 2
Now for a second-order all-pole transfer function can also be expressed in terms of its poles as

1
H(z) =
1-2rcoswyz

from which we

obtain Hg(z) =

———5—5- Comparing the denominator of H(z) with that of Hs(2)
+r°z
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and H(2) weobserve ko = r2 and ki(1+ky) = -2rcosw, Asr 01,

2r COSW,
ki = ————=— = —COosw,
1+r
' 1 o
At the true resonance peak, we have |H(eJ°°r )| = —————. Likewisg a w = wy,
(1 -r9)|sinw|

1
2
(L- k1 -k}
becomes excessively large. In the case of the all-pole structure realized using the reverse lattice
two-pairs,asr — 1, ko :r2 -1
L-kD)L-k3) = L-Kk2)(L-Ko)(1+ ky) O2(1-kZ)(1- ko). Hence, at 0 = wy,

. — K2Y\(1 -
|Hr(e’°°f)| Dw =21~ k% = 2lsinwy,|. Thisindicatesthat the gain at the
(L—ka)y1-ki

|Hs(ejmr )| = . Asr -1 ky = 2. 1, and hence, the gain |Hs(ej(°“)|

peak resonance is approximately independent of the pole radius as long as the pole angle is
constant and the radiusis closeto 1.

2 2

2+7 1427 0125-0.75Z *+Z
1-0.75z 1 +0.1252 1-0.75z 1 +0.1257
k, =A,(0)=d, =0.125<1. Using Eq. (6.71) we next determine the coefficients of A(z)
0.66667+7
1-0.666672
lk,| = 0.66667< 1. Therefore, Ax(z) and hence Hy(z) is stable.

6.44 (a) H,(9= —. Choose, A,(2) = . Note

arrivingat A,(2) = . Here, k; =A,(») =d,'=-0.66667, Hence,

To determine the feed-forward coefficientsweuse a,=p, =2, a,=p,;-a,d; =2.5
a5=py—04d, —a,d,'=341667. Fina realization of H1(2) isthus as shown below:

-1 -2 -1,_-2
1+2z "+3z 0.25-z " +z
b) H, (2= — —. Thus, A,(2) = — —. Note k, =A,(0)=d, =025<1
®) M= T 25,2 P 2= A2 =
. . - . 08+z "
Using Eq. (6.71) we next determine the coefficients of A;(2) arrivingat A,(2) = W

Here, k; = A, () =—0.8. Thus, |k,|=08<1 Therefore, Ax(z) and hence Hx(2) is stable.

216



To determine the feed-forward coefficientsweuse a,=p, =3 a,=p;-a,d, =5,

0 3=py—0a,d, —a,k; =4.25. Fina redization of Hy(z) isthusas shown below:
' W —+

-1

4,25
W+ Wt %

(o]

2+571+872+327° 0.25+0.5z2 1 +0.752 % +7 °

(c) H;@= — — —. Thisimplies, A,(2) = — — — .
¥ 1407527 405272+ 025273 ¥ 1407527 405272 +0.25273
Note kg =A (o) =d;=0.25<1. Using Eq. (6.71) we next determine the coefficients of Ax(z)

1.2 1, _-2
. 3t3% 7 .
arrivingat A,(2) = . > 5 1 5 Note k, = A,(»)=d,'=1/3<1. Using Eq. (6.71) we
-z "+-=z
3
. . . 05+z "
next determine the coefficients of A1(z) arrivingat A;(2) = W Thus,
+05z

k; = A, (0)=d;"=05<1. Since [k;|<1fori=3,2, 1, A(z) and hence Hx(2) is stable.

To determine the feed-forward coefficients we make use of Eq. (6.98) and obtain o, = p; =3,

1 , .1

a,=p,—0,d; =575 agz=p;—a,d, —a,d; =—§. a,=pgy—0,d;-a,d, —0,d," = =5

Final realization of H3(z) is thus as shown below:
¥ :"i-_l:" ¥

-1 -2 -1 _- -

1+16z "+0.62z o . 025-025z -z "+z
(d) Hyu2-= — — — . Thisimplies A 4(2) = — — —

S 1-7t 025272+ 025773 ¥ 11—zt 025272 +0252

ky=Aj5(0) =d; =0.25<1. Using Eg. (6.71) we next determine the coefficients of Ay(z)
-1
arriving a A ,(2) = 11+ Z_l . Note k, =A,(»)=d,'=0. Using Eq. (6.71) we next determine
-z

-1
the coefficients of A1(z) arriving at A,(2) = % . kj=A4(»)=d,"=-1. Since
-z

|k1| =1,A3(2) and hence Hy(z) isunstable. Feed-forward coefficients are next determined using
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Eq. (6.98) and aregiven by o, =0, a, =0.6, 03 =2.2, a, = 3.2. Final realization of Hy(2) is
thus as shown below:
X +—+
-0.25

1

27

0.64‘7
34157 t+22+052°°

1-18333z 1 +1.57 % -0.58332 °+00833z 4

0.0833-0.58337 * +157 2 -1.8333z S +7 %

1-1.83337 1 +1.527 2 - 0.5833z > +0.0833z
Using Eqg. (6.71) we next determine the coefficients of A3(z) arriving at

-1 -2 -3
0.433595 +_Zli.384662 _]579722 +z . Thus, ky=A4(@) = dg = 0.433505<1.
1-1.7972z ~+1.38466z ~ —0.433595z

0.74558-147397 *+7~

(e Hg(9)= . Hence,

A, 2)= . Note k, = A () =d, =0.0833<1.

Ajs(2) =

2

Continuing this process we obtain A ,(z) = — — . Thus,
2 1-1.473927+ 074558272
-1
, . -0.84436+z o
k, =A,(0)=d, =0.74558 <1. Finaly wearriveat A,(z) =—— . Thisimplies
22 2 Y 1-0.8443627"

k= Aq(0) =d;""'=-084436. Since |k;|<1fori=4,3,2, 1, Ayz) and hence Hx(2) is stable.

Feed-forward coefficients are next determined using Eqg. (6.98) and are given by
a,=00,=0.50,=1.89859 a, =3.606, ay = 4.846.

0.6-0.072 1-1.55272
1+277z271-15937272 -2.01z
_ —2.01-15937 1+277272 +773
T 1+277z71-1593272-2.01z73"
~1.3074+0.14212 L +772
1+0.1421z71-1.3074z72 "
—2.0434+771
1-2.0434z71°
|ki|> 1,1<i<3 A4(2) and hence, H,(2) isan unstable transfer function. Next using Eq.
(6.79) we arrive at the feed-forward multipliers: a; =0, o, =-155 a,=0.1503 and
a, = 0.4306.

6.45 (@) H,(9= — . Hence

As(2) Note k, = A 5(») =-201. Using Eq. (6.47) we

then arriveat A ,(2) = Note k, = A,(») =-1.3074. Using Eq.

(6.47) again we next arrive at A4(2) = Note k; = A;(«0) =-2.0434. Since

Note that if Program 6_4 is used to realize H,(2) , the following error

message will appear: ??? Error using ==> tf2latc
ThelIR system is unstable
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X[n]

41-1.3667z 1 +1.6422-0546727*

b) H,(2)= . Hence,
(0) Hy(2) 1-1.2z71+01572+0.1323 -0.01524

~0.015+013z1+015272-1.2723+ 74
1-127z71+015272+0.13273-0.015274"

0112+0.1523z2°1-1.1983772 +773
1-1.1983z71+0.152322 +0.112773"
A,(0) =k5=0112. Using Eq. (6.47) again we next arrive at

_0.2902-1.2308z 1+z7?

A )= Note A 4(«) =k, =-0.015. Using Eq.

(6.47) we then arrive at A 4(z) =

Note

A (2)= . Note A =k, =0.2902. Using Eqg. (6.47) we
202 = 11 230871+ 0.29002 2 2(*) =k, 9 Eq. (6.47)

_ -1
finally arrive at Al(z)z%. Note A, (e) =k, =-0.9540. Since |k;|<1

1<k; <4, A (2) and hence, H,(2) isastable transfer function.
The feed-forward multipliers {a i} are determined using the following equations:
a,=p;—0a,d; —0(2d'2 —azd; =0.1067, and a5 =pg —01dg - szlg - sz; - ng_{l =3.7175,

The lattice and feed-forward multipliers can also be obtained using Program 6_4 yielding

L attice parameters are
-0.9540 0.2902 0.1120 -0.0150

Feedforward multipliers are
3.7175 0.1067 1.2611 0.9840 -0.5467

xInl
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© Hy@)-= 8.1+6.93z 1-23.8272+10.5273 _
1+152z71+0.18272-0.176823
_ -0.1768+0.182 1 +1.5227%+7 3
C1+1.52z271+01822-01768273"
0.4632+1.60197 1 +772
1+1.6019z71 +0.4632272"
1.0948+7 1
1+1.0948z°1°
|k1| >1, A4(2), and hence, H,(z) are unstable transfer functions. Next using Eg. (6.79) we
arrive at the feed-forward multipliers: a, =10.5, a,=-39.78, a4=68.7636 and
o, = —46.8999.

Hence,

A5(2) Note A 5() =k, = -0.1768. Using Eq. (6.47)

wethenarriveat A,(z) = Note A ,(») =k, =0.4632. Using Eq.

(6.47) again we next arrive at A4(2) = Note A, () =k, =1.0948. Since

Note that if Program 6_4 is used to realize H4(z), the following error message will appear:

??7? Error using ==> tf2latc
The lIR system is unstable

0.5634(1+2z H)(1-1.101662 1 +279)
(1-0.683z71)(1-1.4461z71 +0.7957272)

0.05634(1-0.101662 " —0.101662 2 + 7 3)
1-2.1291771+1.78339772 - 054346273 °

21291 Eizl —0.10166

—1.7833863 Eﬂ —0.10166

- 0.5434631EIE|

Hardware requirements: # of multipliers = 5, # of two-input adders = 6, # of delays = 3.

6.52 H(z) =

(a) Direct canonic form- H(z) =

X(2) Ht}

(b) _Cascade Form
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0.05634

X(2) + W + W Y(2)
0.683 1.4461 —1.0166
I +H I .+
—0.7957

Hardware requirements: # of multipliers = 5, # of two-input adders = 6, # of delays = 3.

(c) Gray-Markel Form -

0.05634

d, =-05434631 d, =08881135 d,=-08714813,
Hardware requirements: # of multipliers = 9, # of two-input adders = 6, # of delays= 3.

(d) Cascaded L attice Structure -

PotPZ 4P,z 13136-1.22137 L +272
1+ ol'lz-1 + d'zz‘z 1-14152771+1.1197772°

Using Egn. (6.152) we obtain H,(2) =

Po*tPZt 135464771

and H,(2 = = = . Thefina structureis as shown below:
1(2 1+d;zt  1-01015771
Xl HF—
_d3
Po
Y0

P3
where p, =0.5634, d, =-0.54346, p,=0.5634, p, =1.3136, d, =1.1197,
Py =—1.3546, and d; =—0.1015.

N/2 N/2
L (8
6.47 (a) A partia fraction expansion of G(z) is of the form G(z) =d + Z 4 Z . Ifwe
G27N G2\
q N/2
define H(z) = > + Z ﬁ then we can write G(z) = H(2) + H«(2), where H«(2) represents the
i

transfer function obtained from H(z) by conjugating its coefficients.
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6.48

(b) Inthiscase, the partia fraction expansion of G(z) is of the form

N, N, /2 N./2 o«

[of L. L.
G(z)=d+izlz_'Ei + ; Z‘I)‘i + ; Z—I?\*i , where N, and N,; are the number of real poles
&;'sand complex poles A;'s, respectively, with residues p;'sand v, 's. We can thus decompose

d N p. /2 Ne/2 v
- _4d i i
G(2) a5 G(2) = H(2) + Hx(2), where H(z) = 5 + Z + Z —

(c) Animplementation of real coefficient G(2) isthus simply aparallel connection of two
complex filters characterized by transfer functions H(z) and H«(2) asindicated in the figure
below:

] HE) y[n]

LG I S

However, for areal valued input x[n], the output of H(z) isthe complex conjugate of H«(z). As
aresult, two timestherea part of the output of H(z) isthe desired real-valued sequence y[n]
indicating that single complex filter H(z) is sufficient to realize G(z) as indicated below:

—.|>—>y[n]
X[n] — H(2)

Y@ __ A+B
X@ 1+@+p)z
Y 1+ Ym0l = =(0 + i B)(Y,eln= T+ jy ;[N —1) + Ax[n] + jBX[n], which is equivalent to a et

From H(z) =

—, we arrive at the difference equation representation

of two difference equationsinvolving all real variables and real multiplier coefficients:
Y= —ay [n-1+By; [n-1+AXn], and y;,[n] =—By[n=-T—-ay;,[n-1]+Bx[n].
A realization of H(z) based on the last two equations is shown below:

x{n] — + YrelN]

To determine the transfer function Y (2)/X(z), we take the z-transforms of the last two

difference equations and arrive at (1+az %) Y (2 -B 7t Yn(2)=AX(2), and
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Bz'Y (2 +(L+az )Y, (2) = BX(2). Solving thesetwo equations we get
Y@ __ A+(Aa+BB)z *
X(@) 1+20z 1+(a®+p%)z

=, which is seen to be a second-order transfer function.

6.49 An m-th order complex allpass function is given by

* * —_ * —_ * —_
o +a Gzt vz M D gl 2

A (2= .

m -1 -2 —-(m-1) -m
1+cxlz +0,Z +L +0,,4Z +a,,Z

To generate an (m—1)-th order allpass we use the recursi on
Pa(@ DA @)-K
D@ Hl Kin m(z) H

Substituting the expression for Am(z) in the above we obtai n after some algebra

A m—l(z) =

— Ty L . =(m-1)
Ph_1(2=2a  +0a,_4Z +0(m_22 +L+O(z
-1 -2 —-(m-1) -m
am(1+alz +a,z “+L +a, 4z +a,z )]
_ * * * * -1 * * _(m_2) 2 —(m—l)
=@~ 00 )+ @ o —aa5)z T+l +(ay 00, )2 +(1_|O(m| )z :
_ -1 -2 —(m-1) -m
Dh4@=1+a;z "+a,z "+L ++a 47 +0 .2
3 * 1 % -2 -(m-1) |
a0, +a,, 42 “+a. 5z +L++0(z )

2 * -1 * - m-1
:(l_bml)-"(al_amam—l)Z O, —anay-)2 +L+(Gm—l_amal)z( )

Hence, A ,,—1(2) isacomplex alpass function of order m—1 given by
By * By +L +By7 "2 4z Y

A _.(2)= - - —— — Ty
m 1( ) 1+Blz 1"‘[322 2+|—+Bm_2z (m 2)+Bm_1z (m-1

a, -a a
where Bkzw, k=1,2,..., -1

1- h m|
To develop arealization of A,(z) we express Ay, (2) interms of Ap,_1(2):
Y, k.-z"A_ (2

A (z)=—t=—D0_"_ :
MTUX 14k 2A L 4(2)

and compare it with Eq. (6.73) r&sultl ng inthe foII0W| ng expressions for the transfer

parameters of thetwo-pair: t;; = k =-k z , and t,ty =(1-Kk, )z 1 Asinthe

case of the realization of areal allpass functlon, there are many possible choices for t15 and toy.
We choose t;, =(1-k mk:n)z_l, t,1 =1. The corresponding input-output relations of the two-

pair Y, =k X, + 1=k K )2 X, =k (X —K 2 X, +2 X, and Y, =X, K, 27X,
A realization of A,(z) based on the above two-pair relationsis indicated bel ow:
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Xl :"TJ Y

2
—k +
m|
m(z) k* A m—1(z)
m
Y14 {+h 71k X2

By continuing this process, we arrive at a cascaded lattice realization of a complex allpass
transfer function.

-1 0 -10
2+2z 1 3z 1
650 (@) M=% 5§1+ @ (Ag@ +A2) where Ay(2) = 1and
-1
1+3z

A (2) = .

0=

—l O -10
1 2+4z 1
(b) H ()_ =—@1— — @ (2)-A,(2)), where A (2) =1and
2 221 2 4+2771 2 (Ao ) 0
=]
2+4z

A (2) =

1 4+27 %

—2 0 2[]
1 2+2z +4z 1
c) H@)=——————5 == ==|A~(2)-A,(2)], where A,(2) =1
(©) Hy@=7—— +22 B e e it >(R@-2,0) 0@
2+27 +4z
andA(2)) = ————=
1 4+221+222
(d) H (Z)_3+92_1+92_2 +3773 _1D3+92_1+92_2+32_3D_1D -1D1+32_1D+D1+22_1DE
4 12+10z 1 +2772 2@ @B+z He+zh @ @Z @3+z_1@ §2+z‘1 @H

2
d -100 d
= 3{nola) +As2) where Age) = 2 A and ay) = 2L

6.51 (a) From the equation given we get

y[211 = h[Q] x[21 ]+ h[x[2 -1]+h[2]x[2] —2] +h[3] x[2| —3]+h[4]x[2 —-4]+h5] x[2] -5], and
y[21 + ] =hO]x[2] +1 +h[ x[2 ]+ h[2]x[2] =1] + h[3] x[2] —2] + 4] x[2 - 3] +h[5] x[2] —4].

Rewriting the above two equations in a matrix form we arrive at
O y[21] O_D[Q] 0 00 x[2] U Eh[2] h1]0k[2 -2]0
E.y[zl +B7 B h{o]BBx(21 +08t Bh[3  h[3]EEx[2l -1]8
LH4] h302l -4]d, [0 h[5]E0x21 - 6]0
Bhi5] h48521-3E* B 0°85q2l -5B
which can be alternately expressed as

Y =HeX; +HX, 5 +HoX o +HX 3,
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V2] O 0 x21] O o] OO 2]  haIC
where Y| = Ey[zl +]1]@ X = B<[X2[| +]1]@ Ho = Qh[m] holg H —@h[[S]] hH@’

0h[4]  h3)0 0 hoU
Ha=ig rialp @ H3=p 65
(b) Here y[3A]=hOX[3]+ hA X3 -1 +h[2]x[3l —2]+ h[3] x[3] =3] + h[4] x[3| —4]+h[5] X[3 -5],
y[3l +1=HO0 x[3l + 1+ h[A] x[3 ]+ h[2]x[3 =1 + N[ 3]x[3 —2]+ h[4] X[3 —3]+h[5] x[3 —4], and
V[3 +2] = O x[3l +2] +h[X[3 +1]+h[2] x[3 ]+ h[3]X[3 —1] +h[4]x[3 —2] +h[5]x[3l —3].
Rewriting the above two equations in a matrix form we arrive at
0 yi3a] 0 ho 0 0 00 (3 Oh(3] h[2]  h[105q3 -3]d
Dyél ] 10= 1] 00 )§[|+]1D+a:[] [] h[z]U [3| 2]D
H/?J H Hw 2 h[1] h[O]HBf[C%I +2]H [5] h[4] h[3]H [3| JJH
[b h 2] h[l]D[b([SI 6]D

0 h2I05q3 -
0 []H&Em %

which can be alternately expressed as Y, = HX| +H X, 1+H2X _o, Where

0 y[3l] o 0 4] [ Oh0] o Dh[s] 2 o
Dy[3|+1] X, = a+1]D Ho=Eh1 @ h[3] h[z]D and
/e Rl eE B et s BT h[O]H 5 h4 hEr
o WA hmo
H., = 0 hp
2 % 0 []H

(c) Following aprocedure similar to that outlined in Parts (a) and (b) above, we can shw that here
Y, =HgX, +H X, 4 +H,X, _,, where

0 y4] 0 0 x4l] O o O 0 o0
O e Ve A (N
[l +210 X =Lqar + 70 ho A1 KO 0
{4l +3- VI T R R R e
o MmEm i
H1 5| h4] h[3]D' and H, = % o 0 o0&
0 hs] 4 0 0 00

6.52 (a) dyy[21]+d )2l ~T+d,y[2l —2] +dgy[2 3 +d,y[2 —4]
=poX[21] +p X2l ~ T+ p,yx[2 - 2] +psx[2| —3+p, x[2| - 4],
do yi2! +7 +d,y[21]+d, y[2| -1 +d,y[2l —2]+d,y[2| -3
=po X2 + T+ pyx[21]+ py (2 —1+py X2l =2 +p, x[2 -3,

Rewriting the above two equatl onsin amatrix form we arrive at

d, 0o 0 M, 0 M, dg0 0
0 y[21] % -2] (2] - 4]

M, d HBM2 +JJ@+Hd 2 1]§+Ho 4H [2 -38

_Ep 000 x211 0,0p, pyU0x21-210 psU[ 2 - 4]0
‘Hpg PollEx2! +1]E+Hp3 piH@x[Zl JJ@J’aO p,HBx2 - 3B
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6.53

which can be alternately expressed as DY, +D1YI 1+D2YI 2 POXI +P1XI 1+P2XI 1,

vi2] 0, _0x2
where Y, = @/[Z[I i X = B<[X2[|+]JJErD0 Hd doH Dl:Hdzg d;H D2=H(§ de

_Upg _ﬁz pal
0~ Hp, poH’ P =, Ha”d Py = HO P

%HO ODD yi3] D Dd d, dl% (3 - 3] o 0 d,053 6]D
(b) (3 +11 dy dﬂ%[(%l - 210+ % 0 OE%[?,I — 5|0
Hdz dl (3 +211 d, i -1 0 opy3 -4°
P O ODD x[3] O p3 P, mex[sl —30 O P4EDX[3I -6
= P, 003 +1]D+up4 Ps pzu [3 -20+ 0 43 5]
S 10055‘[a +29 §o p, pyaXa@ -1t 0 g3 -4]

which can be alternately expressed as DoYl +DY| 1 +D,Y 5, =PyX| +P X, 1 +PX, 4,

1y o o O OB Ed d, d-
where Y, = Dy[3|+1] [3| +1] Do=0d; dy =@, d; d,
M3 + 2 [3 +21 H, d, oH H d, dsff
0 0
M O d45 DpO 0 OD Dp3 P, p1 M O p4H
Df% 8 8D’ Po=0P1 Py 00 P=[Ps P3 pzﬂ’ and P, = % 8 8D'
0 H, P Pof O p, P4 0
M, 0 O ™, d, d, do@
0 0o yfag o M, d3 4, y[4l - 4]0
© Hiodo 0 0 A 0, 00 4y dy dyi3tal - -3
™, d; d, 0044 +2]H 00 0 d, dg0y[4l- H
H, d, d d¥4+30 Ho o o dH (41 -

Po O O Otngyo s Py P p1DDX[4l 4]D
_th P O ODD [41+110 DO Py Py Pprl4l-3
2 P1 Pg [4|+2]H 0 P4 pguHX[Z“ 2

which can be alternately expr%sed as DgY, +D,Y,_4 =PpX, +PX,_;, where

0 y[4] o 0 x[4l] O d, 0 0 Of g, dy dy dif
v = ARy Ay b G 00 00 f0 dy dy o do
[4|+2]H | = [4|+2]H o=@, d; d, 02 1700 0 d, dyf
(41 +3 [4 +3] H, d, d df Ho o 0 dj
P 0 0 0F 4 Py Py Pl
P :Dpl po 0 0|:| and P :DO p4 p3 pZD
07 0Op, P Py OO 1700 0 pg, P30
P; B, P Py] HO 0 0 p,f

We first rewrite the second-order block-difference equation
DoY) +DyY 1 #D5Y o = PoX| +PX g +PoX g,
astwo separate equations: W, = PyX| +PX| ; +P,X,_,, and
1 -1 -
Y, ==Dy Dy, =Dy D,Y,_5 +Dg'W,.
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A cascade readlization of the IIR block digital filter based on the above two equationsis thus as

shown below:
A A
Erko o]
A A
L e

By interchanging the locations of the two block sections in the above structure we get an
equivalent realization as indicated below:

A A

ool [0
B oy i

2 2

T

0

Finally, by delay-sharing the above structure reduces to a canonic realization as shown below:

%X ::’@‘)::’Do_lrw'_\ Po ::’@:)Y'
j(_l_)

A
@CDﬁﬁﬂj P,

Hpglstpall

2 2

6.54 By setting asin®=%[3 in Eq. (6.138), the state-space description of the sine-cosine generator
OcosB

10
Bn+10 o 2 oty [n]d .
reduces to Bsz[” +]]H_ EmB_Z COSGEHSz[n]H’ which leads to the three-multiplier structure

a
shown below:
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cos0 cosO

/1 /]
“ <
1 +1 +1
o= S s
]|
mBZ/O(2

6.55 By setting a =£[sinB in Eq. (6.138), the state-space description of the sine-cosine generator

+110 O .2 00 a
reduces to Eil[[?] +]}Hz Hcﬁie igogeeﬁ%sl[[ﬂ% " which leads to the three-multiplier structure
2 7

shown below:
cosf cos6
1 1
" "
)
+ 0
L ;[ +1 — +S'[” lsl[nﬂ] =
Y y-—1 * [n]
& Z [s,[n z !
-
1™
B_ 1+cos6 a . ~sin’8 _cos’B-1 B .
6.56 Let ==————. Then —sinb= = =cosB -1 and, ——sinB=cosB +1.
o sinB B cos6+1 cosB+1 a

[n+20 0 cos®  cosB-1055[n]0

Substituting these valuesin Eq. (6.138) we arrive at @él[n +1] H= Fcosd +1 cosB @% [n]H,
2 2

These equations can be alternately rewritten as

sn+1]= cose(sl[n] + sz[n]) -s,[n], and s,[n+1] = cose(sl[n] + sz[n]) +s)[n]. A redlization
based on the last two equations results in a single-multiplier structure as indicated below:

r:";sz[n+1]= 1 =21 >—H:_1 +3$l[n+1]= z 5[N]

1
cosg™

0 a(1-CcosB)0
0 o(C-cosh)l 0 C —
By[n+10_ 0 —————0s[n+1]0 Bsin®  [isn]U
6.57 = sin® +0 O
Sn+1570) PSY Dt Bang oo gﬁsz[nlﬂ

If C=0, choose a =fBsinB. Then

[n+10 0o —coseOls[n+0 0o 1 OCs[nC _ _ .
@[HHJH: Fo 085 ﬁ%[nﬂ]HJrﬁ—l cos@ﬁHsle[n]H which can be realized with two

multipliers as shown below:
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[ —cos0

L
L 2| s ,le[nﬂ]=

Nz )

)

cos6O

N

—1
N

The above structure can be modified to yield a single multiplier realization as indicated on

next page:
n+1] n+l n
+ 2in+d Wz 1 Sz[n]:"‘-?" Al : ’ z—lilr[— :
I:cose I: |
z
_1/"]
)
0 a(1-cosO)
0 - O 27
5[n+1]0_ 0 mmﬂsl[n+1]i g 1 Bsin® E[bl[n]D

[l

= = i i
6.58 If C=1 then ['r ;] 50 B%ne EH%[nﬂ]HJr%_Esine
a

Choose o =BsinB. Thisleadsto

[n+10_00 1-cose0[n+1C0 01  1-cospOls;[n]l
é;i[nﬂ]H: Fo %OS @%[nﬂ]HJ' A1 cgges ﬁHssi[n]H

A two-multiplier realization of the above equation is shown below:

1—cosB
4’@‘9}
S;[n+1] S;[n] 1 s[n+1] si[n]
+ ¥ 2—1 4 " z_1 ¥
coso ] T

‘\J
&1
1

coso %

To arrive at an one-multiplier realization we observe that the two equations describing the sine-
cosine generator are given by s;[n+1] = (L-cosB)s,[n +1] +s,[n] + (1 - cosB)s,[n], and
S,[n+1] =—s/[n] + cosBs,[n]. Substituting the second equation in the first equation we arrive at
an aternate description in the form
s[n+1] = —cosBs,[n +1] +s,[n],
S,[n+1] =—s[n] + cosBs,[n].

A redlization of aboveisidentical to the single-multiplier structure of Problem 6.64,

6.59 From Figure P6.17(a), the output-input relation of the channel is given by
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Y,@0 0 1 H,@0X,@0
Yooy 1 BA

Likewise, the output-input relation of the channel separation circuit of Figure P6.17(b) is given

by @//;((?)E: EI—G 211(2) _GﬁZ(Z)Eﬁﬁggﬁ Hence, the overall system is characterized by
v,20 0 1 —-G,(900 1 Hy,(2)00X, ()0 _

V@A 560 T dHx@ 1 d@0T

A-H,(9G,(2)  Hp,@ - Gyy(2) UOX, ()0

HHzl(Z) -G,y(2) 1-Hy\»(2 621(2)5@(2(2)5
The cross-talk is eliminated if V 1(2) is afunction of either X4(z) or X5(2), and similarly, if
Vo(z) isafunction of either X1(z) or X5(z), From the above equation it followsthat if H1o(z)
= Gy2(2), and Hyy(2) = Gpy(2), then V,(2) =(1-Hy, )G1,(2)) X, (2), and
V() =(1-Hy, (26 (2) X o(2). Alternately, if Gy,(2) =H1(@), and G,y(2) =Hy, (@), then

_BHL,(@H,(2) -1 _HH,(2H ()18
Vy(2) = @ ™G @Xz(z), and V,(2) —Q o) Qxl(z).

M6.1 (a) H,(2=(1-0.3261z )1 -3.06662 )(1+4.7482 " + 7.43882 %)
x(1-109352 " +272)(1+0.6383z 71 +0.1344z7?) .

(b) H,(2)=(1+355852 (1+0.281z Y (1-2z"1)(1-1.4078271 +2.0338272)
x(1+02604z 1 +772)(1-069227 1 +0.4917272)

1.5(1+32 1 +4272)(1+0.6667z L +0.33332"2)
M6.2 (a) G(2)=
@ ©@) (1-z71+05272)1-2"1+0.3333272)

-1 -2
(b) G(z)= Ga(Z)G b(Z) where Ga(z) = 151+3z "+4z %)

, and
1-71+05z272

1+ 0.6667z 1 + 0.33337 2

Gp(2) = . Alternately, we can write G(z) =G .(2)G4(z) where
o3 =TT+ 033337 2 y (2)=G(9G4()

_ 15(1+0.6667z 1 +0.3333z 2 _1+377144772
Gcl@) = 1-z71+05272 - and Gy(2) =

1-z71+ 03333272

(c) Pardle form | isobtained using the M-filer esi duez resulting in the partial fraction
expansion in 271 of G(2) given by

_ -3525-j71.25 & -3525+)71.25 30 +j147.22 30-j147.22
G(z)=12+ _ — + , — + , = , —
1-(05-j0.5z 1-(0.5+j0.5z 1-(0.5-)0.2887)z 1-(0.5+)0.2887)z
~ -70.5-362"1 60+552 71
=12+

+ .
1-z71+052z2 1-z1+0.3333272
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Parallel form 11 is obtained using the M-filer esi due resulting in the partial fraction

expansion in z of G(z) given by

(-53.25+j18)z"* , (5325~ 118)2_1 (57.50 - ]64.9519) 7% , (57.50+ j64.9519)771
1- (05+105)z‘1 1-(0.5- 105)2‘1 1- (05+J02887)z‘1 1-(0.5-j02887)z71
-106.52 1+35.25772 1157 1-20772
+ .
1-z71+0.5272 1-z71+0333z72

G(2) =15+

=15+

2(1-0.6667z 1 +0.3333272)(1+0.52 1 +0.25272)
(1-05z1+0.5272)(1+z71+0.3333272)

M6.3 (a) H(2)=

2(1- 0.6667z 1 +0.333327%)

, and
1-05z71+05272

(b) H(2) =H,(2H(2) where H(2) =

)= 1+05z 1 +025272

b 1+z71+0.3333z72"

- -1 -2 -1 -2

H (Z):Z(l 0.66_6172 +o.33_323z ) and Hd(z):1+o,5z _l+o.25z_2
c 1+z71+0.3333z 1-0.5z271+05z

Alternately, we can write H(z) = H_(z)4H(z) where

(c) Pardled form | isobtained using the M-filer esi duez resulting in the partial fraction
0.1622 - 0.286 N 0.1622+j0.286

1-(0.25-j0.6614)z1  1-(0.25+j0.6614)z1
0337812093  _ 03378+j12093 _,  0.3243- 0.4595z 71 , 0675703604 7!
1+(0.5+j0.2887)z1 1+(0.5-j0.2887)z71 1-05z71+05z2 1+z1+0.3333z2"

expansion in 271 of H(z) given by H(z) =1+

Parallel form 11 is obtained using the M-filer esi due resulting in the partial fraction
(-0.5135+j0.1022)z* , (:05135-j0. 1022)z71
1-(0.25+j0.6614) 711 (0.25-j0.6614) z‘1
, (£01532-j1 2795)z° 1 , (£0.1532+j1, 279571
1+(0.5- jO 2887) 7T Ty (0.5+)0.2887)z71
~1.0277 1 +0.1216272 .\ ~0.3063z1 +0.58562 2
1-05z1+05272 1+7z71+0.3333272

expansion in z of H(z) given by H(z) = 2+

=2+

M 6.4 Using Program 6_4 we obtain:

Lattice paraneters are
-0. 8364 0.7980 -0.5143 0. 1667

Feedf orward multipliers are
63. 6358 170.1598 144.1143 57.0000 12.0000

M 6.5 Using Program 6_4 we obtain:
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Lattice paraneters are
0. 3481 0. 1801 0. 2571 0. 1667

Feedf orward multipliers are

12. 7136 - 3. 8223 2.5810 -2.0000 4. 0000
M6.6 (a) Using Program 6_6 we obtain the following error message:

??? Error using ==> tf2latc
The FIR system has a zero on the unit circle

(b) Using Program 6_6 we obtain the following error message:

??? Error using ==> tf2latc
The FIR system has a zero on the unit circle

M6.7 (a) Using rootswe first determine the poles of the denominator of the lowpass transfer
function G(z) which are then paired using the pole interlacing property resulting in the parallel
allpass decomposition given by

1701302-0.34867 1 +27%  -0.0868+0.62167 1 ~063672 % +2 5.

G =3 1 2t 1 = 2 _ 35
2 [ -0.3486z" +0.1302z 1-0.6367z"++0.6216z 0.0868z°

(b) Hence, the power-complementary highpass transfer function H(z) is given by

H = X 10.1302-0.34867 1 +272 _ -0.0868+0.62167 ' ~063672 > +2°°¢
2F1-0.3486271+0.1302z72 1-0.6367z"1+0.621622 - 0.08682 3 f

_0.1085(1- 4.99287 1 +9.9891272 -9.98917° +4.99282 % +77°)

"~ 1-09853z71+0.9738272-0.3864z3+0.111274 -0.01132 7> °

(©

1 HE)F + 16

0.8 1

w/TT
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M6.8 (a) Using rootswe first determine the poles of the denominator of the highpass transfer
function G(z) which are then paired using the pole interlacing property resulting in the parallel
allpass decomposition given by

1-05776+069762 1 +272 _ 03974 +1.16352 1+100522 2 +2° o

G(z )‘ -1 = -1 =) =3
2 Dl+069762 +0.5776z 1+1.0052z 1+ 11635272 +0.3974z2°F

(b) Hence, the power-complementary lowpass transfer function H(z) is given by
H) = Do 5776+0.69767 * +272 .\ 0.3974+1.1635271 +1.0052z 72 +2° H
2 gl+ 0.6976z 1 +0.5776272 1+1.0052z1+1.1635272+0.3974z 3

_ 04875(1+1.35947 1 +2.20082 2 + 220087 3 +1.35942 4 +27°)
1+1.702871 +2.4423772 +1.7896 773 + 0.94922 4 +0.22957°

(©
1 1G9+ HE
\
08¢ IGE)F
0.6}
04}
0.2} J |H(e’_‘_‘_}l
0 / \\.
0 0.2 0.4 0.6 0.8 1
w/T

M®6.9 (a) Using rootswe first determine the poles of the denominator of the bandpass transfer
function G(z) which are then paired using the pole interlacing property resulting in the parallel
allpass decomposition given by
&)= 170.5874-0. ?11542 1z _22 0.6159+o._71531z‘1 +z‘_22 .

2 @1 05154z +0.5874 z 1+0.7531z2++0.6159z“§

(b) Hence, the power-compl ementary bandstop transfer function H(z) is given by

H) = D0 5874-0.51547 L +272 0.6159+o.75312‘1+z‘25

+
2 51 05154z 1+05874772 1+0.7531z2°1+06159772F
0 1+0301377%+1.618322 +0.3013z 3 +77*

0
=1.20331 = = = i
H1+0.2377271+0.8152772 +0.1294773+ 036182~
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M®6.10 The MATLAB program for the ssmulation of the sine-cosine generator of Problem 6.56 is

given below:
s10 = 0.1; s20 = 0.1; a = 0.9;
y1=zeo(150) y2—y1
for n = 1:50
yl(n) = a* (le + 520) - s20;y2(n) = a*(sl1l0 + s20) + s10;
s10 = y1(n);s20 = y2(n);
end
k = 1: 1: 50;

stem k-1,yl/abs(yl(7)));axis([0 50 -1.1 1.1]);
xl abel (' Time index n');ylabel (" Anplitude');
pause

stem(k-1,y2/y2(3));axis([0 50 -1.1 1.1]),;

xl abel (' Time i ndex n');ylabel (" Anplitude');

The plots generated by the above program for initial conditionss1[ —-1] = s2[-1] = 0.1

D.S{!T? ‘l:Hi TT? TT‘F-

i Jl :
3 A

The outputs are zero for zero initial conditions. Non-zero initial conditions of equal values
appear to have no effects on the outputs. However, unequal initial conditions have effects on the
amplitudes and phases of the two output sequences.

M6.11 The MATLAB program for the ssmulation of the sine-cosine generator of Problem 6.57 is
given below:
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s10 = .1; s20 = 1; a = 0.9;
r

yl = zeros(1,50);y2 = y1,

for n = 1:50;

yl(n) = -s20 + a*sl1l0;y2(n) = -a*yl(n) + sl0;
s10 = y1(n);s20 = y2(n);

end

k = 1:1: 50;

stem(k-1,y1/y1(11));axis([0 50 -1.1 1.1]);
x| abel (' Tinme i ndex n');ylabel (" Anplitude');
pause

stem(k-1,y2/y2(14));axis([0 50 -1.1 1.1]);
xl abel (' Time index n');ylabel (" Anplitude');

The plots generated by the above program for initial conditions s1[—1] = s2[-1] = 0.1 are
shown below:

1F

SEETEEE RN
A

The outputs are zero for zero initial conditions. Non-zero initial conditions of equal values
appear to have no effects on the outputs. However, unequal initial conditions have effects on the
amplitudes and phases of the two output sequences.

M6.12 Since the single multiplier sine-cosine generator of Problem 6.58 isidentical to the single-

multiplier structure of Problem 6.64, the simulation program given above in the solution of
Problem M6.12 also holds here.
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Chapter 7 (2e)
71 8,=1-10"%"1% and 5, =107s"1°.

(8) a,=015and ag=41. Hence 3, = 1-107915/20 = 9017121127 and
5, =10"*/20=0,0089125.

(b) a,=0.23 and ag=73. Hence, &, = 1-10700%5/20 = 9 0261322146 and
8, =10""/20 =0,000223872.

7.2 ap= —20Iog10(1—6p) and ag = —20log,(d;)-

(@ 6p =001 and d,=0.01. Hence, o= —20log,@-0.01) =0.0873 dB and
a, = —20log,,(0.01) = 40 dB.

(b) 6p =0.035 and 3, = 0.023. Hence, ap= —20l0g, @ -0.035) =0.3094537 dB and
o = —20log,;(0.023) = 32.76544 dB.

7.3 G(2) = H(2) or equivalently, G(e/*) = H* (/). |G(¢“)|=| H2(ejw)|=|H(ej°°)|2. Let 5, and
0 denote the passband and stopband ripples of H(ej w), respectively. Also, let 6p,2 = 26p,
and 632 denote the passband and stopband ripples of G(ejw), respectively. Then
5,,=1-(1-3,)%, and 3, =(3,)". For acascade of M sections, 3,y =1-(1-3,)",and

M
B =09
7.4
o
|HLP(e ] |HH|;(ejm]
1+9, o5
1-9, 1-3, p
- AT0TN T =77 T
—Ws -0y g W —(M-wp)  —~(-wy) -0y T-

Therefore, the passhand edge and the stopband edge of the highpass filter are given by
mpyHP = n—oop, and Wg yp = T~ Wy, respectively.

7.5
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Y ARV ARV AR
& ST 0
—Ws W, Wy W

Note that G(z) is acomplex bandpass filter with a passband intherange 0< w<Tt. Its
passband edges are at Wo P = Wy £ Wy, and stopband edges at Wypgp =Wyt Wg. A rea

coefficient bandpass transfer functl on can be generated according to
Ggp(2) =H I_P(e‘ 07) +H p(€ 1% 2) which will have a passband in the range 0 < w< Tt and

another passband in the range —Tt<w< 0. However because of the overlap of thetwo spectra
asimple formulafor the bandedges cannot be derived.

7.6 (@) hp(t) = h,(t) Ip(t) where p(t) = E 5(t- nT). Thus, hy(t) = § hy(NT)3(t = NT).

n=—o0 n=-o

We also have, g[n] = hy(nT). Now, Hy(s) = J’ hy(t) €S dt and

Hp(® = J’hp(t)e Lot = z [ ha(nT)3(t - nT)e dt = Z ha(T)e .
n=—o0 Z6 n=—co
Comparing the above expression with G(z) = 3 gnjz "= Z h,(nT)z ", we conclude

n=-—oo n=—c

that G(z) = Hp(s)|S: 1

12
We can also show that a Fourier series expansion of p(t) isgiven by p(t) = T Z g 12t/ T),
k=—c0

0 © . 0 © _:
Therefore, hp(t) = H%k:z_ooe J(zrlkt/T)Hha(t) — :z ha(t)e J(2T[kt/T)- Hence,

1
Ty

1 2 0 .21ktQ
Hp(9 z? _z HaDSﬂTD' Asaresult, we have
. 2Tkt
1: G(z) = = H :
(D): G(2) k_Z_m as] T Hs=tine

(b) Thetransformation from s-planeto z-planeisgivenby z = eST. If we express

S=0,+ Wy, thenwe canwrite z = re!® = eOOTeJQ °T. Therefore,
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H< 1 forog <]

|z| =0=1, forag, =1 Orinother words, apoint in the left-half s-plane is mapped onto a
H> 1, foro,>1

point inside the unit circle in the z-plane, a point in the right-half s-plane is mapped onto a

point outside the unit circle in the z-plane, and a point on the jw -axis in the s-plane is mapped
onto a point on the unit circle in the z-plane. Asaresult, the mapping has the desirable
properties enumerated in Section 7.1.3.

. . 21K
(c) However, al pointsin the s-plane defined by s = 00+joooiJT, k=0,,2K,ae

. 21k
. . a7 JQ*=)T 5 1 ia.T
mapped onto asingle point inthe z-planeasz =e"° e =e e . The
mapping isillustrated in the figure below
jQ Imz
______________________ 111
T

_ o -1 % Rez
......... Z % S %/1

s-plane z-plane

Note that the strip of width 21/T in the s-plane for values of sintherange -1t/ T<Q <1t/ T
is mapped into the entire z-plane, and so are the adjacent strips of width 2r/T. The mapping is
many-to-one with infinite number of such strips of width 217T.

It follows from the above figure and also from Eq. (1) that if the frequency response
. ) i 1 . W
Ha(iQ) = 0 for |Q| 2 T then G(e!®) = ?Ha(J?), for | < 11 and thereis no aliasing.

- eJQT

(d) Forz=¢l® . Or equivalently, w = QT.

7.7 H,() =$. Then h, (1) = Ae_“tu(t) where u(t) isthe unit step function. Hence,

(o]

gln] = h4(nT) =Ae™*"y[n]. Thus, G(z)= A z e Mz = ?AGTZ_]_ , provided F‘“Tl <1
n=0

7.8 From Problem 7.7 werecall that if H_(s) =ﬁ then G(z) = 1_AT We can express
-e z

1 U0 10 1 O

A % Hence,

_ L1 -2
Ha(S)_)\2+(S+B)2 _ZJ %S-l—B—j)\% ZJ%S+B+J)\
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1 L BT AT ~1 BT AT -1 H

1L 0 1:
G(Z)__E (B NT, -1 5_ _~B+MNT —1% 2i —-(B- T -1 —(B+ AT -1
2 j 1- e PTIMTZ 2j Ha-e B=MTz 1y 1- g (B+NT 1)

ZePTEM gy o 2 % PTsn(AT)

0
1
=0 =
2jH1-227%PT cosAT)+e ®T272H 1-2772ePT cos(AT) +e 27272

2Pl n(AT)
7% - 226 T cos(AT)+e AT

a0

0
+
stp __1g 1 . Hence

0 10
2 2Es+BjnD 205+ B-]
A 4+(s+p)?  20s+B+jAG 28s+B-jA
6@ == 1 1 0 1f1-e +1-¢ PTe T 10
_2%1 e (B+iMT, = 1-e (B-INT; 1% ZH 1-2771ePT cos()\T)+e2'3T 2 H

79 H,(5)=

BT AT L

_ 1 7 e PT cos(AT) 22-2e7FT cos(AT)
1-27"17PT cos(AT) +e 26T, 2" 2% - 276 T Cos(AT) + e BT

7.10 Assume hy(t) iscausal. Now, h,(t) = ?H (s)e¥ds. Henceg[n] = hy(nT =:fHa(s)esans.

Therefore,
G(z)=zg[n]z_n=i H_(9e™ 2 "ds=fH (5)2 ST o= §—ald g
n=0 n=(f : f 1- eSTZ !
Ha(9) O
Hence G(z2)= Resdu&cD—D
all polesot H (9 -z 0
A .
7.11 Hy(s) = el The transfer function hasapoleat s= —a. Now
0 D
A A A
G(z) = Residuel =1
as=—a Os+a)l-e 1)@ 1-7 ey 1-e77278
7.12 (a) Applying partial-fraction expansion we can express
H= 16(s+2) D—1/8+0.0625—j0.1875+0.0625+j0.187SD
a7 (s+3)(? +2s+5)  Os+3 s+1-j2 s+1+j2 O
Jo1 1,7 0
_16D 8 8 8 U -2 2s+14  _ -2 2(s+]) 6x 2

0 + O= + = .
éls+3 32+25+5% s+3 (s+12+22 s+3 (s+1)2+22 (5+1)2 +22

Using the results of Problems 7.7, 7.8 and 7.9 we thus arrive at
D=2 4 2(22 -ze7T cos(2T )) .\ 6ze 2T sin(2T)
o 1-e31z7Y 2276 2Tcos(2T)+ €47 22 -2z€72T cos(2T) +e74T

. ForT=0.2,
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2 2% - 2e™* co5(0.9)) 626047 sin(0.4)

ethenget G =- + +
W 0% Gol2) =~ 108, * 7 -5, 504 cos(04) +e 08 72— 27¢704 cog(0.4) + €08
2
_ 2 .\ 2(2 —0.61742) .\ 15662z
1-0.5488z71 72 -1.23487+0.4493 7% -1.23487+0.4493

_ 2 .\ 2-12348271 .\ 15662z 1
1-05488z71 1-12348771+04493272 1-1.2348771+ 0.4493772

_ 2 . 2+03314771
1-05488z71  1-1.2348771+0.4493z72

(b) Applying partial-fraction expansion we can express

3 .1 3 .1
Ho (9 = 48 +10s+8 _ 1 _ PRI . PR
Y7 (2 +25+3)(s+]) s+l s+1-jJ2 s+1+jJ2

__ 1, 3s+5 _ 1 . 3@+ J2(+2)
s+l P +2s5+3 s+l (s+12+ (W22 (s+D2+(2)2°

Using the results of Problems 7.7, 7.8 and 7.9 we thus arrive at

Gy(2) = -1T Tt3 St _je_T COS(JET)_ + Ji(z_e_T sin(JET)) -
1-e Tzl 722-2zeTcos(/2T) +€2T 22 -2ze7 T cog(J/2T) + 72T

_ 1 3(22 ~ze9? cos(0.2/2 )) \lﬁ(ze_o'2 s n(0.2J§))
T1-e02,1 72 2,602 c05(0.24/2) +e704 Y22 57602 c05(0.24/2) + €704
o 31-e "2 cos(0.22) 2 7)) J2(e02sin(0242)) 2
T1-e 02,17 - 2g02 c0s(024/2)z 71 +e704772 T 2602 c0s(0.24/2)z 71+ 704772
_ 1 . 3-2.358577% .\ 032314271

1-0.81873z1 1-15724771+0.67032z272 1-1.5724z"1+0.67032272

1 3-2035457 1

= + .
1-0.81873z71 1-15724771+0.67032272

(c) Applying partial-fraction expansion we can express
3s2+7 +10s+7 _ -18s+06  485+52
= +
(2 +s+1)( +2s5+3) L +s+l  s2+2s+3
___-18(+05 . B(3/2)  _ 48(s+) 0.2828(+/2)
(5+05)2 +(J8/2)? (s+05)%+(J3/2? (s+1P +(W2)? (s+1)?+(s2)?

H.(6=

Using the results of Problems 7.7, 7.8 and 7.9 we thus arrive at

-1.q 2% -267%%" co5(0.8667)) V326957 §n(0866T)

2 05T = —05T T
z°—-2ze ' cos(0.866T) +e€ z°-2ze ™ co5(0.866T)+ €

2 _ T T
.\ 4-8(2 -z cos(+2 T)) , __0.2828ze T sin(J2T)
72 -2ze Tcos(x2T)+e™ 2T z2-2ze T cos(4/2T)+e72T

G.(=
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_ -187% +4.6811z .\ 0.29557
72 -0.36226z+0.8187 z2-9.36226z+0.8187

4.87%+3.773762 .\ 0.071414 2
72 -157247+ 0.67032 72 -1.5724z+0.67032
_ -1.87%2 +4.97667 .\ 4.87° +3.8451747
72 -0.36226z+0.8187 z2-1.57247+0.67032°

7.13 (a) Comparing G,(z) with Eg. (7.148) we can write

_ 2 3 _ 2 3 3 :
Therefore, H _(s) -2 + 3
a s+3 s+4

(b) Comparing with Eq. (7.152) we observe BT =0.6 and AT =0.9. For T = 0.3 we get
1
s+=

=1/3and A=3. Thus, H_(S) =————.
B XC) P

J1+s02  D1+s0

5H_i§H +4H_i§5‘1 125

7.14 (@) H (5)=G_(z = = :
(@) H,(6) =Gy )lzzl—J'S O1+s02  Ol+s]  7s® +16s+12

1-s - > >
8%1— S * 4%1— SH

gLt sl giiesl? m+sd o

©) Hi9- el s s T T rdemdamens

RS - ST 00 o1+s? | Ol+s] [ (25+4)AS +85+16)
Pl Y e T

|

7.15 For the impulse invariance design W, = QpT =21mx0.5x10% x0.5x1073 =05m. For the
_1DQ IOTD 1 ~
bilinear transformation method design W, =2tan %T@ = 2tan (T[FpT) =2tan (0.25m) =

0.4238447331 .

W
7.16 For the impulseinvariance design 2an = ?p % or fID =15 kHz. For the bilinear

transformation method design fp =10% tan(0.15m)/ t=1.62186 kHz.

7.17 The passband and the stopband edges of the analog lowpass filter are assumed to Qp =0.251
and Q = 0.55m. The requirementsto be satisfied by the analog lowpassfilter are thus

2010gy,|H,(j0.25m)|2 -0.5 dB and 201og;,|H,(j0.55m)|< -15 dB.
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From o= 20Ioglo(\l1+82) =0.5 we obtain €2 = 0.1220184543. From ag =10logo(A 2) =15

we obtain A2 =31.6227766. From Eq. (5.7?), theinverse discrimination ratio is given by

1_JAZ1
€

=15.841979 and from Eq. (5.7?) the inverse transition ratio is given by
1

| Q

= —2 =2.2. Substituting these valuesin Eq. (5.7?) we obtain
p

_logyp(1/ky)  10g,,(15.841979)
log,(1/k) log,4(2-2)

k
1
k

Q

= 3.503885. We choose N = 4.

no 2N
From Eq. (5.??) we have @Q—p@ = ¢, Substituting the values of Q. N, and g2 we get
C

Q. =1.3007568(Q ) = 1.021612.

Using the statement [z,p,K] = buttap(4) we get the poles of the 4-th order Butterworth analog
filter with a 3-dB cutoff at 1 rad/sas p; = -0.3827 +[0.9239, p, =-0.3827 -] 0.9239,

py =-0.9239+)0.3827, and p, = -0.9239-0.3827. Therefore

— 1 = 1
Mo PP P)-py)  (F +0.76545+ D +L8AT85 D)

Next we expand H () in a partial-fraction expansion using the M-file residue and arrive at

Ho(9= ~0.9238729s-0.7071323 | 0.9238729s+ 1.7071323' We next denormalize H._ (9 to
an & +0.7654s+1 & +18478s+1 an

move the 3-dB cutoff frequency to Q. =1.021612 using the M-file |p2lp resulting in

H.() =H  B—S—F
a a1 0216121
___ -00438475-0738030  _ 09438475+178174665
< + 07819479485+ 1 0437074244 ' 52 +1.8877494365+ 10437074244
~0.9438475— 0,738039 0.9438475+1.78174665

= +
(s+0.390974)2 +(0.9438467)2  (s+0.94387471)2 + (0.39090656)2

Making use of the M-file bilinear we finally arrive at

6(2) = -0.943847 7% +0.681783867 , 0943847 7% — 025640047z CHECK
72 —1.363567724z+ 04575139 72 —0.77823439z + 0.1514122

7.18 Fornodiasing T < Ql Figure below shows the magnitude responses of the digital filters
Cc

Hl(Z) and Hz(Z).
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7.19

—TT 0 T —TT 0 T

(&) The magnitude responses of the digital filters G,(z) and G,(z) are shown below:

[oé e}
3/2
|__| 1
—Tt 0 T @ —Tt 0 T @

(b) Ascan be seen from the above G1(z) is a multi-band filter, whereas, Gy(z) isa
highpass filter.

(s) R A, H
a) H,(s)= . Henceh_(t)=L = 0 D
kZO Ay 2 B S QZ KWE
R 0 H R
Acp 1 T Akl -
Thus h, () =L Z o @ = SEE_ Z - (e K )p(t).
A
Hence g [n]=h (nT)= § —X(e*k"T —1)u(nT). Asaresult,
K a I(Zoak( )
) R R 0 a, T 0
B -n_ A O 1 1 0O Ay (e k' —1)
G,(9= =y — - — .
u(2 n:ZO?u[n]Z 2.3, Hl_eakTZ—l 1_2—1% kZO‘ @(1 N )(1_2—1)§

Now the transfer function G(z), which is the z-transform of the impulse response g[n], is
related to the z-transform of the step response gu[n] by G(z) =(1- z_l) Gu (2. Hence

=Y ot Era

H_ (jw
(b) Now J(i) ) =0if = _T . Consider the digital transfer function obtained by
H.,(s
sampling F(s) = z( )
transform of the sampled step response of Hy(s). Thus
© 2k H,(jo0/T)
HCEE ZF< JT)— (] —)——w

k——oo
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e—ju)T) Ha(j(*)).

. __1 JWTy — 1 _ A—j0T JWTy _ 1 _
Since G(2)=(1-z )Gu(z), hence G(e'™' )=(1-e )Gu(e )=(1 T

Since wT <<1, therefore 1-e /" = juT . Thus, G(e’wT)DH (jw).

1 - 1
7.20 Themappingisgivenby s= = -z 1) or equivalently, by z = - For

1 1
_ . Therefore, IZI2 = 5 5
1-0,T —jQoT (1-0,T)° +(QgT)

for 0, <0. Asaresult, astable H,(S) resultsin astable H(z) after the transformation.

. Hence, |7 <1,

S=0,+]Qg, 2=

—— = whichisequal to 1 only for Q, = 0. Hence, only the
1+(QeT)? °

point Qg = 0 on the jQ -axisin the s-plane is mapped onto the point z = 1 on the unit circle.
Consequently, this mapping is not useful for the design of digital filters by analog filter
transformation.

However, for o, = 0, IZI2 =

7.21 H,(s) iscausal and stableand [Ha(9)| < 1 Os, Now, G(2) = Ha(s)l 210 Thus, G(2)
S: —
Too-in

0i+z g
is causal and stable. Now,
0 0
G(e®)=H (S)l ol =H (s)| =H ngtan(oo/ Z)H' Therefore,
2 1 c s= tanw/Z arT
TD ij J (/2)
Ol+e
i 0.2
O HaHj—tan(oo/Z)H <1 for all values of w. Hence, G(z) isaBR function.
T
7.22 H(jQ)= B Thus H,(jQ)= BY . It can be seen that

(Q2-02)+BQ J(©2-02)2+B202

BQ
H,(i0)|=0, H (=) =0 and H,(iQ)|= ‘/ﬁ =1. Hence H 4(s) isan analog bandpass
transfer function. °

Applying bilinear transformation to H (s) we get
Bﬁz__lg B(z2 - 1)
Z+1 zZ" -
G(2) = Ha(s)lszﬁ - Nz - 1D2 DZ 17 ) - (Z—:DZ +B(22 -1 +(Z+:|)2
fz+1 Hz+1H %
B(z -1)
T+ B+ Q2)72 -2(1-Q2)z++(1- B+QZ)

B 1-z~
= E . From Egs. (7.36) we have
1+B+Q?2 D2(1 QZ) ) %1 B+Q§E & @ (739)
+
H1+B+QZH H1+B+QZH
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7.23

7.24

1-B+0Q2 1-02 1-B+Q2  21+Q2)
—2 and 3= 2 Now 1+a =1+ 5 = 5 an
1+B+Q 1+Q 1+B+Q0 1+B+Q0

—B+Q2 - _772
5= 2B 5. Hence, G(z)=1 95 1 Z_l —
1+B+Qf  1+B+Q¢ 2 1-BA+a)z~+az

same as that given in Eqg. (4.113).

5 which isthe

1+a a 1—2[32_1 772
2 1-Bl+a)zt+az?
1-2coswpz 1 +z 2 = (1-97z 1 -e 1921y which hasrootsat z = €510, The

numerator of G(zN ) isthen given by (1- el@o,~N 1-e jto =N ) whose roots are obtained

G(z) = . For 3 = coswq the numerator of G(z) becomes

by solving the equation N =" and are givenby z = el (2mM2wo)/N "5 ne N -1,

Hence G(ZN) has N complex conjugate zero pairs located on the unit circle at angles of

2T+ W
=70 radians, 0 < n< N -1.

W =Tt/ 2, there are 2N equally spaced zeros on the unit circle starting at w = 11/ 2N.

(@ H(z)= —[1+A4 (z)] % where

Doy -BiA+apz t+272 Do, - Byl +ap)z t+2 2 0
Hl— Bl(l+ Gl)Z_l'f'CXlZ_ZHHl— Bz(l"' 02)2_1+022_2H

N(2) = é[(al -B11+ay) 71+ z_z)(o( 2~ Bo(1+ o(z)z_1 + Z—z)

+ (1— Byl+ag)z t+oy 2_2)(1‘ Bo(l+ag)z t+ 0(22_2)]
_ 1+ag0pp,  (+a)@+op)By+Bp) -1, 203 +0p +BPp+ar)A+ar)] -
2 L 1+ 4105 1+ aq05
_@+a)@+op)Br +R2) -3
1+ 40

A4(2) =

. Therefore,

+ 2_4} which is seen to be a mirror-image

polynomial. We can express N(z) = a(l + blz_1 + bzz_2 + blz_3 + 2_4), where

(1): blz_(1+0(1)(1+0(z)([31+[32) @: b, _ Aag+ap +BPo+an)d+ar)]
1+a0405 1+0,05
) (3): a:MTlaz.

(c) forz= ejm, we can write
N(E®) = al+be?® + e /2 + e ¥ + 7199) = 267129, + 2b; cosw + 2c0s2w).
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Now N(ej(‘)‘) =0,fori=1,2. Fori=1weget(4): by+ 2bycoswy +2cos2w; =0, and for
i =2weget (5): by+ 2bjcosw, +2c0s2w, = 0. Solving Egs. (4) and (5) we get

(6): by =—2(cosw; +cosw,), and (7): by = 2(2cosw; coswy +1).

@+0y)@+an)(By +B2)
1+0409

From Egs. (1) and (6) we have (8): = 2(coswy + coswy), and

from Egs. (2) and (7) we have

2[0‘1 +0o +BBr(1+aq)(1+05)]
1+ 409
_Lon@y/) o 1ot /)
1+tan(B, / 2) 1+tan(B,/2)

9) = 2(2coswy cosw, +1). Substituting

and after rearrangement we get

(10): Bq+Bo = (cosw1+cosm2)§1+tan 0By E 72 E 6,, and

IIl>

_ _ 0By0,. 0Bo 00 0B10,. 0B20
(11): B2 = §L+ tan— > DtanD > DHcoswl coswy + tang— > DtanD7D

The above two nonlinear equations can be solved resulting in

91 * "91 492

[31

(d) For the double notch filter with the following specifications: wy = 0.31, w, = 0.511
By = 0.1, and B, = 0.151, we get the following values for the parameters of the notch filter
transfer function: aq = 0.7265, a, = 0.6128 [3; = 0.5397, and 3, = 0.0705.

1

0.8

0.6
0.4

0.2

0

0 02 04 06 0.8 1
Q

7.25 A zero (pole) of H| p(2) isgiven by thefactor (z—2zy). After applying the lowpass-to-

. , zZ-
lowpass transformation, this factor becomes =

-z, and hence the new location of the

zero (pole) is given by the roots of the equation

246



a+z
s -l A _ 5 _ k - _
z-a-z +azz=(1+az)z-(a+z,)=0or Zk_1+0(zk' For z, = -1,

A a-1
72, =——=-1
K 1-a
_ 5 _32
7.26 The lowpass-to-bandpass transformation is given by z — b++zA22 where a= 2ap and

l-az+bz B+1

b =E—:. A zero (pole) of H| p(2) isgiven by thefactor (z -z ). After applying the

. . ~b+az-7?

|lowpass-to-bandpass transformation, this factor becomes — 7 % and hence the new

1-az+hbz

location of the zero (pole) of the bandpass transfer function is given by the roots of the
o al+zy) N b+z
- z

=0, whose solution
1+ bzk 1+ bzk

equation (1+bz,)z* —~a(l+z,)z+(b+2)=0, or z

7
1+2 Daa+z,) 2 Op+z O
isgivenby z, = A2 +JDa( o —@ K @ Forz, =-1 2z, =+1.

2(1+bz) \H21+bz)F pl+bz,
Dw -G U
sin%i422 % _
7.27 For , = 0421 and &, = 0571 we have o = —1———— = SO0 - _ 533474, T
sn W+, sin(0.495m)
2 ¢
0 s5-1_,0°2
02231+ 2 f‘lé
A 1 l1-az
H p(2) = GLP(Z)l -2 % = A_ A_ 2
2Tt 031-al 03 1-qU
9z " 1-02952 —10+0.187 —
1-az?! 1-az71

B 0.2231-a)?(1+32~Y?
(1+0.2952 0 +0.1870%) +[-2a - 0.2952(1 + a?) - 0.3740]2 "1 +(a? + 0.29520 +0.187)2 2

_ 0.33929(1 + 2 1)?
0.94127+0.242987 1 +0.17259 72
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10+

I

-30F

-40

0, 40,
COSH
. 5 2
7.28 For w, = 0.42m and &, = 0611 we have & = ~———— E = | osOS15T) _ 4 00855
cos] W, +0 - cos(—0.95m)
1 2
0 5-1,,02
Z +da
0.22301 - ==
~ 3%1 1+az 1%
Hup(® =G p(2], 1 271+ =
z __l+02_1 0 2_1+G U Di_ a a
1+o.2952% A_l%+0.187ﬁ A—l%
1+az 1+0z

0.2231- )% (1-271y?

(1+0.29520 +0.187a2) +[2a +0.2952(1 + 02) + 0.374a]2 71 +(a 2 +0.2952a +0.187)2 2

_ 0.20156(1-7"1)?
1.015+0.41292271 +0.203982 72 -

w/Tt

7.29 Since the passband edge frequencies are not specified, we assume the desired 3-dB bandwidth
of the bandpass filter Hgp(2) is 0 ¢y — 01 = We, Where wy islthe 3-dB cutoff frequency of

GLp(2).
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Moreover, the desired center frequency A c Isrelated to the passband edge frequencies through
D¢ = 00 or ®2 =, p. Hence,

S N = (6m O EAD o = 2 A2 Or Bt B n = 02 + 402
W2+ We1)™ = (We2 ~Wg)” +4WeoWeg = W +4Wg OF Wep +We = yWe +4W¢.

From Eq. (7.48) the lowpass-to-bandpass transformation is given by

0 /7 20
~ ~ ws+4w
co%w_cz +°3c1§ cos@ € @
1 azt-a azt-z7? 2
Z - -2 I az_lz 1GZ_1,Where0(: Dwz wlD TouD .
- - C C —C
Y= H o1
For we = 0.421mand @ = 0.451, a = 0.013564 Then, HBp(Z) G,_p(z)| 5, 1p
- 1-5z71
0. 223(1 77%)?
T1+ (20 - 0.29520) 2L + [02 + 0.2952(1 + &t ?) + o 1870 2]z72
+(~0.29520 - 0. 3740() z3+0187z274
0.1494(1 -z %)?
" 1-00367182 1+ 0.707382° 2 — 00188327 3 + 0.34077 2
1
7.30 w, =0.6M, and G, =051 Thus, a = - _sin(olosn) _ 0.15838444,
D(o +o U sm(O.FSn)
snd—P_P[
H 2 §
_ 1.4 _N@
Therefore, H,x(2) = GHP(z)lZ 1z 9= where
raz1 D@
N(2) = 0.0916(1+ )31 -z 1)° = 0.14238(1- 2 %)® and

D(2) = (1-0.7601a + 0.7021a > — 0.20880°)
+[-30+0.7601(1+20%) - 0.7021(20 + & 3) + 0.62640 %) 2+
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+[302 - 0.7601(2a + & 3) + 0.7021(1 + 20 %) - 0.62640] z”2
+ (-0 +0.760102 - 0.70210+ 0.2088) 2
= 0.896395 +0.1136024987 1 + 0.4695742 2 + 0.11269277 3

0.136728736(¥-2%)

7.31 Hpp(z) = - — . Thelowpass-to-lowpass transformation is
1-0.53353098z  + ().726542528 7
zl-q SinE‘OO;wO@
givenby z 1 — wherg 0 = —————— where 0, = 0.4 and @, = 0.51
l1-az . [wg Wl
smE H
2
Thus, o =-0.15838.
O _ 0( D 20
0.136728736
B 1 az
GLp(2 =H p(2)| 1-2"9 =
az [ Oz1l-qO 1_gO
1-0.5335098 =0 +0. 726542528E -
Hl -az % -0z H

_ 0.186728736(1 - a)2(L + 212
~ (1+0.533531a + 0.7265425302) +[-2a — 0.533531(1 + a2) —1.4531a]z "1
+(a? 4 0.533531 o + 0.72654253)7 2
0.13331-F?)
~ 0.93372+2.7299 109 k2~ 1+ 0.667132 2

250



0600
7.32 The notch filter designed in Example 7.8 has notch frequency & w, = 2rna4e—c%Hz 0.3mand its

0.940809 - 1.1059877 |+ + 0.940897 2

1-1.105987z" 1 + O|881618 772

~ 01000
notch frequency of the transformed filter is w ; = ZTHH% H = 0.5711. The lowpass-to-lowpass

-1 gn@wo_éoﬁ
1 Z —-a 2
>

transfer function is given by (Ggg(2) = . The desired

transformation to be used isgivenby z ~ - 7 where d =
l1-az . [0

—0.32492. The desired transfer function is thus given by

Oz1-q0O Oz71-q g

0.940809 —1.105987 —0t 0.94089 —
Hl—uz_ H E& z H

Hgg(2) = Ggg(z)| 1o 210 =
e 1- 1105087 2= " 0 881618 220 o

-1 + 0.
Bl—uz'la E[l—az'la

(0.940809 +1.105987a + 0.940809 a1?) + [-3.76320 —1.105987(1 + 0 ?)] 2L
+(0.94080902 +1.105987 0 + 0.940809) 2 2
(1+1.1059870 + 0.94080902) + [-2 a —1.105987(1 + a?) - 1.7632a]z L
+(a? +1.1059870 +0.881618)z 2
_ 0.68078+3.4367x10 'z 1 +0.680782 2
© 0.73997+3.4367x10 'z 1+ 0.62783272°
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N\ (]
5 W \
I 10 Cog@) [ Hes@)
(f

wim

0.0916(1- z 43

733 G = . Now w, = 0.6m, and ®, = 0.5t Thus,
HP(2) = 7076012 1+ 0702122 + 0208823 ' VOV Wp p Y
Ow +0 O
cos@ p2 p@
oa=-—— D=—COS(0'55T[)=O.15838444. Therefore,
w, -0 c0s(0.05m)
H 2 §
H =G 71q =N@ here N(z) = 0.0916(1+ o)} (1+2z 13, and
Hp(@) = Gpp(2) 1 _ _ " DR’ where N(z) = 0.0916(1+0a)’(1+2z ), an
1azt

D(z) =(1-0.7601a +0.7021a? —0.20880°)
+[-30 +0.7601(1+20%) - 0.7021(20 + a 3) + 0.62640 %] z 1
+[302 - 0.7601(20 + 0 3) +0.7021(1 + 20 %) - 0.62640] z2
+ (~a® +0.7601a2 - 0.7021a +0.2088) 3

7.34 Theideal L-band digital filter Hy, (#) with an ideal frequency response given by HM,_(ejw)
= Ay for Wy SWSW,, k=12K,L, can be considered as sum of L ideal bandpassfilters

with cutoff frequencies at w'c(lz wy 4, and w(lfz =w,, Where wglz 0 and (o('gz =1t Now from

Eq. (7.90) the impulse response of abandpass filter isgiven by hgp[n] =

sn(w.,n) sin(w.n dsin(w,n) sin(w,_.n)0
(mfz ) _sint d). Therefor ,h'gp[n]zAkH (@) _ st k‘l)u

Hence,
m
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Dsm(w n) sm(w n)C
hy [Nl = ZhBP[n] ZAk mk mil%

p 2 sm(ookn) L1 Dsm(ookn) sin(w, _ 1n)D

dsin(w4n) sm(On)
=A.[0
15 m — kzzz Z ki m ——
Osin(w, n) s n(wl_ ) D
LD - 0
0 ™ m [
sm(ooln) L1 sm(wkn) L1 sin(wy_4n) sin(w_ _4Nn)
Z ZAK m LT m
k=2 k=2
sm(oo ) sm(ook 1n)

-1 L
. sin(w  n) . .
=1 sin(w, n)=0. Weaddaterm A Ea—— to the first sum in the above

Since w =
expression and change the index range of the second sum, resulting in
L-1 ;
s (wkn) sin(w, n)

sin(w, n
Finaly, since A_+1 =0, we can add aterm AL+1% to the second sum. Thisleadsto

L
hy [Nl = ZAk
k=1

sm(wkn) L sm(ook n) L sm(ookn)

Z P Z(Ak Ak =™

-MI<w<0,

jw )
7.35 Hyp(e) = EJ, 0<e< T Therefore,

0 m
_1 jo _jon 1 jwy _jwn
hHT[n]—E[IHHT(e )e dw+E[J;HHT(e Ye'™ dw

0 s .2
i 2sin“(tn/ 2) i

1 ](,3n 1 . joon 2
=— [je' dw—-—[je dw=——(1-cos(m))= fnz0.
> IJ anl 2Tm( s(Tm))

0 T
1 .. 1,
Forn=0, h,{[0] = = [jdw- = [jdw=0.
orn =0 )= 5, i~ [
-7

o} if n=0,
— Foqn?
Hence, h [n]= QZSm é:n/Z), it n£0.
Since hy¢[n]=-hy;[-n] and the length of the truncated impulse responseis odd, itisaType
3 linear-phase FIR filter.
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7.36

7.37

15

1] I:I.IET: I:I.Iih': I:I.IET: I:I.IET: T
Mormmalized frequency

From the frequency response plots given above, we observe the presence of ripples at the
bandedges due to the Gibbs phenomenon caused by the truncation of the impulse
response.

H {x{n]} = z hyr[n = KIXK].
k =—0c0

- . H iX(Ee®), -m<w<o,
Hence F{H {X[n]}} :HHT(eJ X(E") = 5 x(eJ“’) O<w<T
a 4X(e100) -M<wW<0,

(@) Let y[n]=H {H {H{H {x[n]}}}}. Hence Y('®) = = X(e!9).

Therefore, y[n] = x[n].

D( )X (e®), 0<w<mn

(b) Define ofn] = H {x[nl}, and h*[r]=x[n]. Then S H{x}x11=S . dllh*[i]
But from the Parseval's relation in Table 3.2, Z ;”:_oo glh*[1]= ETJ'_HG(eJ(’“))G(eJ “) dow.

Therefore, zr’ H{x{I}x[1]= %TI:THHT(ejw)X(ejw)X(e_jw)doo where

0j, -m<w<0,

jo . . j jw —joy
Hyr(e™)= BJ 0<w< L Sincetheintegrand H(e") X(e"")X(e ') isan odd

function of oo,J’_HHHT(er)X(ejw)X(e_jw)dw:0. Asaresult, Z;x;_ooH {XI}x1=0.

HDIF(ejw)zjoa Hence,
. [ jown wn

an _ I ] pwe
= we  dw= we Mo = - +—
hpelnl = J j I @ in 2 E

Therefore,
21

o] = cosslnn) _sin(tm) _ cos(T)

Tt
. 1 ..
2 ,ifnz0. Forn=0,hD|F[0]=ETJ'Joodw:0.
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0, n=0,
Hence, hp,[n] = 0cos(m) . In|>0. Since hpn] = — hp;{—], the truncated impulse
E n

responseisaType 3 linear-phase FIR filter.

The magnitude responses of the above differentiator for several values of M are given below:

M=10 M=z0
4 T T y 4 r T .
It al
% Lo
'%2 - %2 I
= =
1} 1}
] ; . y . 1] . . y .
1] 02m 04n  0Am 0&n T n 02m 04n  0&m 0&n T
Hormmalized frequency Hormmnalized frequency
M=30
A
3
;:
a2t
&
=
il
1]

1] EI.lE*n D.Iilﬂ 1] .Iﬁ']'[ D.IS']T T
Hormalized frequency

W
1- =L for n=M,
sin{w (n-m)

if n#M, 0<sn<N
_,_[(n_m) 1 1 b
0.

738 N=2M +1. h [n=
otherwise.

D:DI:JI:IDLI__ID]]DIII [}

00 00 N-1 N-1
Now Hp(2) +H, p(2) = ZhHP[n] z "+ Z h plnz " = Z hyplnlz " + Z h plnz™"
n=0 n=0

n=-—oo n=-—oo
N -1 R R
- Z(th[n]+ hyplnl)z ™"
n=0
- - - N 00, 0sn<N-1, nzM,
But hyp[n] + hp[n] = th[n] + th[n] = Bl n=M '

Hence, H np(2) + I:||_P(z) =M ,i.e. thetwo filters are delay-complementary.
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' ), Jjo<w,
7.39 H,, o(e'® =§ ¢ Therefore,
Le(e) 0, otherwise.
0 0 w g 0 . 3 0 . . ® 0
0 ¢ 0 10 Oyelon giond Oy e gion 0]%e
hLLP[n]:%.[D_ J-wejmd(*)"'.j’wejwndwm:%[ﬂ—gw?n +en2 E *Ew?:] +en2 E i
H ¢ 0 E H : —W, J 0 H
1 chejoocn wce‘iwcn e O 4 g7ieoch 2% ~ wcsin(oo n)Jrcos(cocn)—l
2T[H jn n2 E ™ c e
7.40 H (eiw):D‘*” <0 e
' BLDIF E 0, otherwise '
We DD j con jon|®c
1 jeon 1 Ded™" € 0
h n=— [we dw==—>0H—— + 0
sLoirlN = o I 2"%@ in T2 :
o, o,
1 Ewcelwcn +we I giogn —e_]wcng . ¢ : .
=~ o = —j—=cos(w.N) + j—= sin(w_.n).
2 jn 2 5 'm S(eh) +j —= sin(e;n)
nT
7.41 From Eq. (2.181) y(nT) =y((n-)T)+ J'x(T) dt=y((n-)T)+T X((n—-1T) which reducesto
(n-)T

y[n] =y[n—-1]+TX[n-1]. Hence, the corresponding transfer function is given by
-1

Hg(2) = 1T_Z—Z_l From Eq. (2.99) y[n]=y[n-1]+ %(x[ nl+x[n—1). Hence, the corresponding

-1
transfer function isgiven by H(z2) = % % From the plot given below it can be seen that
the magnitude response of Hjn:(2) lies between that of Hir(2) and H1(2).

0.2 0.4 0.6 0.8 1
w/TT

3 1
742 Hpn(z) = ZHR(Z) + ZHR(Z) . From the plot given below it can be seen that the magnitude

response of Hp(z) lies between that of Hg(2) and H(z), and is much closer to that of
Hint(2) -
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7.43

7.44

15

H
R(Z|)4 Q)
. HT(Z) Hint(z)
0.2 0.4 0.6 0.8 1
Wit
30 z71 0 101+2700 147771 8-z )
Hn(2) = = + = = . Itsinverseisgiven by H(z) = ————=,
N(2) 481-7718 8F1-71H 8(1-z1) J y Hz) 1+7z71

whichisunstable asit hasapoleat z=—7. A stable transfer function with the same magnitude
response is obtained by multiplying H(z) with an allpass function (1 + 72_1) / (7+Z_1)
s1-z1 1 7zt g1-z7Yh
1+7271 74271 74771
H gif (2) with a frequency response given by Eq. (7.68) and that of the IIR differentiator

H | r(z) isgiven below. Ascan be seen the magnitude response of H|r(z) isvery closeto
that Hgis (2) .

resultingin H||r(2) = , A plot of theideal differentiator

af .
25 H i)
Hr(@
2|
15}
1 L
05}
0 . . . .
0 0.2 0.4 0.6 0.8 1
w/T

The frequency r?ﬁponse of acausal ideal
H notch(©®) = Hipgicn(w) €’ %) \where H notch(®) is the amplitude response which can be

( 01, Osw<w
expressed as H otch (W) = H—L W SW<TL

?otch filter can thus be expressed as

It follows then that Iglnotch(w) isrelated to the

amplitude response H | p(w) of theideal lowpass filter with a cutoff at w, through

H notch(®) = iZ[H Lp(w) - 1]. Hence, the impulse response of theideal notch filter isgiven

sin(wgn)

by hnoten[N] = 2 hy p[n]) = &[n]], where hy p[n] = P Sn<e The
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magnitude responses of alength 41 notch filter with anotch frequency at w, = 0.4mand its
associated length-41 lowpass filter are shown below.

15

\ \/\__/‘\../“\/"\/"\

AN
Ay
I
i

w =041
o

0 0.2 0.4 0.6 0.8 1
w/m
7.45 (a) See Section 10.5.2
16
0D -k
b) D=100/11. h[n] = 0<n<lé.
(b) [ =1 Gyt
k#n

h[0] = —8.8187e-07, h[1] = 1.5854e-05, h[2] = —1.3567e-04,
h[3] = 7.3708e-04, h[4] = —2.8661e-03, h[5] = 8.5600e-03,

h[6] =—2.0771e-02, h[7] = 4.3863e-02, h[8] = —4580e-02, h[9] = 1.0089e+00,
h[10] = 7.0620e-02, h[11] = —1.8343e-02, h[12] = 5.0156e-03,

h{13] = —1.1485e-03, h[14] = 1.9597e-04, h[15] = —2.1708e-05, h[16] = 1.1604e-06.

10
9.5
Ideal
9 |
Lagrange
8.5 |
8 L L L L
0 0.2 0.4 0.6 0.8 1

W/t

7.46 Note that the desired delay D = 9.0909. Hence N = 9 isthe order of the allpass transfer
-9 -1
z7D(z )
D(2)
D(z) =1- 0.81081z 1 + 0031901z 2 - 0.012872z 2 +0.0045589z % - 0.00132362 >

+29767x10™4 2% - 4829x10°7 77 -50088x 1070278 +2.480x 10772 °,

function. The allpass fractional delay are thus given by A(z) = where
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10
9.5}
Ideal
9f ]
8.5} ]
8 i
0 0.2 0.4 0.6 0.8 1
w/Tt
M
7.47 (a) X[n]=9n]+ z Apsin(kwgn+ @) = g n] +r[n], where §[n] isthe desired signal and
k=0
M
rn] = z A sin(k won + @ ) isthe harmonic interference with fundamental frequency Wy, .
k=0

M M
Now, [n=D]= ¥ Aysinfkw(n-D)+@]) = ¥ Ay sin(kwoh + @y —21k) = r[n].
k=0 k=0
(b) y[n] =Xn] -x[n-D] =4n]+r[n]-gn-D] - fn-D]=4n] +r[n] -gn—-D] - r[n]
=g9n]—-9n-D]. Hence, y[n] does not contain any harmonic disturbances.

-D
1-2z

c) H.(z) = ——=——=. Thus,

@ He@= =5

- 1-¢ /D 1- cos(Dw)) + jsin(D
H(el) = o8 = LoD SnD0)
1-p“e’ (1—p COS(Dw))+jp sin(Dw)
i 2(1- D i
He(e!)] = (D cos(Dw) 55 A plot of [Ho(e™)] for w, = 0.22mand p = 0.99 is
1-2p~ cos(Dw) +p
shown below:
1.5
1
I0.5
0 L L
-1 -0.5 0 0.5 1
W/
(d)
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748 H¢(z) =

x[n]

P(z) _ 1-N(2)

b

)

N
o}

given by
Nuner at or Coefficients

Columms 1 through 5
1. 0000e+00 -1.5854e-05

Col ums 6 through 10
-8.5600e-03 2.0771e-02

Col ums 11 through 15
-7.0620e-02 1. 8343e-02

Col unimms 16 t hrough 17
2.1708e-05 -1.1604e-06
Denom nat or Coefficients

Columms 1 through 5
1. 0000e+00 -1.3819e-05

Col umms 6 through 10
-7.4611e-03 1.8104e-02

Col unmms 11 t hrough 15
-6. 1554e-02 1. 5988e-02

Col ums 16 through 17

1.8921e-05 -1.0114e-06

15

Q(z) 1-(0.985)10011) ()

Problem 7.45 solution. The transfer function coefficients in ascending powers of z_1

+y[N]

1l
IO.5-

260

1. 3567e-04 -7.3708e-04
-4, 3863e-02 9. 4580e- 02
-5.0156e-03 1. 1485e-03
1.1826e-04 -6.4246e-04
- 3. 8232e-02 8. 2439e-02
-4,.3717e-03 1. 0010e-03
p=0.985
1 -0.5 0 0.5 1
w/Tt

where the coefficients of N(z) are as given in

ae

. 8661e-03

. 0089e+00

. 9597e-04

. 4981e- 03

. 7934e-01

. 7081e- 04



P(z) _ D(2)- 2 Dz}

Q(z) D(z)-(0.99)190/1D;9p7 1 where

749 H¢(z) =

P(2) = 1- 0.81086Z 1 +0.031949z 2 - 0.01317Z > +0.00588252 "+ - 0.00588257 >

+0.013172 ° - 0.031949z 7 +0.0810869z & -z°
Q(z) =1-0.81086z *+ 0.031945z7 2 - 0.013144z > +0.0057669z "+ — 0.00548447 >

+0.0120462° - 0.0291647 " +0.074006 7 8 -0.912687°,

, and

1.5
p =099
1\ =
Io.s. ]
0
-1 0.5 0 0.5 1
w/Tt
—w <wW<
E 1 wp w_wp
0 Jw-w. U
-0 PO w <w<w,
. E Dw -W D S
750 H ) =0 25 "PU
0 Jow+w U
El+%_EH —W <WEW,,
W, ~W S P
g U7s pl
5 0, elsewhere.

Tt
1 . .
Now, for n#0, hy plr] = — J' H_p(e) e dw
-Tt

i, “sg 0 “pp 0 -
. W—w . wWw+w .
=10 [+ - P 0ed Mo + 1+ —P )My
2y Aw W 0
Fop ©p ~Ws H
0o “s - P+ 0
:Z-[E My J- pej(mdoo+ I pejwnde
s ®p ~Ws B
0 | . | o
-1 %Zgn(‘*’sm 1 f@-wp)e " +‘3ij ! (o)l &‘"”H p%
- ZHE m Aw% in n? 5 Aw% in n? 5 E
W -
p s
_ 1 %23 n(wgn) 1 EAwersn N el N _ gi®gn . —Aoye i@ ) eiwn _e—jwsn%
2ng ™ AwE jn n? jn n? ii
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1 B2sin(wgn) 2 DAwsin(wgn)  cos(wgh) - cos(e n) 03
=—=0——-—0 + > g
2ng Aw F n n as|
1 ECOS((D n) cos(wsn)% _ 1 Ooos((@, ~B8w/2)n) _ cos((w; + Aw/2)n)
Awg T[n2 m® AwB mn’ ™°
_ 2sin(Awn/ 2) Sin(w,n)
© Aon m
Tt

_ _1 jwyy o _ L
Now forn=0, h p[0]= ZTJ’HLP(e Ydw = 2—n(area under the curve)

-1t
_LM _ 9
2T 2 1o
O W
B - if n=0,
Hence, 1 el = Do gniacn /2) sin(n)
, 1f n#0.
B Awn ™

An aternate approach to solving this problem is as follows. Consider the frequency
0 o, —oop Sw< wp,

O
- 1
o dH () B, <w<a,
response G(e"*’)z%:g 1A03 P * Itsinverse DTFT is given by
DE)’ —U)S<U)<—(Dp,
H 0, €dsawhere.
1 " 1 1 1 1
n=— [G(Ee®)e®dw =— [ — = (—edw
an] 21‘[,[ (&™) 21 IA 21 IAC\)
—Tt (JL) (A)
O O
1 Dejwn ~©p ejwn ©s L
= 0= (cos(oo n) —cos(wgn)|.
ZMw% jn % P
_ Wy

Thus, h| p[n] =r—j19[n] = 21Aw (cos(w n) — cos(w n))

1 D 0g
_nnZAwD oW ——HnH COSHE“) +—HnHD
_ 2sin(Awn/2) DS! n(w,n)
Awn

,for n#0.

Forn=0, h p[n| =

7.51 Consider the case when the transition region is approximated by a second order spline. In
this case the ideal frequency response can be constructed by convolving an ideal, no-
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transition-band frequency response with atriangular pulse of width Aw =, - Wy, whichin
turn can be obtained by convolving two rectangular pulses of width Aw/2. Inthetime
domain thisimplies that the impulse response of afilter with transition band approximated by
a second order splineis given by the product of the impulse response of an ideal low pass

filter with no transition region and square of the impulse response of arectangular pulse.
Now,

sin(w.n) sin(Awn/ 4 2
HLP(ideal)[n] = mc and H o [n] :—A(wn/4 ) . Hence, H p[n]= HLP(ideal)[n](Hrec[n]) )

Thusfor alowpass filter with a transition region approximated by a second order spline

0 w )
£ if n=0,

hy o =0 . T
el = Frgingacns 4)12 sinw_n)
EH Awn/4 H m

otherwise

Similarly the frequency response of alowpass filter with the transition region specified by a
P-th order spline can be obtained by convolving in the frequency domain an ideal filter with

no transition region with P rectangular pulses of width Aw/P. Hence,
P
Hp[N] = H| gigea) [N (Hyeclnl) . Where the rectanguiar puise is of width Aw/P. Thus
0 w ]
—c if n=0,
h o[n] =0 LT
LPY ™ sin(Awn/ 2P) 07 sin(w_n)
HH Aen/2P 0 m

otherwise

7.52 Consider another filter with a frequency response G(ej w) given by

0 0, 0< msmp,
% - Umw-w )D

E srﬁ Wy <O S,

G(ej(,o =D2A(A) Aw

0-n  Hnw+w)d

0 S W, SWS -W
020w Aw @ P’
H 0, elsewhere

. jw
Clearly G(e"*’):%. Now,
Dms (w-wp) 0 W WD

Tt
olnl = — G(ej‘”)ej‘*’”dco— ¢l 2o Hejwdw e 10 & do
211_

_wp @+ wp)0 ©p _ OmMw+wp)0 D
+ e el 2 B g- I e 0 o B dw%
“u
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o1 oyl OO JOpITIENT sy ST _ (A
" ) @e 0 i(n+11/ ) 0~® ] i(n— 11/ 00) 0
i J O d ] 0
+e(jrtwp 1 Do) He_jwp(nw ) e_jws(nmmw) H_ e(-jrtwp/ Aw) Ee_j D) e_jws(rl T %
- j(n+ 1/ Aw) . - i(n -7t/ ) o
_ -1 D-sinfegn) —sin(wpn) —sin(wgn) —sin@pn) (dn(ws”)+9“(‘*’p”))H 2n/Aw ¢
4N (n+T11/ Aw) (n -t/ Aw) A n” -’ /8w b
0 0
_ sin(w.n) cos(Awn/ Z)H 1 H
- A(A)J 2 200

Dr%a (Aw/m) n HD

cos(A(m/Z) DHSH(W r‘)D
1- (Aoo/T[) n? m D

i 0
Now h[n] = rj]—g[n]. Therefore, h[n] = %

1
7.53 Let wg[n] = pE Since the convolution of two length N sequences produces a sequence of

1
length 2N— 1, therefore 2N —1 = 2M + 1 which givesN =M + 1. Therefore, wg[n] = e
M M Hi(M+1—|n|) -M <n<M
——<ns . Now,w[n] = wg[n] ®wgln] =02 ’ == or
A 0, elsawhere,
%M +1o l l -M < n<M
winl = 02 B Mg
H 0, elsewhere

Now Mk—;l =1 whichyields k =+J/M +1. Hence aBartlett window of length 2M + 1is

obtained by the linear convolution of 2 length M + 1 rectangular windows scaled by a factor

1 .
of s each. The DTFT Wy, (') of the Bartlett window is thus given by
nZ(u)(M +1))

1

rectangular window. Hence lJJBART(e“‘)) =0a w=t

. . \2 .
Waart (€)= (LPR(EIJ w)) = where W, (€'®) isthe DTFT of the

21 " 41t
M+1'" M+1’

4m

M+1
Bartlett window of length 2M + 1 = 2N — 1 as compared to that of a rectangular window of

length N =M + 1. The maximas of the DTFT lJJBART(ej(*’) of the Bartlett window occur at the

Therefore ApLBART = It should be noted that the main lobe width given hereisfor a

same location asthe DTFT LIJR(ej ) of the rectangular window. Since Wy ART(ej E

(LIJR(ej(*))) it follows then A4 BART = =2x Ay r =2x13.3=26.6 dB.
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754 w [n]—D +BcosD 2m D+ coD 4m_(h [n]
' cctM = dm+1n YO om w1 dR
0. g2m g 02m 0 .gd4m g 04m ol

O
0 0 JE}Z_D 1[12_[D 0 JEr[I JDZ_DDD
- Eﬂ"'zﬁﬁe 1 M +1 %4'2 @e M+1 M+1 HH R[n]
0. 2t {J 0 2n
i ' O J%" mll D %(*H' mll
Hence, Woo(€') =a Wo(e®) +2Bwrme - M h+2pw H 2M+1 @
0. 4t o0 0. 4t
J It
+2VWRHGBD 2|\/|+1DD+2yL|JRD i 2M+1E|§_

For the Hannwindow : a =0.5, 3 =0.5andy =0. Hence

0. 2 ]

' ' Sy 1ED JB‘MZM 1ED
Woann (€)= 05 WL () + Wre * *

i 1 H :

(2M + 1wl
sin H( 2 - S'”H(ZM 1)53_2M 1HH SnH(ZM +1)Hz oM +1HH
sin(w/ 2) nﬁw m [ SmH L '
2 2M+1l 2 2M+1
For the Hamming window a = 0.54, 3 = 0.46, and y = 0. Hence
0.5 2n 0 g 2n [0
. . R0 =—— R+ ——
Yoo (@) = 054 WL (€) + 092w e b 2M -+ +o.92wRHe8‘) 2“"*1[%.
0(2m +1)ooD .4 Do Tt
_054an H+092‘°mH(2M +1)Hz 2M +1HH zan(2M+Dﬁz FoMe1t
- gn(w/Z) ’ w n 0 sn U v
S T oM Hz oM +1
For the Blackmann window a =0.42, B = 05and y =0.08
0. 21
| | ) R 180 o
Wo ack (€) 2054w, (/) +Wore 2'\"”@ RH 2"’”1@
0.5 4n 0o 4n
I 55— W55
+0.16 wR%e b om 1 016 wRHeEP oM +1E§
0(2M +1 mD
_0429r9( 2 ) +an(2|\/| +1)Hz oM +1HH+‘°‘”H(2M +1)Hz oM +1HH
oS Si'nug_zl\/lTT 1D SinD%JrzMjT 1D
+ +
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U Dw 2 O . 0 Ow 2m O
oy M ST
' .nDQ_ 2 U ) sinme— 2n U

2 M1 12 am+1n

7.55 (@) N =1and hence, x,(t) =a, +a;t. Without any loss of generality, for L = 5, wefirst
fit the data set {x[k]}, -5 < k<5, by the polynomial x,(t) =a +a;t with aminimum mean-
squareerroratt=-5,-4,...,0,1,..,5, and then replace x[0] with anew value X[0] =

Xg(0) = ag.
5
2
Now, the mean-square error is given by e(a, o) = Z{x[k]—ao—alk} . We sat
k==5

0€(ay,ay) 0€(ay,04) _ _ 5 5
———— =0 and ——— =0 whichyields1la, +a k= 3 x[k], and

da, da, Y 0+, 257 23

5 5, 5
ay 2k+a; Y ko= YkxK].
k=-5 k==5 k=5
5
From the first equation we get X[0]=0(0=131 Zx[k]. In the general case we thus have
k==>5

5
X[n =a, :1—11 Zx[n —k], which isamoving average filter of length 11.
k=-5

(b) N =2and hence, x,(t) =a +0(1t+o(2t2. Here, we fit the data set {x[k]}, -5< k<5, by

the polynomial x,(t) =a +0(1t+0(2t2 with aminimum mean-square error att =-5, 4, . . .,
0,1,..,5, and then replace x[0] with anew value X[0] = X5(0) = a,. The mean-square

error is now given by 8(0(0,0(1,0(2) = i (x[k] —agy—oqk —azkz)z_ We set

K==5
0€(a,, 0,0 0€(a,, 0,0 0€(0n,04,0
@0 apdp) _ ) & ALA)) _ ) g 22D, which yields
da, da, da,
5 5 5
110, +110a, = Zx[k], 110a, = ka[k], 1100 4 +1958a , = Zkzx[k]. From the first
k=-5 k=-5 k=-5
and the third equations we then get
5 5
1958 Zx[k] ~110 Z k2X[K] .
0, = —E= =5 -1 (89-5K2)x(K].
(1958 x11) —(110) 429 £

Hence, here we replace x[n] with anew value X[n] =a, which isaweighted combination of
the original data set {x[k]}, -5<k<5:

5
R[n = ﬁ kZS(SQ—SkZ)x[n K]

= 4—;9 (=36 X[n+5]+9x[n + 4 +44x[n + 3] +69x[n+2] +84x[n +1] +89X[n]
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+84x[n—1] + 69x[n — 2] + 44x[n — 3] + 9x[n — 4] - 36x[n - 5]).

(c) The impulse response of the FIR filter of Part (a) is given by
hl[n]=1—ll{1111111111]},

whereas, the impulse response of the FIR filter of Part (b) is given by

h,[n] = 429{ -36 9 44 69 84 89 8 69 44 9 -36
The corresponding frequency responses are given by

H (ej“’)— Z e 1% and H (eJ‘*))-— 2(89 5k )e juk
A plot of the magnrtude respons& of these two filters are shown below from which it can be

seen that the filter of Part (b) has awider passband and thus provides smoothing over alarger
frequency range than the filter of Part (a).

1] I:I.;Z'n . EI.IﬂrTr_ I:I.ifi'n EI.IETr T
Hormalized frequency
7.56 y[n] = 3—20{ 3X[n—7] —6x[n—6] —5X[n—5] + 3x[n —4] + 21x[n — 3] + 46X[n — 2]
+ 67X[N—1] + 74x[n] + 67x[n + 1] + 46x[n + 2] + 21x[n + 3]
+ 3x[n + 4]5x[n + 5] —6X[n+ 6] —3x[n+ 7] }.
YE o1

Hence, ——— = { T _geTI00 _5 eI L 36710 L 91670 L 4612 1676 194+ 74
X 320
+676l® + 4612 +21€j3m+3ej4w_58j5w_6€j6w_3ej7w}_
oy _ Y(E) _
Thus, H(e'™™) = X&) 160{74+67cosw+46003(2w)+Zlcos(3w)+3cos(4w)

—5c03(5w) —6cos(6 W) —3cos(7w)} .

The magnitude response of the above FIR filter is plotted below (solid line marked 's’) along
with that of the FIR filter of Part (b) of Problem 7.25 (dashed line marked '(b)"). Note that
both filters have roughly the same passband but the Spencer's filter has very large attenuation
in the stopband and hence it provides better smoothing than the filter of Part (b).
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757 (QL=3. PX) =0(1x+0(2x2 +a3x3. Now P(0) = 0 is satisfied by the way P(x) has been
defined. Alsoto ensure P(1) = 1 werequire o, +a, +05; =1. Choosem=1andn=1,

Since dPR9 oo 0, hence a; +2a,x +3o(3x2 0 =0, implying a, =0. Alsosince
dP(x) , .
— =0, hence a,+2a, +305=0. Thussolving the three equations:

dx Ix=1

a, +a, +og =1, a,; =0, and a;+2a,+305=0

wearriveat o, =0, 0, =3,and a;=-2 Therefore, P(x) =3x2 —2x°.

(b) L =4. Hence, P(x) =0(1x+0(2x2 +0(3x3 +a4x4. Choose m =2 and n = 1 (aternatively
one can choose m = 1 and n = 2 for better stopband performance). Then,

P1)=1U a,+0,+ag+a, =1,
% 0-0 D a1+20(2x+30(3x2+4cx4x3|x=0=0,
% o =0 [ 2a2+60(3x+120(4x2|X:O=0,
% le:o O o,+20,+305+40,=0.

Solving the above simultaneous equationswe get o, =0, a, =0, a3=4, and o, =-3.
Therefore, P(x) = a3 -3x%,

(c) L =5. Hence P(x)=0(1x+0(2x2 +a3x3+a4x4+a5x5. Choosem=2andn=2.

Following a procedure similar to that in parts (&) and (b) we get o, =0, a, =0, a;=10,
a,=-15 and ag=6.
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M
7.58 From Eq. (7.102) we have I£|(oo) = > c[K]sin(wk). Now

k=1
M M M
|£|(T[—(.0) =5 ck]sin((w- k) = - > c[Kk]sin(wk) cos(tk) = % c[k](—l)k+1sin(oak).
k=1 k=1 k=1
( _ ( . . M . _ M k+1 _. .
Thus, H(w) = H(TT— w) implies z c k] sin(wk) = z dk](-1)" “sin(wk), or equivalently,
k=1 k=1
M
S (1= (=" )clkIsin@k) = 0 which in tum impliesthet o[K] =0 fork =2, 4,6, ...
k=1

But from Eq. (7.103) we have (k] =2 M -k], 1<k <M. Or, h[K] :%dM—k]. For k
even,i.e, k=2R, h[2R] = %({M -2R] =0 if M iseven.

. . M -1
7.59 (a) H[K]= H(E®¥) = HE?™ ™) 0<k <M -1. Thus, h[n] :% S HIKIWy",
k=0

where Wy, = e 1@UM

M-1 L1 MMt on 1M1 M-t
Now, H(z) = hinjlz "= — HIKIWy, z " == Y H[k] Wy~ z
nZO M nZO kZO M=o ano :
M kn-n 2 knoen 2 k-
We can write z Wy Nz™" = Z Wy Nz N - Z Wy nz™"
n=0 n=0 n=M
[o¢] [o¢] _M
_ z W knz—n_nglkMZ—M z Wwokn—n _ 1_Z—M) z W kn,—n 1-z
= M M = M = =
n=0 n=0 n=0 1—WMkZ 1

M M-1 H[ k]

1-z
M kzol—WMkZ_l.

Therefore, H(z) =

(b)
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}—»y

X[n] —H1- zM

H
N
o |
~
=
=z
T
z [ T zE
< [=)
A
+

r 1- 7 Lei2(M-1)/M

(c) Ontheunitcircle

(
7.60 (a) For Type 1 FIR filter, HE®)=e 1= 5 |H(e“’°)| Since in frequency sampling

approach we sample the DTFT H(e!®) at M points given by w= %[k k=01K,M-1,

therefore H[k] = H(e”2™/M) =|H,@2™/M)[eT2MMD/2M "\ = 01K, M -1. Sincethe

filterisof Type 1, (M —1) iseven, thus g2tM-/2 _q Moreover, h[n] being real,
H(E®) = H* (€®). Thus, H(el®) = e®M _1)/2}-|(e‘°’)|,, < W< 21 Hence,

1 |7 | ez -n/2m, cco1aK ML
_aHd(ejzm/M)leij_k)(M_l)/ZMv K= M2+1 M +3 KM-1

(b) For Type 2 FIR filter

% |Hd(ejZTtk/M)le—jZTd((M—l)/ZM’ k=0,1,2,K,%—J,
Ll
H[k]=§ 0, =%,

Hd(ejzm/m)lejznk(M—k)(M DMy - %+LK,M 1

21
7.61 (a) Thefrequency spacing between two consecutive samplesis given by T = 0.11765rm, and

hence the desired passband edge wWp = 0.5711 i's between the frequency samples at

= 24 047059 and 0 = 202

samples are thus given by

=0.588241t. From Eq. (7.174) the specified DFT

HIK] = Qe 1 (GVIN8 - = 0,1K,4,12,K 16,
E 0, k =5,K,11.

(b) A 17-point inverse DFT of the above DFT samples yields the impul se response coefficients
given below in ascending powers of 1

Columms 1 through 5
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4.3498e-03 6. 0460e-03 -2.9166e-02 8.1624e-03 5.7762e-02

Col unimms 6 through 10
-6.4003e-02 -7.9934e-02 3.0267e-01 5. 8824e-01 3.0267e-01

Col unmms 11 t hrough 15
-7.9934e-02 -6.4003e-02 5.7762e-02 8.1624e-03 -2.9166e-02

Col ums 16 through 17
6. 0460e- 03 4. 3498e- 03

15

-10}
1 -20}
| I
05} -40
-50} {
0 -60 L L L L

0 02 04 06 08 1 0 02 04 06 08 1

7.62 (a) W, = 0.3t For M = 37, the frequency spacing between two consecutive frequency

samplesis é—;[ =0.05405411. Hence, the desired passband edge of the lowpass filter is|between

2XS _ 4.27027m and w= 2220

El O0<w=<0.3m,
}—|d(e“*’)| =%O, 0.3M<w<17m
01, 17m<w<21

the frequency sampleat w=

=0.3243243rt. N =37, and

E e-ik/3718, 0<k<6
Therefore, H[k] =0 0, 6<k<32
Eej(zmw— K)/3718 37k <36.

i@TKk/3N8 -y - 01K ,5,3233K ,36,

q
Hence, H[K] = [°
i 0 k=6,7K 3L

(b) A 37-point inverse DFT of the above DFT samples yields the impul se response coefficients
given below in ascending powers of 7L

Columms 1 through 5
-2.4155e-02 -4.6049e-03 1.9130e-02 2.8037e-02 1. 4205e- 02

Col unms 6 t hrough 10
-1.2467e-02 -3.1027e-02 -2.5234e-02 3. 0533e-03 3. 3261e-02

Col umms 11 t hrough 15
3.9919e-02 1.2162e-02 -3.4815e-02 -6.5556e-02 -4.5430e-02
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Col ums 16 t hrough 20
3.5732e-02 1.5291e-01 2.5623e-01 2.9730e-01 2.5623e-01
Col unims 21 t hrough 25
1.5291e-01 3.5732e-02 -4.5430e-02 -6.5556e-02 - 3. 4815e-02
Col unms 26 t hrough 30
1.2162e-02 3.9919e-02 3.3261e-02 3.0533e-03 -2.5234e-02
Col ums 31 through 35
-3.1027e-02 -1.2467e-02 1. 4205e-02 2.8037e-02 1.9130e-02
Col ums 36 t hrough 37
-4.6049e-03 -2.4155e-02
15 20
0
1
I Ilao-
05} -0t
-60 |
0 . . -80 L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.6 0.8 1
W/t Wit

7.63 By expressing cos(wn) =T (cosw), where Tp(X) is the n-th order Chebyshev polynomial in
X, wefirst rewrite Eq. (7.96) in the form:

(

Therefore, we ca(n

M M
H(w) = z g n]cos(won) = za - c0s"(w).
n=0 n=0

rewrite Eq. (7.118) repeated below for convenience

P@)[H@)-D@)]= -D'e, 1sisM+2,
in amatrix form as

1
y
n
iy
1

cos(ml) L
cos(w,) L
i o
cos(wy41) L
cos(ooM . 2) L

cosM (wl)

cosM (w,)
!
M
cos ™ (W 41)

1/ P(02,)

1/ P(w,)
I

M /Py 14p)

Note that the coefficients {a} are different from the coefficients {d[i]} of Eq. (7.96). To

A
determine the expression of € weuse Cramer'srule arriving at € = KE , Where
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1 cos(w) L cosM(w,) 1/ P(,)
%1 cosw,) L cosM (@,) -1/ P(w,)
A = detd)| I @) I I
1 L
a1 L

3
o

cos(wys) L cos” @) (DY /Py )
cos(Wy) +2) cos” (Wp42) (—1)'\/I 1 AWy +2)8

o e

%]_ cos(w;)) L cosV(w,) D(wy) E
A det% COS(O)Z) Ic_> COSMM(wZ) D(?ADZ) E
) %L cos(wM ) L cos (Wp+1) Dl +1)%
%L cos(wy40) L cosM(wM+2) D(U)M+2)E

M+2
Expanding both determinants using the last column we get A, = z b; D(w;,4), and
=1
M +2 i-1

A= Zb' P(]) X where

%L cos(w) cosz(ool) L cos” (w) E
E’L cos(w,) cosz(ooz) L cos¥ (w5) H
@ I N (@) 0 H
b, =det cos(w;_1) cosz(wi_l) L cos" (W_1) G
%l cos(w; ;1) cosz(w- +) L cos™ (0i4q) E
i+1 i+1 i+1
a I N @) I :
@. COS((JOM +2) COSZ((*)M+2) L COSM (wM+2)§

The above matrix is seen to be a Vandermonde matrix and is determinant is given by

b, = (cosw, —Coswy ).
k#1, k>|
k| #i
M +2 1

b,
Define ¢; = grs5— It can be shown by induction that ¢; = ] o5 —cos_” Therefore,
n=1 i n

” br n;i

r#i
M +2

Z b,D(w;)
ch(ml) +C,D(w,) +L + ¢y, oD(@)y42)

€=
Me M+1
bﬂ B R SR VI (G

"Pw)  P) PW,) P(0y;.42)

7.64 It followsfrom Eq. (7.67) that the impulse response of an ideal Hilbert transformer is an

antisymmetric sequence. If wetruncate it to afinite number of terms between -M < n<M the
impulse response is of length (2M + 1) which isodd. Hence the FIR Hilbert transformer
obtained by truncation and satisfying Eq. (7.143) cannot be satisfied by a Type 4 FIR filter.
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N-1 ) N-1  pg_gq4 620" P(Q)

7.65 (a) X(2)= Az X = x 4= n
) X@= 5 AMZ" X (Z)lz‘lif‘f_f 3 Mot = py
where P() = z p[n]% 1= x[n] L-a SINTN o SN g
n= O
D) = z dn &t =@-af YN
n=0
(b) >&[k] ZX(Q)l Q:eiZT'k/N E[k] , Where é’[k] Pé)lg jerk/N iSthe

£ @l 21k/N [k]

N-point DFT of the sequence p[n] and D[ k] = D(g)u:é'an/N isthe N-point DFT of the
sequence d[n].

© Let P=[p[0] p[ K pIN-1] andX =[x[0] x[0 K x[N-1]". without
any loss of generality, assume N = 4 in which case

3
P(%) = 3 pIn &7 = (x[0] - ax(] + a2 2 - (3]
n=

+ (~3ax{0] + 1+ 2a2)x[1] - a(2 + 2)x[2] + 3a%X([3]) ¢ 1
+ (3a%x[0] - a(2 + a2)x(1] + (L+ 2a2)(2] ~3ax(3]) £ 2
+ (—a3 X[O]azx[l] -ax[2] + ax[3]) 5_3. Equating like powers of 5_1 we can write

Pl0lD 11 —-a a? —0(3%D><[0]D
1 E 30 1+2a2 -a(2+a?) 3a20xlp
Bb[Z]D %30(2 —a(2+a%) 1+20? —30(%5([2]5

; 0.0
EP[3]D a3 o —a 1 FX3Io

elements (g, 0 <r1,5<3, of the 4 x4 matrix Q can be determined as follows:

P=QX or It can be seen that the

(i) Thefirst rowisgivenby qgs= (- 0()

(i) Thefirst columnisgivenby q, g = 3¢ (-a) = T r)I( a),
(iii) the remaining elements can be obtained using the recurrence relation

Ors =Qr-15-1~ 00 51 TAQr—1s-
In the general case, we only change the computation of the elements of the first column using

the relation q; o = NIe, ()" = %(—a)r,
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M7.1 Using the M-file but t ap wefirst design a4-th order analog Bessdl filter whose transfer
1

s# +31239s3 + 4.39165% +3.2011s +1°
10393s+18470  _ 10393s+2.3615

s2+1.31445+1.1211 & +1.80955+8.9199
where we have used the M-filer esi due again to combine the complex conjugate pole-pairs.

function is given by H(z) = A partia-fraction expansion

of H(z) using the M-filer esi due yields H(z) =

INCOMPLETE

M7.2 Given specifications: Fp = 4kHz, F,= 20 kHz, F; = 80 kHz, o= 0.5dB and ag = 45 dB.
Using Egs. (7.7) and (7.8) we obtain the normalized bandedges as W, = 0.1m=0.31416 and
w,=05m=15708. Let T =2. From Eq. (7.26), the bandedges of the analog prototype are
Qp = tan(oop/2) =0.15838 and Qg =tan(wg/2) =1 From Eg. (5.29) the inverse transition ratio

QS
—S =6.31375.
Q
p
0

is

Xl

1 O 010
201og;q %E: —0.5 whichyields g2 =0.1220184. Similarly, 20 Ioglogiaz —45 which
1+¢ A

yields A2 =31622.7766. From Eq. (5.5.30 the inverse discrimination ratio is given by

1 [A%-1 [31621.7766
—= = =509.073363. Hence, from Eaq. (5.33), the order of the lowpass
K V"= Vo e (533 P

log,5(1/kq)  l0g,,(509.073363)
log,o(L/k) ~ log,(6.3137515)
asthe order. Next we determine the 3-dB cutoff frequency Q. by meeting exactly the

=3.38226. WechooseN =4

Butterworth filter isgiven by N =

8
stopband edge specifications. From Eq. (5.7?a), we have (QS/ Q C) =A% -1=31621.7766 or

Q

— S — —

Q.= m =0.273843Q = 0.273843.

Using but t ap we determine the normalized analog Butterworth transfer function of 4-th
order with a 3-dB cutoff frequency at Q. =1 whichis

1
H_ (9= -
an(9 (s? +0.76536686 s+1)(s? +1.847759s +1)

0 0
0.273843 leading to H (s) = Hmaﬁ%a
1

We denormalize Hy, (s) to move Q, to

= 2 0 2 0
;ﬁ + 0.76536686§;§+1D ;ﬁ +1.847759§;§+1D
0.273843 0.2738430 "[{10.273843 02738430 ' f

~ 0.005625

(s? +0.20965+0.075)(s2 +0.5059958678s + 0.075) °
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Applying bilinear transformation to H,(s) using the M-file bi | i near wefinaly arrive at
0.0027696(1+z 1%
G(2) = =) =) -1 -2
(1-1.440137z1 +0.67367274 772)(s? —1.17014853652 1 +0.3599z22)

Plots of the gain and phase responses of this transfer function are shown below.

0.8 1 0 0.2 0.4 0.6 0.8 1

w/Tt
M7.3 The modified Program P7_3 is given below:
format short e
Fp = i nput (' Passband eage frequency in Hz = ');
Fs = input (' Stopband edge frequency in Hz = ");
FT = input (' Sanpling fraquency in Hz = ");
Rp = input (' Passband ripple in dB = ");
Rs = input (' Stopband m nimum attenuation in dB = ');
W = 2*Fp/ FT; W = 2*Fs/ FT;
[N, Wh] = buttord(W, W, Rp, Rs)
[b,a] = butter(N, W) ;
di sp(' Nurrer at or polynom al'); disp(b)
di sp( Denom nat or polynonjal'); disp(a)
[h,w] = freqz(b, a, 512);

pIot(m/pi,20*IoglO(abs(h) ); grld axis([0O 1 -60 5]);
x| abel (' \omega/\pi");yl abe I( Phase, radi ans')
Pause
pl ot (w pi,unwap(angle(h)));grid;axis([0O 1 -8 1]);
x|l abel (' \onega/\pi');yl abe¢l (' Phase, radians')

The numerator and the denominator coefficients of the lowpass transfer function obtained are
given by

Nuner at or pol ynoni al |
2.7690e-03 1.1076e-02 1.6614e-02 1.1076e-02
2. 7690e- 03

Denom nat or pol ynom al
1. 0000e+00 -2.6103e+00 2.7188e+00 -1.3066e+00
2.4246e-01

Plots of the gain and phase responses by running this program are shown below.
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08 1 0 0.2 0.4 0.6 0.8 1
w/Tt

M7.4 Given specifications: mpzo.ln—
20log, |G(ej o 1T[)l

31416 wg =0.51=1.5708.

\

5, and 20IoglO|G(ejO'5")|s —45,

Impulse Invariance Method: Let T = 1.\ Assume no aliasing. Then the specifications of
H(s) issame asthat of G(2), i.e.
Q, =011, Q =057 20logoH,(j0-1m)> —05, and 2010g;5|H,(j0.5m|< —45. Now,

04 O
20logy, %Ez ~0.5 which yields
1+

which yields A 2 =31622.7766. From Eq. {(5.30) the inverse discrimination ratio is given by

2
1. . I A 5 1 . ’31621'7766 =509.073368. From Eq. (5.29) the inverse transition ratio is
ky € 0.12201845

010
2 20.12202. Similarly, ZO'OQOH%H: —45

given by & = 8%; =5. Hence, from Eqg. (%.33), the order of the lowpass Butterworth filter is
log,((1/k;) log,,(509.073363

givenby N = %o(L/ky) = 910 ) =3.8725. Wechoose N =4 asthe order. Next
l0g,(1/K) l0g;4(5)

we determine the 3-dB cutoff frequency Q|. by meeting exactly the stopband edge

8
specifications. From Eg. (5.32b), we have tQS/ Q C) = A% -1=31621.7766 or

Q.= =0.273843Q, = 0.273843 x 0.5 = 0.43015.

QS
m
Using the statement [ B, A] = butter (4, 0.43105, 's') wedeterminethe analog
Butterworth transfer function H (s) of 4-th order with a 3-dB cutoff frequency at
Q. =0.43105. H(s) isthen transformed into adigital transfer function using the statement
[ num den] =i npi nvar ( B, A, 1) ; whichyields
0.0043063z % +0.0128982 2 +0.0024532 %

1-2.8879271+324077272 -1.6573273+0.3242 7
below. It can be seen that the filter meets the given specifications

G(2) = — - A plot of its gain response is shown
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Passband Details

05
0
-10 ]
0
-20 |
-30 -
-05¢}
-40 ]
-50
60 o 005 0.1
0 0.2 0.4 0.6 08 —1 oo

w/T

M7.5 Given specifications: W, = 0.1m=0.31416 w,=0.5m=1.5708.

20IoglO|G(ejo'1")|2 -05, and 20IoglO|G(ejo'5")|s—45.

Impulse Invariance Method: Let T =1. Assume no aliasing. Then the specificatigns of
H4(s) issame asthat of G(2), i.e.

Q, =011 Q=05 2010g,|H,(j0.1m)|2 ~0.5, and 2010g;o|H,(j0.5m)|< ~45. No

0o U L 2 - 010
20log,, %Ez —0.5 whichyields €~ = 0.12202. Similarly, 20|°910H_H: -
1+g A

given by & = g—iz =5, Hence, from Eq. (5.41), the order of the lowpass Type 1 Chebyshev

cosh™(1/k;) _ cosh™}(509.073363)

= =3.0211. Hence we choose N = 4.
cosh™1(1/k) cosh~1(5)

filterisgivenby N =

The MATLAB code fragments used are:

[z, p, k] = cheblap(4, 0.5);
[B, Al = zp2tf(z,p, k);

[ BT, AT] = I p2l p(B, A 0.1*pi);

[ num den] = i npi nvar (BT, AT, 1);
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Impulse Invariance Method Impulse Invariance Method
- - - - 0 .

0 0.5 1
/Tt

Bilinear Transformation Method: Let T = 2. From

~({.26), the bandedges of the analog
prototype are Qp = tan(oop/ 2)=0.15838 and Q =tan(wg/2)=

5.29) the

inverse transition ratio 1 = =6.31375.

-
k Qp
0o, O L - 010 .
20log;q %ﬁ: —0.5 whichyields ¢ =0.1220184. Similarly, 20 |°gloH_H= - 45 which
l+¢ A

yields A2 =31622.7766. From Eg. (5.5.30 theinverse discrimination ratio is given by

’ 2
L = A 5 ! =, ’31621'7766 =509.073363. Hence, from Eq. (5.41), the order of the lowpass
ky € 0.12201845

cosh *(1/kq) _ cosh™(509.073363) _

Type 1 Chebyshev filter isgivenby N = = ) 2.7379.
cosh™ ~(1/ k) cosh ~(6.31375)
Hence we choose N = 3. The MATLAB code fragments used are
[z,p, K] = cheblap(3 0.5);
[B,A] = zp2tf(z, p, k) ;
[ BT, AT] = I p2| p(B A, 0. 15838)
[ num den] = bili near(BT AT, 0.5);
Bilinear Transformation Method Bilinear Transformation Method
0:5 1
W/t
Note: Both designs meet the specifications. However, the bili transformation method meets

with afilter of lower order.

279



M 7.6 The only change to Program 7_2 is given by the statement
[b,a] = chebyl(N, Rp, Wh);

0
1t
21
3t
4t
L L L L -5 L L L L
0 0.1 0.2 0.3 0.4 0. 0 0.2 0.4 0.6 0.8 1
w/T W/t
M7.7 The code fragments used are

W = i nput (' Passband edge frequency ")

Ws = i nput (' St opband edge frequency =N\);

Rp = input (' Passband ripple in dB = ");

Rs = i nput (' Stopband mni ni mum attenuati om\i n d ="');

[N, Whi] = cheblord(O0.1*pi, O0.5*pi, 0.5, 4%, 's');

[B, A] = chebyl(N, 0.5, Wi, 's');

[num den] = inpinvar(B, A 1);
0
21
4}
6}
-8 ]

0 0.5 1

/Tt

M 7.8 Impulse Invariance Method: From Exercise M7.

ave theinverse selectivity parameter

1_ Qg 0.5m_ : . o _
— =—==——=5 and theinverse discrimination ratio given by — =509.073363.
k Q 0.1t (]
2log, (47K [
From Eg. (5.51) we have N DM where k'=y1- k2

0d;(1/p) Po 2w iy ™"
P=p,+2(py)° +15(p,)° +150(p0)13, which yields N = 2.5519. We choose N = 3.

The code fragments used are:
[z,p, k] = ellipap(3,0.5,45);
[B,A] = zp2tf(z,p, k);
[ BT, AT] = | p2l p(B, A 0. 1*pi);
[ num den] = i npinvar (BT, AT, 1) ;
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Impulse Invariance Method 0 Impulse Invariance Method

0 0.1 0.2 0.3 0.4 0 0.5 1
[ W/t

Bilinear Transformation Method: From Exercise M7.5, we have Qp = tan(oop /2)=0.15838

Q,
and Q¢ =tan(w,/2) =1, theinverse transition ratio 1 == -631375 and theinverse

A%2_1 [31621.7766
discrimination arameter —— =509.073363. Using the formula of
Iscrimination p \‘ = Vo.12201825 sing u

Eg. (5.51) weget N = 2. 3641 We choose N = 3.

The code fragments used are:

[N, WA] =el i pord(O. 1*pi O. 5*pi, 0.5,45,'s");

[z,p, K] = elllpap(3 5, 45);
[B,A] = zp2tf(z,p, k);
[ BT, AT] = | p2| p(B A, 0. 15838)

[ num den] = bili near(BT AT, 0.5);

Bilinear Transformation Method 0 Bilinear Transformation Method

0 0.1 0.2 0.
W/t

Note that the filter designed Using the impulse invariance method does not m

specifications due to aiasing.|However, if the order N isincreased to 4 from 3, IY will meet the
specifications.

the

M7.9 No modificationsto Program P7_1 are necessary. Using this program we get t

same results
as indicated in the second part of the solution to Problem M7.8

M7.10 Digita highpassfilter specifications: Fp =325 kHz, F; =225 kHz, F; = 1MHz, a
0.5dB, and o, = 50dB.

p:
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21
(&) Using Egs. (7.7) and (7.8) we have w, = F_p =2.042 and wg =

0 S =1.4137. Next
T T

~ Uow, Ow D
: 9y
using Eq. (7.26), we get Q —1=1.6319 andQ -tanD—D 0.85408.
g Eq. ( ) g p- @2% 521

Analog highpass filter specifications; Q 0= 1.6319 radians, Q ;= 0.85408. o = 0.5dB, and o
=50dB.

(b) For the prototype analog lowpass filter we choose Qp =1. From Eq. (5.60) we then get
Q

©

Q =

<= == =1.9106.

1

fe)

S

Analog lowpass filter specifications: Qp =1radians, Q  =1.9106 radians, oy = 0.5dB, and
a, =50 dB.

Code fragments used are:
[N W] = ellipord(1, 1.9106, 0.5, 50, 's');
[B,A] =ellip(N, 0.5, 50, W, ' 's");
[ BT, AT] = | p2hp(B, A 1.6319);
[ num den] = bilinear (BT, AT, 0.5);
Passband Details
0.2 '
O}
0
10 +
20 f -0.2
I'30 [ -0.4
40 |
-0.6
S DZ B
- ] | ] ] -0.8 . . ]
600 0.2 (4 0.6 0.8 1 0.6 0.7 0.8 0.9 1
w/ w/T

(c) Anaog lowpask transfer function coefficients:

Nuner at or

0 0. 020293 8. 8818e-16 0. 15580 1.1102e- 15 0. 25555
Denomi nat or
1 1.1594 2. 0159 1.4100 0. 88880 0. 25555
Analpg highpass transfer function coefficients:
Nuner at or

1 7.2050e- 15 1.62360 1.5710e- 14 0. 56317 7.2908e- 15

282




Denoni nat or

1 5. 6757 14. 694 34. 282 32.175 45. 289

Digital highpass transfer function coefficients:

Nuner at or

0. 023939 -0.037066 0. 059191 -0.059191 0. 037066 -0.023939
Denomi nat or

1 2.4079 3. 3102 2. 6346 1. 2535 0. 28079

M7.11 Digital bandpassfilter specifications: Fp]_: 560 Hz, sz =780 Hz, Fq =375 Hz,

Fo =1000 Hz, F;= 2500Hz, ap = 1.2 dB, and ag = 25 dB.

Pl _ 0448m=1.4074.

(a) Using Egs. (7.7) and (7.8) we have Wy =

Fr
2T[sz 21y
W, =— =0.62411=1.9604, W, = —= = 0.311=0.94248, and
P2 Fr . Fr
2T[F D(L)pl d
Wy = = 0.8m=25133. Next using Eq. (7.26), we get Q —tanﬁ—ﬁ = 0.84866,
F 2
- Jw D Ow D 0

-tan@ % =1.4915, ésl—tanu 2D 0.50953 , and Qsz—tanlj ZSZD 30777. The

~ A

passband widthis B, =Q 02 -Q o= 0.64287. Now Q =Q sz ol = =1.2658 and

Q szé g =15682 # Q pzé ol Hence we adjust the lower stopband edge to
~ Q pZQ ol
Q Q R R
Analog bandpass filter specifications. Q o= 0.84866 radians, Q 2= 1.4915 radians,

Qg=

=0.41128. Note Q , =1.1251.

A

Q ¢ = 041128 radians, Q o, =3.0777 radians, a, = 1.2 dB, and ag = 25 dB.

(b) For the prototype analog lowpass filter we choose Qp =1. From Eq. (5.62) we then get

. 02-0%  12658-016915

o= = = 4.477.
0 B, 0.41477x064287

Analog lowpass filter specifications: Qp =1radians, Qg = 4.1477 radians, o = 1.2.dB,
and o = 25dB.

Code fragments used are:
[N,WA] = cheb2ord(1, 4.1477, 1.2, 25, 's');
[B,A] = cheby2(N, 25, Wwh,'s');
[ BT, AT] = | p2bp(B, A 1.1251, 0.64287);
[ num den] = bilinear (BT, AT, 0.5);
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Passband Details

-60

0 dz o4 o6 o.él 1 ‘04 Jo45 05 055 06 .65

W/ w/Tt

(c) Anaog lowpasstransfer function coefficients:

Nuner at or

0. 056234 -2.2204e-16 1. 8260

Denomi nat or

1 1. 8565 1. 8260

Analog bandpass transfer function coefficients:

Nurer at or

0. 056234 -2.2204e-16 0. 89703 8. 8818e-16 0. 090108
Denom nat or

1 1.1935 3. 2864 1.5108 1/ 6024

Digital bandpass transfer function coefficients:

Nuner at or

0.12142 0. 015768 -0.10660 . 015768 0.12142
Denomi nat or

1 0. 35425 1. 0522 0. 20655 0. 37058

M7.12 Digital bandstop filter specifications: FIO1 =500 Hz, sz =2125 Hz, FSL =1050 Hz,

F=1400 Hz, Fp=5000Hz a,= 2dB,and ag =40dB.

onF
a SiNg Egs. .[) an .0) We have W, ., = =0.21m=0. ,
(@) Using Egs. (7.7) and (7.8) we have &, Fpl 027m=0.62832

T
2T[Fp2 21y
W, = =0.85m=2.6704, w, = —= =0.4211=1.3195, and
P Fr s Fr
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Wy = —= 3 =0.56m=1.7593. Next using Eq. (7.26), we get Q ol =tan@7§ =0.32492,

R wp,U R Dwg 0 Do, U
—tan@ @ 4.1653, Q 4 = tanl—> in= O77568,,andQ =tan—=[=1.2088. The
020 0210

A~

stopband width is B, =Q ,, - Q ¢ = 0.4331L. Now 02=0,Q 4 =0.93764 and
Q p2§ o= 1.3534 # ﬁ szé g+ Hence we adjust the lower passband edgeto

A

Q Q
Q gy =—2—4=022511. Note Q,=096832.
0.,
p2
Analog bandstop filter specifications: Q ol = 0.22511 radians, Q 2= 4.1653 radians,

Qslz 0.41128 radians, ész =1.2088 radians, ap =2dB, and ag = 40 dB.

(b) For the prototype analog lowpass filter we choose Q =1. From Eq. (5.65) we then get

_ 9By 0.22511x0.43311

o v =0.16013.
02-02 = 0.93764- 0.10557

Analog lowpass filter specifications: Q=1 radians, Qp = 0.16913 radians, o = 2dB, and ag
=40 dB.

Code fragments used are:

[N,WA] = buttord(O. 16913 1, 2, 40, 's');
[B, Al = butter(N Wh,

[ BT, AT] = | p2bs(B A, 0. 96832 0.43311);

[ num den] = bilinear (BT, AT, 0.5);

(c) Anaog lowpasstransfer function coeffitients:
Nuner at or
0 0 0 0./010001

Denom nat or
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1 0. 43089 0. 092835 0. 010001
Analog bandstop transfer function coefficients:
Nuner at or

Columms 1 through 6
1 -1.5044e-16 2.8129 -2.8211e-16 2.6375 -1.3226e-16

Col um 7
0. 82435

Denom nat or

Colunms 1 through 6
1 4. 0206 10. 895 15. 664 10. 216 3.5348

Col um 7
0. 82435

Digital bandstop transfer function coefficients:
Numer at or

Col ums 1 through 6
0.15762 -0.030434 0.47481 -0.060910 0.47481 -0.030434

Col um 7
0. 15762

Denom nat or
Colunmms 1 through 6

10 -0.094374 -0.0641472 -0.017232 0.33514 -0.010173

Col um 7
-0. 0061388

M7.13 Theimpulse response coefficients of the truncated FIR highpass filter with cutoff frequency
at 0.47tcan be generated using the following MATLAB statements:

n=-MM
num = -0.4*sinc(0.4*n);
num Mt1) = 0. 6;

The magnitude responses of the truncated FIR highpass filter for two values of M are shown
below:
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a 0.2 0.4 0.6 0.8 1
Hormalized frequency

M7.14 The impulse response coefficients of the truncated FIR bandpass filter with cutoff frequencies
at 0.7mtand 0.311 can be generated using the following MATLAB statements:

n=-MM
num = 0. 7*sinc(0.7*n) - 0.3*sinc(0.3*n);

The magnitude responses of the truncated FIR bandpass filter for two values of M are shown
below:

1.2

0 0.z 0.4 0.6 0.8 1
Hormalized frequency

M7.15 The impulse response coefficients of the truncated Hilbert transformer can be generated
using the following MATLAB statements:

n 1: M
C 2*sin(pi*n/2).*sin(pi*n/2);b = c./(pi*n);
num = [-fliplr(b) 0 b];

The magnitude responses of the truncated Hilbert transformer for two values of M are shown
below:
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0 0.z 0.4 0.e 0.s 1
Monmnalized frequency

M7.16 For notch filter design using the Hamming window, the following MATLAB program can be

used:

fc = input('Nornalized notch angul ar frequency = ');
N = input('Desired notch filter order = "'); % nust be an even
i nt eger

M= N 2;

n=-M1: M

t = fc*n;

Ip = fc*sinc(t);

b =2*[Ip(1:M (Ip(M1)-0.5) I p((M2):N+1)];

bw = b. *hamm ng( N+1) " ;

[h2,w] =freqz(bw, 1, 512);

pl ot (W pi, abs(h2));axis([0 1 0 1.2]);

x|l abel (' \onega/\pi');ylabel (' Anplitude');
title(['\omega = 'nunkstr(fc), ', Filter order =
", nunkstr(N])

For anotch filter of length 41 with a notch frequency at 60-Hz and operating at a 400-Hz
sampling rate, the normalized angular notch frequency isgiven by wgy = 0.3t The
magnitude response of the designed filter is shown below:

® = 0.3, Filter order =40
1.2 . . . .

1

08}
IO.6 -
04}

02}

0 0.2 0.4 0.6 0.8 1
w/Tt

M7.17 Thedesired function D(x) = 22x3 -3x% +0.5 isdefined for -3<x < 3.5. Wewishto
approximate D(x) by a quadratic function a, X2+ a X+a, by minimizing the peak value of
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the absolute error P(x) -a, x? -3y X—ay} Sincethere are four unknowns gy, a;, & and €,

we need four extremal points on x in therange -3 <x < 3.5, which we arbitrarily choose as x;
=-3, X, =2, X3=1and x, = 3.5. Wethen solve the four linear equations

ag+ay X +a2x|2—(—1)I e=D(x,), | =1,2,3,4, whichlead to

n -3 9 1000 0-gs90

0.0
35 1225 -1E20 1-580751

Its solution yields a = -1.6214, a, =18.229, a, =-15857, and € =-15.321. Figure (a) below

shows the plot of the error E;(x) =22 x3 - 1.4143x° —18.229x +2.1214 along with the values
of the error at the chosen extremal points.

The next set of extremal points are those points where E1(X) assumes its maximum absolute
values. These extremal points are given by x; = -3, X, = -1.454, x5 = 1.89 and x, = 3.5. The
new values of the unknowns are obtained by solving

1 -3 9 10 0-g5910
-1454 21141 -10ma 5 0-12.6050
189 35721 1dm,0 04.63657
35 1225 -1JE¢h 15.8075

whose solution yields a, = =7.0706, a, = -17.021,, a, =-1.3458 and & = -18.857. Figure (b)

below shows the plot of the error E;(x) = 2.2 x - 1.6542x2 —17.021x +4.3685 along with the
values of the error at the chosen extremal points. This time the algorithm has converged as € is
also the maximum value of the absolute error.

20 T T T 20
D
10 10}
1 1
-10 -10 }
q
-20 -204
2 0 2 2 0 2
X X
(@ (b)

M7.18 From Egs. (7.7) and (7.8), the normalized bandedges are given by W, = 0.2t and
wg =041 Therefore, w, =0.3m and Aw =021

(a) Using Eq. (7.77) and Table 7.2, the estimated order of the FIR filter for designing using

the Hamming window is given by N = 2M where M = 3.32MAw = 16.6. We therefore
choose M = 17 or equivaently, N = 34. The MATLAB program used to generate the
windowed filter coefficients are

n =-17:17;

num = 0. 4*si nc(0. 4*n);
wh = hammi ng(35);
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b = num *wh';

04 Impulse Response Coefficients Filter Designed Using Hamming Window

03}
02}

01}

«%‘PT T"’@e AN

_01 M N |
0 10 20 30 0 0.2 ol . 8 ' 1
Time index n w

(b) For designing the FIR filter using the Hann window, we obtain from Eq. (7.77) and
Table 7.2, M = 3.11MAw = 15.55. We choose M = 16, and hence N = 32.

U

04 Impulse Response Coefficients Filter Designed Using Hann Window

03}

0.2} i
O

ogaooas 0y, &Q dd)bdbcmocu

<

60}
-0.1 . . | A
0 10 20 30 0 0.2 4] 11 . 1
Time index n @
(c) For designing the FIR filter using the Blackman window, we obtain fir A7 fand

Table 7.2, M = 5.5611Aw = 27.8. We choose M = 28, and hence N = 56.

0.4 Impulse Response Coefficients Filter Designed Using Blackman Window
0 : . . .

0.3}
-20

0.2} |

I -40

0.1} |
-60
-80

01 . . . . N ! : A

10 20 30 40 50 0 02 04 L 1
Time index n

The filter designed using the Hann window meets the specifications with a smallerll

M7.19 From Egs. (7.7) and (7.8), the normalized bandedges are given by W, =0.2rm and
Wy = 0.4t Therefore, W, = 0.3 and Aw =0.21T
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Substituting o= 40 in Eq. (7.85) we obtain 3 = 3.3953. Next, substituting the value of

o =40 and Aw =021 in Eq. (7.86) we obtain N = 22.289. We choose the next higher even

integer value of 24 asthefilter order N, and hence M = 12. The code fragments used for the
design are given below:

n =-N2:N2;
num = 0. 4*si nc(0. 4*n);
wh = kai ser (N+1, 3. 3953) ;

b = num *wh';
Impulse Response Coefficients
0.4 . —E— x
0
03} : -10

02l | -20
-30
0.1} ]

40
oc»OoO@Oq)o &J T 4 (Lo%wo@o- -50

0.1 -60 . — A
0 5 10 15 20 25 0 02 04 : 8
Time index n w/TT
W, + 0
M7.20 oop =0.3m, Wy = 0.51m, and ag = 40 dB. Thus, W, = =0.4m, and

0.4

0.3

0.2

0.1

000000 &J E}o%m :Z |

-0.1

Aw=wg - W, = 0.2t From Table 7.2 we observe that Hann window is appropriate for the filter

design as it meets the minimum stopband attenuation requirement with afilter of lowest order.

From Eq. (7.77) and Table 7.2, we get M = % = %T =15.55. We choose M = 16

implying afilter of order N = 32.
Code fragments used in the design are given bel ow:

n = -16:1:16;
Ip = 0.4*sinc(0.4*n);

wh hanni ng(33);
b =1p.*wh';
Impulse Response Coefficients Lowpass Filter Designed Using Hann Window

A4

0
-10F

-20
I -30 ¢

N -60
0 10 20 30 0
Time index n
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M7.21 W, =0.31, wg = 0.5m, and a =40 dB. Thus, w, =041 and Aw =0.21t. Using Eq. (7.82)

2.065x40-164

=45.859. Hencewe
2.285(0.2m)

we estimate the filter order N = 2M whichisgiven by N =
choose N =46, i.e. M = 23.

Code fragments used for the design are:
n = -23:1:23;

I p 0. 4*sinc(0. 4*n);
wh =chebwi n(47, 40);

b [ p. *wh';

Filter Designed Using Dolph-Chebyshev Window
0 T . T T
10}
-20}
-30}

40}
_50 L
-60

A

|

0.2 0.4

[=]
=

o

i\
il

M7.22 Code fragments used for the design are:

n = -16:1: 16;
b = fir1(32,0. 4, hanni ng(33));
04 Impulse Respor’l‘se Coefficients Filter Designed Using firl with Hanning Window
: . o— . , , . ,
0.3 10l
0.2 -20
I I-so.
0.1
o) T T “or
0 OJA) ngbcma) 0l
-0.1 -60 : l /\. 1
0 30 0 0.2 0.4 ’ VO 0.8 1
Time indexn w/TT
M7.23 N = 29; (
for k = 1: N+1
w = 2*pi *(k-1)/ 30;
if(w>= 0.5*pi & w<= 1.5%pi) H(k)= 1;
el se H k) = 0;
end
if(w <= pi) phase(k) = i*exp(-i*wWwWN 2);
el se phase(k) = -i*exp(l*(2*p| w) *N 2);
end
end
H = H. *phase;
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ex n'); ylabel (" Anplitude')
O(Cabs(FF)));

1
pi'); ylabel (' Gin, dB);
); grid on

0.5

-10

WoMlog) OO@‘P(% ??&%O@mmm I'20

-30

[
I~

-40

-0.5 -50

© T ola 0.6 0.8
W/t

0 10 20 30 (

, o2
Time index n

M7.24 % Length = 41 and bandpass, hence Type 3 filter
N = 40; L = N+1;
for k = 1:L
w = 2*pi *(k-1)/L;
if (w>=0.3*pi & w<=0.5*pi) HKk) =i*exp(-
i *wN 2);
elseif (w>= 1.5*pi &wgk= 1.7*pi) H k) =
-i*exp(i*(2*pi -wW)*N 2);
el se H k) = 0;

end
end
f = ifft(H);
[FF, W] = freqz(f, 1,512);
k = 0:N;
subpl ot (211);
stem(k, real (f));
xl abel (' Time index n"); ylabel ("h[n]");
subpl ot (212);
pl ot (W pi, 20*1 og10(abs(FF)))|
yl abel (Gain, dB'); xlabel ('\lonega/\pi');
axis([0O 1 -50 5]); grid;
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0.2

o] WT )

e
q )
% Jl bf <§> 0|
01 AOan
0% 10 20 30 0 U,zl 04 04 ‘ ’” T 1
Time index n w/tt
M7.25 N=36; L=N+1;

for k = 0: 36
if(k <= 5] k>=32) H(k+1l) = ¢
elseif (k == 6| k == 31) H(I
i *2*pi *k/ L*18);
end

f = ifft(H;

[FF, W] = freqz(f, 1,512);
k = 0:N,

subpl ot ( 211);

st en(k, real(f));axi s([0 36 -0.1 0.4]);
x| abel (" Time index n"); ylabel (h|n]);
subpl ot (212);

pl ot (W pi, 20*1 0og10(abs(FF)));
x| abel (' \omega/\pi'); ylabel ('Gai|n, dB);
axis([0O 1 -70 5]);grid;

*pi *k/ L*18);
. 5*exp(-

0.4

03}

qu?({é & 60}

0 10 20 30 0 | 0.2 0.4J |ole ’o 1
Time index n m

M7.26 N = 36; L=N+1;
for k = 0:36
if(k <= 5| k >= 32) H(k+1) = exp(-i*2*pi*k/L*18);
elseif (k ==6 | k == 31) H(k+1) = 2/3*exp(—|*2*p|*k/ L*18);

-0.1

elseif (k ==7 | k == 30) H(k+1) = 1/3*exp(-i*2*pi *k/L*18);
end

end

f = ifft(H;

[FF, W] :f eqz(f 1,512);

k = 0:
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subpl ot (211);

stem(k, real (f));

xl abel (' Tinme i ndex n'); ylabel (' Amplitude');
subpl ot (212);

pl ot (W pi, 20*1 ogl0(abs(FF)));

x| abel (' \omega/\pi'); ylabel (Gin, dB);
axis([0 1 -70 5]); grid;

0.4

03}

02}
i o1} T T I-4o
Ocd)l)o o d)

0.1 . . | | | |
0 10 20 30 0 0.2 0.4 06! o0b E]
Time index n w/T

A4

-60

M7.27 w.=03n and Aw =021t

(&) Hamming Window: From Exercise M7.18(a) we have M = 17. Code fragment used for
the design are:

b =firl(2*MO0. 3);

03 Impulse Response Coefficients Filter Designed Using Hamming Window

0.2

I 0.1
Wdﬂg @b

-0.1

0 10 20 30 40 o o0z o nﬂmc@ﬁﬂ{‘l
i

(b) Hann Window: From Exercise M7.18(b) we have M = 16. Code fragment used for
the design are:

b =1firl(2*M 0.3, hanning(2*M1l));
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04 Impulse Response Coefficients

0.3

0.2

&p
0.1 - -

I"im@m @@T T@ R0

A —4

0 10 20 30
Time index n

(c) Blackman Window: From Exercise M7.18(c) we have M = 28.

the design are:

Filter Designed Using Hann Window

-20 |

I-4o L

-60 F

. AW .
0 0.2 0'4|L . 0.8 1
w
Ci

efr for

b =firl(2*M0.3, blackman(2*Mt1));

0 Impulse Response Coefficients
4 . r r x

0 10 20 30 40 50

Time index n

[N, WA, bet a, type]
b =firl(N 0.3, ka

04 Impulse Response Coefficients

' ' ' ' 0 02 04 L ‘”) 0.8 1
(d) Kaiser Window: w, =0.21r, wg =041, og =40 dB. Thus,
8,=10"%s'2=10"2=001. Code fragments used for the design are:

= kaiserord([0.2 0.4],[1 0], [0.01 0.01]);
i ser(N+1, beta));

03}

0.2 }

1.
THHIT

0poO9 0 b J)O 0] (}) (!)OOOOO(

A4

-0.1

0 5 10 15 20
Time index n
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M7.28 W, =0.6m, w, =0.451 ap= 0.2 dB and ag=45. Thus, Aw =0.151 and

_ 0.6m+0.45m

X =0.525m

(@) Hamming Window: From Table 7.2 and Eq. (7.77) we have

M:ﬁT:@:zzma We choose M = 23, i.e. filter order N = 2M = 46.

Aw  0.15m

Code fragment used is:
b = firl(2*MO0.525," high');

Impulse Response Coefficients

0.6 Filter Designed Using Hammimg Window
0 . . . .
0.4}
02} ] -20
I 0d (59% g%WM) I -40
o) LL |
-60
-04 . . . . 1
0 10 20 30 40 0.8 1
Time index n Y ' ’ I oo/n
(b) HannWindow: From Table7.2 and Eq. (7.77) we have M = ?ﬂT = %’: = 20.733.

Wechoose M =21, i.e. filter order N = 2M = 42.

Code fragment used is:
b =firl(2*M 0. 525, "' hi gh', hanni ng(2* Mt1));

Filter Designed Using Hann Window

Impulse Response Coefficients

20 F

I-4o L

e
0 , ‘3 ‘ |o.4w/n 0.6 0.8 1

(c) Blackman Window: From Table 7.2 and Eq. (7.77) We have

_@:@_37067 We choose M = 38, i.e. filter order N = 2M = 76.

Aw  0.15m

Time index n

Code fragment used is.
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b =firl(2*M 0.525," high', bl ackman(2*Mtl));

0.6 Impulse Response Coefficients Filter Designed Using Blackman Window
0.4}
20}
0.2t |
I -40 |
Al oD () IX"IQA";'«,}"’:)} '3 IO S
60 }
-0.2
80}
-0.4 . . .
0 20 40 60

Time index n

(d) Kaiser Window: oop:O.GTr, ws=0.45n, ag

ds = 0.0056234;

[N, WA, bet a, type] =kai serord([0.45 0.6],[1 0], [ds ds]);

N = N+1; % For hi ghpass filter, order nmust be even

b = firl(N, 0.525," high', kai ser (N+1, beta));

os Impulse Response Coefficients Filter Designed Using Kaiser Window
. r v T o}

041} 1 201

I 0.2} ] I_40 _
Ocdp% O(qu

-60 |

0.2}
-80 |

_0.4 " 3 A + i - i i i
0 10 20 30 0 4.2 0.4 0.6 0.8 1
Time index n w/T

M7.29 oopl =0.55m, oop2 = 0.7, Wy = 045, Wy, = 0.8, ap =0.15 and ag = 40. Thus,
Awl = wpl —Wy = 0.1t and Aoo2 =W, —mpz =01mn= Aool.

(@) Hamming Window: From Table 7.2 and Eq. (7.77) we have

M = 3321 -@T: 332 Wechoose M = 34, i.e. filter order N = 2M = 68.

Aw,  0.m

Code fragment used is:
b =firl(2*M[0.5 0.75]);
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Impulse Response Coefficients Filter Designed Using Hamming Window

0.3
0
021
o1l | -20
I ORI S %wm) I-40
S
-60
0.2 . . . ] fin
0 20 40 60 dl ,” l“”o‘ 0.6 0‘8‘“ 1
Time index n w/m
(b) HannWindow: From Table7.2 and Eq. (7.77) Weh eM= %T = %T— 31
We choose M = 32, i.e. filter order N = 2M = 64.
Code fragment used is:
b =firl(2*M[0.5 0.75], hanni ng(2*Mt1));
0.3 Impulse. Response C'oefficients i Filter Designed Using Hann Window
O}
02}
01}
I
0.1}
-0.2 . . .
0 20 40 60

Time index n

(c) Blackman Window: From Table 7.2 and Eq.

556”=@T 55.6. Wechoose M =56, i.
Aw, 0.1
W+ W
0y = pL” sl _ 0.55m+ 0.4511: 051 and w , =
2 2 ¢

Code fragment used is:

b =firl(2*M[0.55 0.7], bl ackman(2*M1));
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Filter Designed Using Blackman Window

Impulse Response Coefficients

0 20 40 60 80 100 0
Time index n

(d) Kaiser Window: wplz 0.55T, (*)pz =0.71, » 045, W, = 0.8rt, cxp =0.15 and
ag=40. Thus, &,=10"%p'% =107°%"%= 098288 and &, =10""s'% =107 = 0.01.

Code fragments used for the design are:

[N, WA, bet a, t ype ]= kai serord([0.55 0.7],[1 0],[0.98288 0.01]);
b =firl(NJ[O.5 0.75], kai ser(N+1, beta));

Impulse Response Coefficients Filter'Designec.j Using K.aiser Wirjdow

0.3 . . of

0.2}

A4

0.1}

! ot e I"“"

w

A
o 0.6 0.51 | | ’1

=0.251 Thedelay-

complementary FIR lowpass and highpass filter coefficients of Iength 27 are then generated
using the MATLAB statements:

-0.2 M N
0 10 20 0
Time index n

M7.30 From Eq. (7.7), the normalized crossover frequency w,

dl
d2

fir1(26,0.7854);
-d1;d2(14) = 1 - d1(14);

The gain responses of the two filters are asindicated below:
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M7.31 Thefilter coefficients of the FIR lowpass and the highpass, and their delay-complementary
FIR bandpass filter are generated using the MATLAB program:

¢ = hanning(31);

dl = fir1(30,0.15873,¢);
d2 = fir1(30,0.40816," high',c);
d3 = -di1-d2;d3(16) = 1 - d1(16) - d2(16);

The gain responses of the three FIR filters are as given below:

20
0 Hp@  Hgp(@) Hyp(@)
. Ve
I-zo |
40 }
-60
AN
0 [ t
w

M7.32 Thefilter coefficients are generated using the MATLAB progfam:

fpts [0 0.4 0.42 0.7 0.721 1];
mval [0.5 0.50.30.31.01.07];
b =fir2(80,fpts, nval);

The gain response of the multiband FIR filter is as given below:
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1.2

) 0.2 0.4 0.6 0.8 1
w/TT

M7.33 Thefilter was aso designed by using remezord to estimate the filter order and then using
remez to determine the filter coefficients. To thisend the MATLAB program used is given
below:

Rp = 0.1; Rs = 40; FT = 20;

f =[2 4]; m=[1 0];

dev = [ (10" (Rp/20) -1)/(10~(Rp/20) +1) 10~(-Rs/20)];
[N, fo, nmo, wo] = renmezord(f, m dev, FT);

b = remez(N, f o, no, wo) ;

The filter obtained using the above program is of length 20, but its gain response did not meet
the specifications. The specifications were met when the filter order was increased to 22.

-20

I -40

-60

0 0.2 04l |06 | 08 1
w/

M7.34 Thefilter was also designed by using remezord to estimate the filter order and then using
remez to determine the filter coefficients. To this end the MATLAB program used is given
below:

Rp = 0.2; Rs = 45;

f =[0.45 0.65]; m=1[1 0];

dev = [ (10~"(Rp/20) -1)/(10"(Rp/20) +1) 10"(-Rs/20)];
[N, fo, nbo, wo] = renezord(f, m dev);

b = renmez(N, fo, no, wo);

The filter obtained using the above program is of length 27, but its gain response did not
meet the specifications. The specifications were met when the filter order was increased to 30.
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M7.35 The code fragments used to design the FIR bandpass filter are:

Rp = 0.15; Rs = 40;

f =[10.45 0.55 0.7 0.8]; m=[0 1 0];

dev = [10"(-Rs/20) (10~(Rp/20) -1)/(10"(Rp/20) +1) 107(-
Rs/ 20)];

[N, fo, no, wo] = renezord(f, m dev);

b = remez(N, fo, no, wo);

The filter obtained using the above program is of length 40, but its gain response did not
meet the specifications. The specifications were met when the filter order was increased to 41.

o Jlo2 04 06 08]|' 1
w/m

M7.36 The code fragment used to design alength-32 differentiator is given below.
b =remez(31,[0 1],[0 pi], ' differentiator');

The magnitude response of the differentiator designed is shown below:
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25}

15}

05}

0 0.2 0.4 0.6 0.8 1
w/T

M7.37 The code fragments used to design the 26-th order Hilbert transformer are:

f [0.01 0.078 0.08 0.92 0.94 1];
m=[]00110 0];

w =[1 60 1];

b =remez(28,f,mwt," " hilbert');

Note that the passband and the stopbands have been weighted to reduce the ripple in the
passband. The magnitude response of the Hilbert transformer designed is shown below:

w/TT

M7.38 The code fragment used for the designiis
b =firls(31,[0 0.9],[0 0.9*pi], ' differentiator');

25}

2t
15}
1}

05}

w/TT
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M7.39 From the given specifications m =0.2m. We also require vk

, for no overlap to

occur in |H(ejM‘*))| (see Figure P7.3(b) ). Hence 0.2rt< iA—T[—O.Zn which impliesM < 5.
We choose M = 4. Hence specifications for H(z) are W, = 0.6m, wg = 0.8, 6p = 0.001 and

o, =0.001. Substituting these valuesin Eqg. (7.15), we arrive at the estimated value of the
FIR filter lengthas N = 33.

Specifications for F(z) are oop =0.15m, W = 0.3, 6p = 0.001 and 65 =0.001. Hence, from
Eq. (7.15), the estimated length of F(z) isN = 43.
Therefore the total number of multiplications required per output sampleis (3—23 + 43) xI =

2
30. (Thedivision by 2 is dueto the fact that H(z) and F(z) are linear phase filters. )

On the other hand for adirect single stage implementation, we note that the specifications of
G(2) are: Wp = 0.15m, wg = 0.2, dp = 0.002, dg= 0.001. Hence, the filter length of G(2)
from Eq. (7.15) is121. Therefore the total number of multiplications required per output
sampleis 121/2 = 61.

20

AATATATATAIA || YATATA

0.4 0.6 .8 1 0

. 2 . :
prefilter H(z) as N Df =14.2857. Wechoose N = 15. Next using the followirg two
S
MATLAB functions we design the equalizer F(z) and the overall cascaded filter

% Plotting function
% plots the result of using an equalizer of |ength |l npN
function[N] = plotfunc(lnpN) ;

% Creating filters

Wilt = ones(1, 1 npN);

Efilt = renmezfunc(lnpN, Wilt);

% Plot running sumfilter response

% i gure(1)

Wilt = Wilt/sum(Wilt);

[hh,w] =freqz(Wilt, 1,512);

pl ot (W pi, 20*1 og1l0(abs(hh)));

axis([0 1 -50 5]); grid;

x| abel (' \omega/\pi'); ylabel ('Gain, dB);
title('Prefilter H(z)');
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% Pl ot equalizer filter response

% i gure(2)

pause

[hw, W] =freqz(Efilt, 1,512);

pl ot (W pi, 20*1 ogl0(abs(hw)));

axis([0 1 -50 5]); grid;

x| abel (' \omega/\pi'); ylabel (' Gain, dB);
title(' Equalizer F(z)');

% Pl ot cascaded filter response

% i gure(3)

pause

Cfilt = conv(Wilt, Efilt);

[hc,w] =freqz(Cfilt,1,512),;

pl ot (W pi, 20*1 og1l0(abs(hc)));

axis([0 1 -80 5]); grid,

title(' Cascaded filter Hz)F(z)');

yl abel (' G(\onega), dB'); xlabel ('\onega/\pi');
% Plot filter coefficients

% i gure(4)

pause

%subplot(2,1,1);

nl = 0:length(Wilt)-1;

stem(nl, Wilt);

xl abel (' Time index n');ylabel ('Amlitude');
title('Prefilter coefficients');

pause

%subpl ot (2, 1, 2);

n2 = 0:length(Efilt)-1;

stem(n2, Efilt);

xl abel (' Time index n');ylabel ('Amlitude');
title(' Equalizer coefficients');

% Renmez function using 1/P(z) as desired anplitude

% and P(z) as weighting

function [N] = remezfunc(Nin, Wilt);

% Nin : nunber of tuples in the renez equalizer filter

%%Wilt : the prefilter
a =[0:0.001:0.999]; % The accuracy of the conputation
W = a.*pi;
wp = 0.042*pi; % The passband edge
ws = 0.14*pi; % The stopband edge
i = 1;
n =1;
for t =1 : (length(a)/?2)
if Wm(2*t) < wp
pas(i) = w2*t - 1);
pas(i+1) = w(2*t);
=0 + 2
end;
if wm(2*t-1) > ws
sto(n) = wW(2*t-1);
sto(n+l) = w2*t);
n=n+ 2;
end
end;
w = cat (2, pas, sto);
bi = length(w)/2; %bi gives the nunber of subintervals

for t1 = 1:bi
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-20

-30

-40

-50

bw(tl) = (WM(2*t1) + w(2*t1-1))/2
Wtl) = Wight(bw(tl), Wilt,ws);
end;
W= Wmax(W ;
for t2 = 1:1ength(w
qt2) = HIr(w(t2), Wilt, wp)
end;
G=d4dnmx(Q§;
N =remez(Nin, wpi, G W;

% Wei ghting function

function[Wut] = Wight (w, Wilt, ws);
K = 22.8;

L =1length(Wilt);

Wemp = O;
Wsum = O;
for k = 1:L

Wenmp = Wilt(k)*exp((k-21)*i*w);
Wsum = Wsum + W enp;

end;

Wout = abs(Wsum ;

if w>ws
Wout = K*nax(Wut);

end;

% Desired function
function[Wut] = Hdr (w, Wilt, ws);
if w<=ws

L =length(Wilt);

Wenmp = 0O;
Wsum = O;
for k = 1:L

Wenmp = Wilt(k)*exp(i*(k-1)*w);
Wum = Wsum + W enp;

end;
Wsum = abs(Wsum ;
Wut = 1/ Wsum
el se Wut = 0;
end;
Prefilter H(z) Equalizer F(z)
. . . . . . .
10
I-zo-
-30¢
40 b
0.2 0.4 0.6 0.8 1 '500
W/t
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Cascaded filter H(z)F(z)

0
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0.08 ? 9
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Q Q
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Chapter 8 (2¢)
8.1

X[n] — > W yin]

P Dﬂ

qlﬂ
-1 '\\l

wyln] —— P2 welr

a
r\Z
L--',-é _1
3
i =W4[n] > Z_? W, [n]
e
"~

Analysisyields  wy[n]=a, B; wy[n—=1] +X[n] -=wz[n],
W[N] =Baw,[n-1],
w4n] = B,wg[n-1],
W[N] =aaw,[Nn] +w,[n],
w[n] =a,wgn] —w,[n] + B, wy[n-1],
y[n] =a ox[n] + B, wy[n-1].

In matrix form the above set of equations is given by:

winl o o -1 0 0 oowd Dupy 00 0 0 OEDW (=13 0 inp 0
0 © 0 0 00 oldwmd 30 0 o0p, o oddwn-18 0¥ ¢
w0 0 0 00 0ZwAng. 00 00 O B oD[w Jn-10 2 o
=0 a, 1 000 +0 2 o+ 4 0
alnl 3 Twni*l 0 00 0 G ofwn-1-t0 0 ¢
win] © -1 o, 0 0 0y 5B 00 0 0 Ofwgn-yj 0 O O
“ying © 0 0 0 0 ofyinE g, 00 0 o offyin-u5 HoXInE
Here the F matrix is given by

m 0 -1 0 0 00

D 0 0 0 0 O

0 0 00O og

F=0 a, 1 0 0 0

0 -1 a, 0 0 0O

D o 0 00 of

Since the F matrix contains nonzero entries above the main diagonal, the above set of equations
are not computable.

8.2 A computable set of equations of the structure of Figure P8.1 is given by

w,[n] =B w,n-1],
w4n] =B, wg[n-1],
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8.3

wy[n] = o4B; wy[n=1] =w[n] +x[n],
w4[n] =a gw,[Nn] +wy[n],
wdn] =a,wn]—w,[n]+ B, w,[n-1],
y[n] =apx[n] + B, w,y[n-=1].

In matrix form the above set of equationsis given by:

ODEWZ[n]D [0 0U0w, [n - 1]|]

Gw,[nld 0o 0 0 0 0 0 B3 O 0 0 O
SNl 0 0000 Jud Do o o B, ofdwin-ul 0 o O
ow,[n]0_ -1 0 00 OEle[n] 0,0 0 ap 0 O olwyn- l]D+%x[n]H
JnE" %13 1 000 Oyiind*l o b* o0 o ofdwIn-12%0 O C
01 a, 0 0 0 00f, 00 [
Welnl] 2 Wi © 0 B 0 0 OJwin-13 I O
Gyt g 00 0 0 0 0 Oy D o p, 0 o offyn-yp FoXE
Here the F matrix is given by

00 0 0 0 0 07

0 0 00 0 0

0 -1 0000

F=f, T 00 0 0

01 a, 0 0 0 OO

Ho 0 0 0 o of

Since the F matrix does not contain nonzero entries above the main diagonal, the new set of
equations are computable.

X[N]

Analysisyields  wy[n]=x[n]-a,wj[n]+w,[n],
w,[n] =a Byw,[n -1,
wgln]= a4 wy[n]=oazwg[nl+w,[n],
wy[n] =a, B,wg[n -1,
wdn] =a,wyn]+wg[n],
wg[n] =a 5 B;wg[n-1],
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y[n] =a x[n] +oywy[n].
In matrix form

Ow,[n]0 O - 0ow, [n]O
g 00 1 ~a, 00 0 odominl;
Al 0 0 0 0 0 0 Of Al

wglnd @, 0 0 1 -a; O Ogwy[n]d

§N4[n]E:EO 0O 0 0 0 O 0E§N4[n]g

DNs[n]D DO 0 a2 0 0 0 1DDN5[n]D

Welnjd 00 0 0 0 0 0 Olyn]d

dving B2 000 00 Oy g
70 0o 0 0 o o onwn-T0 oy g
D O 0 0 0 0 0ldwIn-15 0o [
70 0 0 0 0 0 ogwgdn-10 4 0 ¢
+00 0 ap, 0 0 0 Obw,[n-1d+5 0 f
40 0 0 0 0 0 O] n-1; - 8 -
150 S S § Snat S
B0 0 0 0 0 0 Offyn-1yg To
00 1 -a, 0 0 0 OO
50 0 0 0 0 0 O
m 0 0 1 -0 0 Of

Herethe F matrix isgivenby F=00 0 0 0 0 0 O
0 0 a, 0 0 0 1
00 0 0 0 0 0]
f, 0 0 0 0 0 O

Since the F matrix contains nonzero entries above the main diagonal, the above set of equations
are not computable.

8.4 Thesignal-flow graph representation of the structure of Figure P8.1 is shown below:

y[n]

The reduced signal-flow graph obtained by removing the branches going out of the input node
and the delay branches is as indicated below:
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waltl o

In the above precedence graph, the set N ; contains nodes with only outgoing branches and
thefinal set N 5 contains nodes with only incoming branches. As aresult, the structure of
Figure P8.1 has no delay-free loops. A valid computational algorithm by computing the
node variablesin set N 4 first in any order followed by computing the node variablesin set
N 5 inany order. For example, one valid computational algorithm is given by

v4[n] =B, wy[n-1],
w4n] =B, wg[n-1],
wo[n] =B w,n-1],
wy[n] = a, vy[n] =wg[n]+x[n],
W[N] =a 5y w,[n] +w,[n],
wdn] =a,wgn]=w,[n]+B;v,[n,
y[n] =a g x[n] +v,[n].
8.5 The reduced signal-flow graph obtained by removing the branches going out of the input node

and the delay branches from the signal-flow graph representation of the structure of Figure
P8.2 is as indicated below:
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W[N] y[n]

The only node with outgoing branch is wg[n] and henceit is the only member of theset N ;.

Sinceit isnot possible to find a set of nodes N » with incoming branches from N 4 and all

other branches being outgoing, the structure of Figure P8.2 has delay-free loops and is
therefore not realizable.

8.6 (a)

X[n] w[n] T wa[n]

y[n] 77l
sz2[n]
Analysisof Figure P8.3yields  w,[n]=w,[n] - kw,[n-1],
wo[n] =wyn] -k ,s,[n-1,
won] = x[n] —Kss;[n—1,
S,[Nn] = kyw,[n] +w,[n-1],
s3[n] = kow,[n] +s,[n-1],
y[n] =k gw,[n] +s;[n—1.
In matrix form we have
Gvy[nlf 55500 1 0 0 0 otwmhll -k, 0 0 0O O ouval[ln—llD
N 0p0 0 0 1 00 OTw,nE Do" 0 0 —k, O Jn-1F
0o o o0 o o0 O 0 2 D
W[nld_ Bnlg, WD 00 0 0 0 kg 0gWg[n-1
0 0=Hdo'E*k, 0 0 0 0 0OfC 0+ 3 a0
2Inlg 090 g2 o[lgp 41 00 0 0 oD A In- 1]
Isng 258 g2 kb 000007500 00 1 0 O0-sin-10
Ayin] & 22U 484U DA yin 2 @L9149,40429144ﬂ4@H yin-1 &
F G

Asthe diagonal elements of the F-matrix are all zeros, there are no delay-free loops.

However, the set of equations as ordered is not computable as there non-zero elements above
the diagonal of F.

(b) Thereduced signal flow-graph representation of the structure of Figure P8.3 is shown
below:
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8.7

8.8

w3ln] =W2[n] N l l (N yin
1 L wi[n] s2[n] JD

=k3
From the above flow-graph we observe that the set composed of nodes with out going branches
isN 1= {w3[n]}. The set composed of nodes with out going branches and incoming branches
from N 118 N 2 ={W2[n]}. The set composed of nodes with out going branches and incoming
branchesfrom N ; and N, is N4 = {Wl[n]}. Finally, set composed of nodes with only

incoming branchesfrom N, , N, and N;isN , ={32[n], sqlnl, y[n]}. Therefore, one
possible ordered set of equations that is computableis given by

3[n]D 0ppg 0O 0 0 00O ouﬂNg[n]D MO0 0 0 -k OD[Wg[n_]]D
M2 0o 01 0 000 O Do 0 Kk, 0 onI
wimd_ Kl O 1 0 00 0 w0 0 —ky 0 0 oale[n 10
0 D—0+DOOkOOODD 3 i
cInlg 0010 5 1 DDsz[n] 0 1 0 0 ODDSZ[n 1]D
0s,[rl O 585 50 ko 0 00 ODD%[]D 0 1 0 sn-11
Hyln] B $2149.4% 4% 8485 in 5 4443412%44544%DH yin-1] &
F G

Note that all elements on the diagonal and above doagonal are zeros.

-1 2
Pot Pz ~+PyZ

3,1 5.2 and {h[n} ={21, 11, -32 -41 -283, L}, n=0,1K

H(z) =

Por J21 0 00010 D210
From Eq. (8.15) we have Dplg H1312 %% Zolgg—:;a E:sl 72% Hence,

P@)=21-52z"1-1777

-1 -2
Pot Pz ~tPyZ

H(z) = 170,277+, 72 and {h[n} ={3, -2, -6, 12, -15, 0<n<4 Theequation
0
op 03 0 O0C
B023 8 Sk
corresponding to Eqg. (8.12) is HOZD_ D—6 -2 3 Eudlg Therefore, from EQ. (8.17) we
ol gl2 -6 _ZDEP'zH

HOH -15 12 -6
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-6 -2010120 m.70
have Hdzﬁ ~f1s _6f Fas= fpen and from Eq. (8.18) we have

0
03 o o0010 O30 -1 -2
o[ —
@;15 E 2 3 o@%g@ @31% Hence, H(z)=f:f'71:_l+g';§_2
6 2 3 6.7 - -

-1 2 -3

Pot Pz ~ 1Pz ™ +psz
-1 =) 3

1+ dlz + d2 Z“+ d3 z

{nn} ={2, -5 6 -2 -9 18, -7 -31 65 -30, L}, n>0. Theequation

89 H(2)= and

Poc 02 0 0 0OC
Pig B5 2 0 Ofj1p
0Ue 5 2 0 Hud 0
corresponding to Eq. (8.17) is given by ﬁggz %:S _62 —65 —ZSE%;H Therefore, from Eq.
100 m8 -9 -2 60
o 57 18 -9 -2{

0 D2 6 -5Ti0gl
(8.17) wehave m,p=-19 -2 64 Uigl= % and from Eq. (8.18) we have

Wog ms -0 27 Hr

702 9 o g o i
P55 2 0 0 Hence, H(z) = =222 >~
%ZD U6 5 2 H ﬁ DZD @ 2 Tr372+,3"

Po+ Pz t+p,z 2 +pyz3

8.10 G(2) = with gn]=13, 7, 13 -3}, 0<n<3. Therefore, from
2 2-6z1+8272+10z73 dinl={ 3 -3
A8 90 o g yrtear
Ed. (8.18) we have me_ 739 0 GD “o0 Hence, G(2) = 6_42_1 +8Z—z - -3
0 @13 7 3 8 2-6z21+822+10z
ol s 13 7 HHloH 20

Pt Pz +p, 22 +pyz 8 +p 27t
1+2z71+2772+323+3774
{nin} ={2, 0, -5, -10, -10, 55 -45 40, -125 140, -15 0<n<10

8.11 H(z)= with

The equation corresponding to Eq. (8.18) is given by

Pod 02 0 0 0 oUmD D20
P10 DO 2 0 0 oU 040
Po0=g5 0 2 0 Oypi=p-ig
o2 710 5 0 2 033 g4
i 10 -10 -5 0 20030 347

24471722 _14738-3474
1427 +222+373+37274

Therefore, H(z) =
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8.12

8.13

8.14

N-1

The k-th sample of an N-point DFT isgiven by X[k]= Z X[ n| W,r\]lk. Thus the computation of
k=0

X[K] requires N complex multiplications and N—1 complex additions. Now each complex
multiplication, in turn, requires 4 real multiplications, and 2 real additions. Likewise, each
complex addition requires 2 real additions. Asaresult, the N complex multiplications needed
to compute X[k] require atotal of 4N real multiplications and atotal of 2N real additions.
Similarly, the N—1 complex additions needed in the computation of X[k] require atotal of
2N-2 real additions. Hence, each sample of the N-point DFT involves 4N real multiplications

and 4N-2 real additions. The computation of all N DFT samples thus requires ANZ real
multiplications and (4N—2)N real additions.

Let the two complex numbersbe a =a+jb and B=c+jd Then, a3 =(a+jb)(c+jd)

= (ac—bd) + j(ad+bc) which requires 4 real multiplications and 2 real additions. Consider the
products (a+b)(c+d), ac and bd which require 3 real multiplications and 2 real additions.
Theimaginary part of a3 can be formed from (a+b)(c+d)-ac—bd=ad+bc which

now requires 2 real additions. Likewise, therea part of a3 can beformed by forming ac — bd

requiring an additional real addition. Hence, the complex multplication a3 can be computed
using 3 real multplications and 5 real additions.

KF
The center frequency of bink: f (k) = TT where N = # of bins, and F; isthe sampling

0 D
frequency. Inverting we have k(f) = %f a Therefore, the absolute difference from one of the

given four tones (150 Hz, 375 Hz, 620 Hz, and 850 Hz) to the center of its bin is given by

E
dist(N,f) =|f - WT éfF—Na It follows from this equation that the distance goesto zero if
T
a
—T%f—ND =f o f—N isan integer.
N BF; B Fr

f-N
The total distance is reduced to zero if I':— isan integer for i =1,K,4. Theminimum N for
T
which thisis trueis 500.

However, the total distance can be small, but nonzero, for significantly smaller values of N. The
MATLAB generated plot given below shows anice minimum at N = 21.

Total absolute difference plot
800 r r r v

600 }

400

200 }

0

5 10 15 20 25 30 35
Number of bins (N)
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8.15

x[n] W+ I » y[n]
y[-1]=0
Z—l
Wyt
-N/2
+
Hk(z):;__l. Hence, Y(2) = X(_Zk) 1= 1 Z_k -
14772 —N/2 “1.-1 2.2 -N/2_-N/2
Fork=1 Y(2)=———=—==(1+z YA+ Wz "+W 'z "L+ Wz +L
Hence, y[n] ={l WL W2 L W12 N2 gy —1),|_}
~N/2
+
For k=N/2, Y(2) = ——2 . Hence,
1-W, 7z

yinil={1 -1 1, -1, K -1, 2 0 2 0 K 0@

8.16
X[0] =

X[1] =

X[2] =

X[3] =

X[4] = V\T

X[5] =

x[6]

ANN : i
X[7] o - » > Zs—»ox X[7]

8.17
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8.18

8.19

X[0] =

N N

X[2] =

X[3]
x[4]
X[9] «
X[6] o

X[7]

N-1

XIkl= S X Wi
n=0
N, N rﬂ-l
I. I
L L nkry +k L

kry +(r, ~DK
= Zx[nrl] W,gkrl + ZX[nr1+1]WN +L+ zx[nrlﬂl‘ﬂw,: n+(n-1)
n=0 n=0 n=0

i

PIPR LT

N=0(N/r,)-point DFT

Thus, if the (N/r1)-point DFT has been calculated, we need at the first stage an additional

(r; —21) multiplications to compute one sample the N-point DFT X[K] and as a result, additional
(r; — )N multiplications are required to compute al N samples of the N-point DFT.
Decomposing it further, it follows then that additional (r, — 1)N multiplications are needed at
the second stage, and so on. Therefore,

Total number of multiply (add) operations=(r{ —1)N + (r, —1)N+... +(r, —1)N

eV DN
= HZi:lri vON.
X(2) = Xo(zs) +z_1X1(23) +z_2X2(23). Thus, the N-point DFT can be expressed as

X[K]= X [< k> o] # W X [< k> 5] + WAS Xo[< k> 5] Hence, the structural
interpretation of the first stage of the radix-3 DFT is as indicated below:
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Xol<k>n]
XO[n] | g—poinJ 3

X[n] + l 3 - @—D X[K]
z
X< k>n] k
xall [N_gind 53 W
13— 3D§"”—43 pac)
z
X [<k>N] 2k
{13 x4n =%—poin;l ? 3 :WN
DFT
8
820 X[Kl= Y x{n] " =(x[0] WE + XgWSK +x(6] wgek)
n=0

+(x[1] W+ WK +x(7] wgk) " (x[2] W2+ X5 WeX +X(8] wgk)
= (x[O]W??m +X[3 W5 +x[6] wg") + (x[]] WK + X[4IWE +x(7] w32")w'9‘
+(x[2] ng + X[5] W3k +x[8] Wgzk)Wgk = Gyl<k>5]+Gy[<k >3]W§|,( +G,[<k >3]W§k,
where G[< k >5] =x[0]Wa ™ + x[3 W +x[6] WZK, G [< k>3] = T W™ +x{4]WX + x[7]W2¥,

and Go[<k>j] =x[2]Wg[E + X[5] W:if +X[8] W32k, are three 3-point DFTs. A flow-graph
representation of this DIT mixed-radix DFT computation scheme is shown below:

X[0] o—— Gol0) X[0]

X[3] o 3-point Goll]\ /1: X[1]
6] ot o Go[ﬂ\%

- X[2]

X[1] o—H o X[3]
3-point

X[4] o—H DET o X[4]

X[ 7] 00— o X[5]

X[2] o— X[6]
3-point

X[5] =——H DET X[7]

X[8] C—————}

X[8]

where the twiddle factors for computing the DFT samples are indicated below for atypical DFT
sample;
Golk]

Gl[k] 0

G, [
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In the above diagram, the 3-point DFT computation is carried out as indicated below:

x1]

G [0

x[1+3 G

x[1+§ G [2
14
8.21 X[k]= Zx[n] er‘Sk = (x[O] W105Da +X[3]W135k +x[ 6] Wf‘g + X[9] W195k +Xx[12] Wllék)
n=0
WS +XLATWLE -+ XTI + X110 WX + 13w

X2 W X WEE + X8 WEE 411 Wi + 14w

= Gl< k>g] + Gy < k > WK +G,[< k > ]We, where
Gyl< k>g] = X[OJW™ + X3 Wi +X[6]WZ2* +x[9 W +x[12] We*,
G[<k>5]= XTWEE +X[4IWE +X[7IWZ + x(10] W + x[13] W, and

G < k> ] =x[2]WE™ + X5 WE + (8] W2 +x[1gWS* +x[14] W K.
A flow-graph representation of this DIT mixed-radix DFT computation scheme is shown below:
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8.22

8.23

X[0]
X[1]
X[2]
X[3]
X[4]
X[9]
X[6]

X[7]

X[0] &—H
X[3] =—H
X[6] #——
X[9] o&—

X[12] o—

5-point
DFT

Gol0

Gyl

7

X[0]

SEANNN / Wk

X[1]

X[1] o—H
X[4] o—
X[7] o—
x[10] o—s

X[13] =—

5-point
DFT

Gold

_A\ \ A'A
NN

X[2] &—
X[5] o——
X[8] &——
xX[11] o—

x[14] o—

5-point
DFT

'V"

X[2]
o X[3]
X[4]
e X[9]
. X[6]
e X[7]
o X[8]
a X[9]

A\ X[10]

o X[11]

X[12]

1/2

/ 1/2 >< 1/2

o X[0]

AN
\\/ /"

—a X[4]
K Wy /2

a X[2]

SIS
AN RN
XKL

_1WN /2

o X[6]
1wy /2
o X[1]

1w /2

/ 12 >< 1:/2 s

L XX
VAN D=

-1 wy 272

—o X[3]
/ \ /\{W /2><
o 5y 1 ll ’ :nX[7]
WN 12 —Twy 22 - WN /2

XdK

Ximl[K]

UN
— X [N]

DFT

n
UN ]
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N-1
Now, by definition, g[n] =Im{X[n]} + jRe{X[n]}. Its N-point DFT is Q[K] = Zq[n] W,Gk.

n=0
=
Thus, Re{Qk]} = Z HI m{X[m]} cosH H + Re{X[m]}smE @ﬁ (18)
N—l 0
Im{Qk]}= Z H—Im{X[m]}smH H + Re{X[m[} cos%zwkﬁa, (19)
N-1

From the definition of the inverse DFT we observe Xx[K] = % Z X[m]Wy mk Hence,

Re{X[KI} = = NfﬁRe{X[m]} cos 2K i st 200K (20)
Im{X[K]} = Nzlﬁl m{X[m]} cosH H+ Re{X[M]}s n@zm‘k @E 12 21)
Comparing Egs. (19) and (20), weget  Re{x[rl} = %Im{Q[k]}| -
and comparing Egs. (18) and (21) we get IM{Xr} = %Re{Q[k]}| -

8.24 f[n]=X[<—”>N]={X[>|i|[9]h], N g Therefore,

N-1 N-1 N-1
R[k] = r[n]Wnkzr[O]+ r[n]W -X[O]+ X[N n]W

N-1 N 1 N-1
=X[0]+ Y X(n] WK = x o]+ S Xl W™ = > X W™ = N X[K].
n=1 n=1 n=0

Thus, X[n] =N1 RIK]

k=n

8.25 Let y[n] denote the result of convolving alength-L sequence x[n] with alength-N sequence
h[n]. Thelength of y[n] isthenL + N —1. HereL =8 and N =5, hence length of y[n] is 12.

Method #1: Direct linear convolution - For alength-L sequence x[n] and alength-N h[n],
ON [ 0s5 [
# of real mult. = 2@2 n§+ N(L -N-1) =2§Z n@ +58-5-1) = 40.
= n=1

Method # 2: Linear convolution viacircular convolution - Sincey[n] isof length 12, to get
the correct result we need to pad both sequences with zerosto increase their lengthsto 12
before carrying out the circular convolution.

# of real mult. = 12x12 =144.
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8.26

Method #3: Linear convolution via radix-2 FFT - The process involves computing the 16-

point FFT G[K] of the length-16 complex sequence g[n] = x,[n] +j h[n] where x [n] and

h [n] arelength-16 sequences obtained by zero-padding x[n] and h[n], respectively. Then
recovering the 16-point DFTs, X [k] and H [K], of x [n] and h [n], respectively, from G[K].
Finaly, the IDFT of the product Y[K] = X [Kk] (4 [k] yieldsy[n].

Now, the first stage of the 16-point radix-2 FFT requires O complex multiplications, the second
stage requires 0 complex multiplications, the third stage requires 4 complex multiplications, and
the last stage requires 6 complex multiplications resulting in atotal of 10 complex
multiplications.

# of complex mult. to implement G[k] = 10

# of complex mult. to recover X [K] and H k] from G[k] =0

# of complex mult. to form Y[k] = X [k] (H [k] =16

# of complex mult. to form the IDFT of Y[k] = 10
Hence, the total number of complex mult. = 36

A direct implementation of a complex multiplication requires 4 real multiplications resulting in
atotal of 4x 36 = 144 real multiplications for Method #3. However, if acomplex multiply can
be implemented using 3 real multiplies (see Problem 8.13), in which case Method #3 requires a
total of 3x 36 = 108 real multiplications.

Method #1: Total # of real multiplications required
ON O 06 O

= ZEZ g+ N(L -N-1) :2%2 nd+6(8-6-1) = 48.
Dn—l 0 Dn:l 0

Method #2: Tota # of real multiplications required = 132 = 169.

Method #3: Linear convolution via radix-2 FFT - The process involves computing the 16-
point FFT G[K] of the length-16 complex sequence g[n] = x,[n] +j h[n] where x [n] and

h [n] arelength-16 sequences obtained by zero-padding x[n] and h[n], respectively. Then
recovering the 16-point DFTs, X [k] and H [K], of x [n] and h [n], respectively, from G[K].
Finaly, the IDFT of the product Y[K] = X [k] I [K] yieldsy[n].

Now, the first stage of the 16-point radix-2 FFT requires O complex multiplications, the second
stage requires 0 complex multiplications, the third stage requires 4 complex multiplications, and
the last stage requires 6 complex multiplications resulting in atotal of 10 complex
multiplications.

# of complex mult. to implement G[k] = 10

# of complex mult. to recover X [k] and H k] from G[k] = 0

# of complex mult. to form Y[k] = X [k] H [k] =16

# of complex mult. to form the IDFT of Y[k] = 10
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8.27

8.28

Hence, the total number of complex mult. = 36

A direct implementation of a complex multiplication requires 4 real multiplications resulting in
atotal of 4x 36 = 144 real multiplications for Method #3. However, if acomplex multiply can

be implemented using 3 real multiplies (see Problem 8.13), in which case Method #3 requires a
total of 3x 36 = 108 real multiplications.

(a) Sincetheimpulse response of the filter is of length 34, the transform length N should be
greater than 34. If L denotes the number of input samples used for convolution, thenL = N —
33. Sofor every L samples of the input sequence, an N-point DFT is computed and multiplied
with an N-point DFT of the impulse response sequence h[n] (which needs to be computed only
once), and finally an N-point inverse of the product sequence is evaluated. Hence, the total
number RM of complex multiplications required (assuming N is a power-of-2) is given by

Ry = E%E(NIOQJZ N+N) +;|ng N
It should be noted that in devel oping the above expression, multiplications due to twiddle
factors of values +1 and + j have not been excluded. Thevaluesof Ry, for different values of
N are asfollows:

For N =64, Ry =15,424

For N =128, Ry, =11,712

for N =256, Ry, =12,544

for N=512, Ry, =17,664
Hence, N = 128 is the appropriate choice for the transform length requiring 14,848 complex
multiplications or equivaently, 11,712x 3 = 35,136 real multiplications.

Since the first stage of the FFT calculation process requires only multiplications by +1, the total
number of complex multiplications for N = 128 is actually

_ 1024

N
Ry D@D(Nlog2N+N)+EloggN— = 11,648

N =z

or equivalently, 11,648x 3 = 34,944 real multiplications.

(b) For direct convolution, # of real multiplications =

ON O O34 O
zgz o+ N(L—N—l)ZZEZ nd +34(1024 - 34— 1) = 34,816.
Dn—l U Dn:]_ U

From the flow-graph of the 8-point split-radix FFT agorithm given below it can be seen that
the total number of complex multiplications required is 2. On the other hand, the total number
of complex multiplications required for a standard DIF FFT algorithm isalso 2.
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8.29 If multiplications by %j, +1 are ignored, the flow-graph shown below requires 8 complex = 24
real multiplications. A radix-2 DIF 16-point FFT algorithm, on the other hand, requires 10
complex multiplications = 30 real multiplications.

x[0]

AN
N\N//ARN VAR T

X[0]

X[8]

x(3]
X[4] o X[2]
X[5] \\ X[10]
x[6] c\\ X[6]
X[7] X[14]
x[8] X[1]
x[9] o X[9]

x[10] X[3]

o LN SEK e S

. P =i
ol “1/,\\‘;<}§ ?}?2

— -1
x[15] \-/ }ll ;JJJ/ \_1‘x196 13 _
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8.30 (&) From Eq. (8.97a), x[n] =x[n; +N;n,] where 0<n; <N; -1, and 0<n, <N, -1 Now,

N-1
using Eqg. (8.97b) we can rewrite X[k] = ZX[n] W,Qk ,0sksN-1as
n=0
N;N, -1 gty N;-1 N,-1 ( Nk )
Nok,+ n;+Nq.n5)(N +
XINgkg +kol = S W2t 720 = % S g + N JWy R
n=0 n,=0 n,=0
N;-1 N,-1 » ) ) )
= Z Z X[n1+N1n2]Wn1N LW, N3naN2 1WN1“2 2W”1 2
=O n,= =0
Since, W”lN k1 W’\rl‘lkl WN1N2”1'<1 =1 dWN1n2k2 W”zkz we get
e %Nz_l H k % k
n n n
X[K] = X[N ok, +k,] = Z i Z Xy +Nyn, Wy 2 2K oW Z%W "1 (22)
n1=0 n2—0 0
(b) For N7 =2and N, =N/2, the above DFT computation scheme leadsto
N, 0 0
N = D] _ k % n,k D ky
n n
X[K]= X[ ky +kp] = > i Zx[n1+2n2]WN2/ZZDWN1 ZDW o
n1:O %nz-o H
E_l E—1
2 nok K1iva, Ko 2 noko,
_ K2
= D X[2n,]W T +WtW? ) x2n, + W7,
n,=0 n,=0
Ny N,y
2 nok k £ noKo
_ K2
= D X[20,]W T + Wy Y (20, + W7,
n,=0 n,=0

which is seen to be the first stagein the DIT DFT computation.

On the other hand, for N1 = N/2 and N» = 2, the above DFT computation scheme leads to

N
2 F N : 0
n,k n,k n,k
X[Kl=X[2ky +kp]= > 0 » x[n;+ > N2l Wo 2 2O W2EW i
n,=0 n,=0 E
g_l
2 MmKo MKy
z Hx[nl]+x[n1 —]( ¥ HW Wb
n,=0
>
5 Bhinaecaoin o S b

which represents the first stage of the DIF FFT agorithm.
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(c¢) Inthe DFT computation scheme of Eq. (22), we first compute atotal of N» N4-point

DFTs, multiply al the N7yN» = N computed DFT coefficients by the twiddle factors W,\r}lkz , and

finally calculate atotal of Ny N4-point DFTs. If R(N) denotes the total number of
multiplications needed to compute an N-point DFT, then the total number of multplications
required in the DFT computation scheme of Eq. (22) is given by

(i) N,R(N;) for thefirst step,
(i) NoN1 = N for multiplications by the twiddle factors, and
(iii) N;[R(Np) for thelast step.

1 1
Therefore, R(N) = N, R(Np) + N+ N, [R(Np) = N(N—1 R(Np) + N—2 R(N,) +1).
(d) For N =2V, choose N,=2i=12,...v. Now from Figure 8.24 for a 2-point DFT

R(Nj) = 2. Hence, R(N) = N@%@zglogzN.

8.28 (a)
1000w, 0 0 OF 10w 0 00 0O Of
D100 0 w o of 10 wwoo o of
Do10 0 0 w OF Mow 000 0 oOF
V—%bO(’lOOOW;HV—EOlOWSZOOO e
®hooowg o o o *“ 0o o o 10w of
D100 0 Wy 0 OFf o o0 001 0 WI
D010 0 0 W of o0 0 0 10w 0
D001 0 0 0 WH 00 0 0 01 0 WA
1wy 00 0 0 0 Of
nw' oo o o0 o0 of " :
0 0000000O
0 o 1wWro0 0 o of 010000 0
Vv, =0 8 0 4 g-© 00000 1 0f
%OOOOlWSOOD _%1000000H
i 2 0 0000100
DOOOOlWSOOOD %0010000D
© 0 00 0 0 1 Wo 00000 0 1]
0 0 0 0 0 0 1 WA

As can be seen from the above, multiplication by each matrix V|, k = 1, 2, 3, requires at most 8
complex multiplications.

(b) The transpose of the matrices given in part (a) are asfollows:
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01 0 0 0 1 0 0 0f 01 0 1 0 0 0 0 0O
Jdo 12 o0 0 0 1 0 oL 0o 12 oo 1 0 o0 0 O
00 1 0 0 0 1 OF W owlo 0o o0 o0 OF
H0o0 0 1 0 0 0 1§ 8 8 0
R0 4 d o w2 ow2o 0 0 Of
yT-Wg 0 0 0wg 0 0 00 T_0 5 5 0
8 =L 1 c I V4=0o 0 0 0 1 0 1 0D
HO Wg 0 0 0 Wy 0 0} 1o oo o0 0 1 0 11
S0 owZo 0 0w 0] %oooowgowgo%
50 0 0O W2 0 0 0 WF 50 0 0 0 0 W2 0 Wi
a/\}oléloooooog M 000O0O0 0 00
W Wg 00 0 0 0 0p D 0oo0oo0100 00
700 110 0 0 0C %0100000%
VT=|:|0 0\/\/8\/\/8 0 0 O 0|] ET-E= 0 00 00 1 Of
2500 0 0 0 1 1 0 00 M 10000 0 0
Do o 0 o wlws; 0 ol 000010 00
1000 0 00 1 1] Bo08000H
Ho 0o 0 0 0 0 w W

It is easy to show that the flow-graph representation of Dg = ETV2T VIVST is precisaly the 8-

point DIF FFT algorithjm of Figure 8.28.

Ny
My 2] 2 2l i 2 N
— n_ n n _
8.29 X[2I]—nZOx[n]WN _nZOx[n]wN +n_%>;[n]wN . 1=01K,2-1.

Replacing n by n+ % in the right-most sum we get

N N, N,

2 2n % N, 2n N _ [ N.O N
X[2]= Zx[n]WNn + Zx[n+ S1Wy "Wy = ZHx[n]+x[n +E]HWNH/2, Osl<—-1.

n=0 n=0 n=0
X[4 +1] = Z x[r Wl(\|4| +On | Z\‘X[n] W'(\I4I +Dn Z“X[n]wl(\lzu +Dn ZNX[”]WI@ +1)n,
n=0 n=— n=— =
4 2 4

where 0< | s%—l. Replacing n by n+% in the second sum, n by n+% in the third sum,

and nby n+ % in the fourth sum, we get
N N

-1 -1
4 4
X4 +1= Y qniwg "Wy + Y xin + Dy P! Nyy N7 4
4
n=0 n=0
N, N,
X N alng o n 2l NGO Ni2 L % SN- 4Ny, g 3 Ny, 3N/ 4
n=0 n=0
Now, Wy¥ =wa@N =w3N =1 w4 =—j wil'?=-1 and w3V'*=+]. Therefore,
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)

— NO .O N 3N 00 | N
X[4 +1] = ZEHx[n]—x[n +SI- i+ ] - xn+ T]HEW,\TWNL, 0sl<Z-1
n=0

N N

- -1
4 4
Similarly, X[4l +3] = Zx[n] Wr(\14|+3)n Zx[n+ ]W(4' +3)nW(4l +3)N/4
n=0 n=0
Z x[n+— ]W(4|+3)nwlgl4| +IN/2 | zx[ ]W(4| +3)nWr£|4l +3)3N/ 4
n=0 n=0
N—1 E—l
X 4l n 3 4l n I Ny\,,3N/ 4
= Zx[n] Wy WN Zx[n+—]wN WN WN Wy,
n=0 n=0
E—l ﬁ—i
; 41 21 Ny, BN/ 4 ] 9N/4
=Zx[n+—]w "wtwi Nwe +y [n+—]W T3 NS
n=0 n=0

N_l

- 5 Btorsan Bt -0 S Wi 051 <8

The butterfly here is as shown below which is seen to require two complex multiplications.

X[ o X[41]

x[n+%] o X[4l +2]

X[n + ] o X[4l +1]
2

x[n+§4] o X[4 +3

8.30 From the flow-graph of the 8-point split-radix FFT agorithm given below it can be seen that
the total number of complex multiplications required is 2. On the other hand, the total number
of complex multiplications required for a standard DIF FFT algorithm isaso 2.
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8.31 If multiplications by %j, +1 are ignored, the flow-graph shown below requires 8 complex = 24
real multiplications. A radix-2 DIF 16-point FFT algorithm, on the other hand, requires 10
complex multiplications = 30 real multiplications.

x[0]

AN
N\N//ARN VAR T

X[0]

X[8]

x(3]
X[4] o X[2]
X[5] \\ X[10]
x[6] c\\ X[6]
X[7] X[14]
x[8] X[1]
x[9] o X[9]

x[10] X[3]

o LN SEK e S

. P =i
ol “1/,\\‘;<}§ ?}?2

— -1
x[15] \-/ }ll ;JJJ/ \_1‘x196 13 _
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8.32 (@) From Eq. (8.97a), x[n] =x[n; +N;n,] where 0<n; <N, -1, and 0<n, <N, -1 Now,

N-1
using Eqg. (8.97b) we can rewrite X[k] = ZX[n] W,Qk ,0sksN-1as
n=0
N;N, -1 gty N;-1 N,-1 ( Nk )
Nok,+ n;+Nq.n5)(N +
XINgkg +kol = S W2t 720 = % S g + N JWy R
n=0 n,=0 n,=0
N;-1 N,-1 » ) ) )
= Z Z X[n1+N1n2]Wn1N LW, N3naN2 1WN1“2 2W”1 2
=O n,= =0
Since, W”lN k1 W’\rl‘lkl WN1N2”1'<1 =1 dWN1n2k2 W”zkz we get
e %Nz_l H k % k
n n n
X[K] = X[N ok, +k,] = Z i Z Xy +Nyn, Wy 2 2K oW Z%W "1 (22)
n1=0 n2—0 0
(b) For N7 =2and N, =N/2, the above DFT computation scheme leadsto
N, 0 0
N = D] _ k % n,k D ky
n n
X[K]= X[ ky +kp] = > i Zx[n1+2n2]wN2;225wN1 ZDW o
n1:O %nz-o H
E_l E—1
2 nok K1iva, Ko 2 noko,
_ K2
= D X[2n,]W T +WtW? ) x2n, + W7,
n,=0 n,=0
Ny N,y
2 nok k £ noKo
_ K2
= D X[20,]W T + Wy Y (20, + W7,
n,=0 n,=0

which is seen to be the first stagein the DIT DFT computation.

On the other hand, for N1 = N/2 and N» = 2, the above DFT computation scheme leads to

N
2 F N : 0
n,k n,k n,k
X[Kl=X[2ky +kp]= > 0 » x[n;+ > N2l Wo 2 2O W2EW i
n,=0 n,=0 E
g_l
2 MmKo MKy
z Hx[nl]+x[n1 —]( ¥ HW Wb
n,=0
>
5 Bhinaecaoin o S b

which represents the first stage of the DIF FFT agorithm.
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(c¢) Inthe DFT computation scheme of Eq. (22), we first compute atotal of N» N4-point

DFTs, multiply al the N7yN» = N computed DFT coefficients by the twiddle factors W,\r}lkz , and

finally calculate atotal of Ny N4-point DFTs. If R(N) denotes the total number of
multiplications needed to compute an N-point DFT, then the total number of multplications
required in the DFT computation scheme of Eq. (22) is given by

(i) N,R(N;) for thefirst step,
(i) NoN1 = N for multiplications by the twiddle factors, and
(iii) N;[R(Np) for thelast step.

Therefore, R(N) = N, R(Np) + N+ N, [R(Np) = N(Ni R(Np) + Ni R(N,) +1).
1 2

(d) For N =2V, choose N,=2i=12,...v. Now from Figure 8.24 for a 2-point DFT

R(Nj) = 2. Hence, R(N) = N@%@zglogzN.

833 (a) N=12. Choose N =4and N, =3. Thus,
_ ‘4 DOSn1S3 d k=3Ks +k DOSle?)
N=M*aN2 Yocn,s2 A KTK K2 ooy, <
LO 1 2 3 NI
0 [x0] X1 x2 X3 0 [X[0] X[3 X[6] X[9
1 (X4 «[8 X6 X7] 1 X[ X4 X[7] X[10]
2 Ix8 X9 x10] x11 2 |X[2 X[5 X[8] X[11
(b) N=15. Choose N =3 and N, =5. Thus,
_ ‘3 DOSn1£2 d K=5ki +k DOSk:LSZ
N=Mm*oN2 Uocn,cq O KTIKLITK2 Uy <o
n2nl o 1 2 kKkXe o 1 2
0 [x0] X1 x2] 0 |X[op X[5 X[10]
1 [X3] x4 X5 1 [X[m X6 X[11
2 X6l X7 X8 2 |X[Z X[7 X[12]
3 |X9] x[10] x[11] 3 |X[3 X[/ X[13]
4 [X[12] x[13 x[14] 4 [ X[4 X[9 X[14]
(¢) N=21. Choose N1 =7, and No =3. Thus,
_ +7 DOSn:LS d k=3Ks +k DOSkJ_SG
N=m* M2 Uyen,<2 34K K2 ooy <2
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S 0 1 2 3 4 5 8

X0 X1 x2] x3 x[4 x[5] x6
X[7] X[8] X9 x10] x11 x[12] x[13
x[14] x[15] x[16] x[17] x[18 x[19] x[20]

K
o 1 2 3 4 5 6

o IXI01 X[3 X[6] X[9 X[12] X[15 X[18§]
1 [X[M X[4] X[7] X[10] X[13] X[16] X[19]
o |X[2] X[5 X[8 X[11 X[14] X[17] X[20]

(d) N=35. Choose N1 =7, and N2 =5. Thus,

<n1<6 DO k1<6

0o
nN=m+7n2, 0 and k=5k;+ky, [
N0<k, <4

00sn,<4

0 1 2 3 4 ) 6
X0 x[@ x2] x[8 x4 X3 x6]
X[7] X8 x[9] x[10] x[11 x[12] x[13]
X[14] x[15 x[16] x[17] Xx[18] x[19] x[20]
X[21] x[22] x[23] x[24] x[25] x[26] Xx[27]
x[28] x[29] X[30] x[3] x[32] X[33] x[34]

PwnNp kR ONG
=y

0 1 2 3 4 5 6
X[0] X[5] X[10] X[15] X[20] X[25] X[30]
X[ X[6] X[11] X[16] X[21] X[26] X[31]
X[2] X[7] X[12] X[17] X[22] X[27] X[32]
X[3 X[8 X[13] X[18] X[23 X[28] X[33]
X[4] X[9] X[14] X[19] X[24] X[29] X[34]

bwl\)l—‘ONE

8.34 (a) n=<An +Bn, >, k=<Ck;+Dk,>,, whereN =N1N,.
N;-1 Njp-1

X[K]=X[< Ck, +Dky>\] = Z Zx[<An1+Bn2 >oI Wy
—O n, =0

(An,+Bn,)(Ck,+Dk,)

N;-1 Nyp-1
= Zx[<An1+ Bn, > IWy
n1:0 n2—0
To completely eliminate the twiddle factors we require
W’\AI\CnlklwADnlk WBDn2 kZWBCnZ Ky _ W[\Tl lean kz.
To achieve this we need to choose the constants A, B, C, gnd D, éjch that

ACmy ADnq BDn, BCn, k1

le k2W k2W

<AD>N=O, <BC>N=0, <AC>N=N2, and <BD>N=N1.
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N;-1 N,-1
Then, we canwrite X[<CKk,+ Dk, >\]== z ZX[<An1+ Bn, > N]Wn1k1Wn2
n,;=0 n,=0
(b) We shall show that the following choice of the constants satisfy the constraints of Eq. (23):

A=Ny, B=Nj, C=Ny<N; >y, and D=N; <N;*>
where < Nl_1 >y, isthemultiplicative inverse of Ny evaluated modulo Ny, i.e. if < Nl_1 >N, =
a, then <N,a >N2=1. Hence, N;a must be expressible as N,3+1, where 3 is any integer.
Likewise, < NZ_1 >N, is the multiplicative inverse of N, evaluated modulo N1, and if < Nz_1 >N,
=y, then N,y =N;0+1, where 3 isany integer. Now, from Eqg. (23),
<AC>=<N, Ny <NG >y > =<No(NB+D >y =< NN B+ N,) > =N, Similarly,
<BD> =<N;IN; < Nl_1>N2>N=<N1(NZB +1) > =<N;N,0+N;) > =N;. Next, we
observethat < AD >y =<N, IN; <Ny ¥ > >\ =< N<N;* >y >\=<Na>\=0, ad

_ -1 _ -1 _ -
<BC>y=<N;IN, <N, >N1>N_<N <N, >N1>N_< Ny >\ =0.

Nl_l N2_1
Hence, X[K]=X[<Ck; +Dk, >\ 1= ¥ 5 x{<An +Bn,> > JWh 2w 112k
n,=0 n,=0
N;=1 Ny- 4
=Y 3 d<An+ By > WL W2
n,;=0 n,=0
N, -1 DNl— 0
- n1k1D na k-
= X[<An, +Bn, > N]W WNz
=0 Hn
8.35 (a) N=12. ChooseNq=4andN,=3.
A=3 B=4, C=3<3'>,=9 D=4<4'>,=4
_ Jo<n, <3, _ o<k, <3
N=<3n+4%>15 Jocn, <2, KT +4ko >, Hock, <2
L0 1 2 3 L 0 1 2 3
0 Ix[0] x[3] x[6 X9 0 IX[@ X9 X[6] X3
1 Ix[4] x[71 X10] X1 1 (X4 X1 X[@o] X7
2 1481 x[11 x[2 X3 2 1Xg X5 X[2] X[11

(b) N=15. Choose N7 =3and N, =5.
A=5 B=3 C:5<5_1> :10 D:3<3_1>5:6_

D0<n <2 DO<k <2,
n=<5n,+3n, 15,D0<n <4 k=<10k, + 6k, >;5, D0<k <4
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n
N> o0 1 2 o 1 2

N

0 |x[0] X5 x10] 0 [X[a X[10] X9
1 | x[38] X8 X13] 11X6 X[@d X171
2 [x(6] X111 x[1] 2 IX[12] X[7] X[2
3 | x[9 x@4] 4] 3 [X[@ X[13 X§
4 X121 X2 A7 4 |X9 X[ X[14]

(c) N=21. ChooseNq =7 and No = 3.
A=3, B=7 C=3<31>,=3x5215 D=7<7'>,=7x1=7.

Do<n <6, D0<k <6,
-<3nl+7n2 o1 E0<n <2 k =<15k +7k2>21 E0<k <2

2 0 1 2 3 4 5 6

O X0 X3 x6] X9 x12] x[15 x[18]
1| X[7 x[10] x[13] x[16] x[19] x[1] x[4]
2 | X[14] x[17] x[20] Xx[2] X[5] X8 x[1]

kN| O 1 2 3 4 5 6

o | X[0] X[15] X[9 X[3 X[18] X[12] X[6]
1| X[(71 X[ X[@6] X[10] X[4] X[19] X[13]
o [X[14] X[8] X[2 X[17] X[11] X[5 X[20]

(d) N=35. ChooseN1=7andNy=5.
A=5 B=7 C=5<5'>,=5x3=15 D=7<71>=7x3=2L

DO <n <6,

Jo<k;<6
n=<5n;+7n, >, D0<n <4, K= <15k +21k; >3, EOS <4

0 1 2 3 4 5 6
X[0] X[5 x[10] x[15] x[20] x[25] x[30]
X[7] X[12] x[17] x[22] X[27] x[32] X[2]
X[14] x[19] x[24] x[29] x[34] x4 x[9]
x[2]] Xx[26] X[31 x[1] x6] x11 x[16]
x[28] X[33] X[3] x[8] Xx13] x[18 x[23]

prHoNE
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kN O 1 2 3 4 5 6
0 | X[0] X[15 X[30] X[10] X[25] X[5 X[20]
1 (X211 X[@ X[16] X[31] X[11 X[26] X[6]
2 | X[ X[22] X[2] X[17 X[32] X[12] X[27]
3
4

X[28] X[8 X[23] X[3] X[18] X[33] X[13]
X[14] X[29] X[9] X[24] X[4 X[19] X[34]

8.36 N =12. N1=4 and N2=3.
A=3 B=4, C=3<3'>,=9 D=4<4 '>,=4

D0sn133, D0sk133,

N=<3n+40>15 fo<n, <4, K=<+ 4K > fock <2

e 0 1 2 3 RS 0 1 2 3
0 [x[0] X3] x[6] 9] 0 [X[a X[9] X[6] X3
1| x[4] A7] x[10] X4 1IX[4 X[ X10 X7]
2 |1 x@ X1 x[2] A9 2 IXg X5 X[2] X117

n=<9n; +4n, >, k=<3ky +4k, >,
NLO 1 2 3 NI
0 |x[0] X9 x[6 X3 O (y[d@ VI3 Y[6] Y[9]
1 [x[4] {1 X10] A7] 11v[4 Y[71 Y[10] Y[1
2 | x8] N5 X3 11 21vig Yy Y2 V5

Hence, X[2k] = Y[2K], and X[2k + 1] = X[2k + ] =Y[<6+(2k +1) >,],k=0,1, ..., 5,

837 N=10,N;=2,andN,=5. ChooseA=5 B=2, C=5<5'>,=5 D=2<2">.=6.

r& 0 1 n2k1 0 1 k& 0 1
o[xo x8 o [goo oz o | X0 X5
1 (942 X7 1 [(go1 ¢[11 1| X[6] X[
2 | 44 X9 2 19021 g[12] 2 [ X[2] X[7]
3| 46 x[Y 3 |d03] g[1,3 3 | X[8 X[3
4 | x[8 x[3 4 1§04 G[14] 4 | X[4 X9
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Gl[o,0]

X[0] = 2-point = X[0]
x[§ o— DFT GLa —o X [6]
5-point
x[2] = 2-point prr [ X4
x[7] o—{ DFT —a X[g]
X[4] — 2-point —* X[4]
x[9] =— DFT - X[
X[6]  =— 2-point — —= X[1]
-poin
X[ =— DFT DET = X[7]
X[8] o— 2-point s — ' X[3]
X[ o— DFT L4 —o X[9

The flow-graph of the 2-point DFT isgivenin Figure 8.21. The flow-graph of the 5-point
DFT is shown below

8.38 N=12,Ny =4, and N, =3. ChooseA=3,B=4,C=3<3"1>,=9, and D=4<471>,=4,

&10123&0 1 2 3

0 [x[0] X3 x[6 X9 0| G060 @G[L0] d20] G3,0
1 (x[4 x7 x[20] x4 1] G0y @1y ¢[21] ¢G3Y
2 [ x[E X114 x2 A5 2| g02 G112 d22] ¢32
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kx(l 0 1 2 3

0 | X[0] X9 X6l X3
1 | X4 Xxm X190 X7
2 | X[8] X5 X2 X114

x[0] o—1| clo.0] — X[O]
13 o 4 point[ P X
x[6] o—q DFT Lo X[g]
X[9] =— —o X[9
x[4] o—] 3‘8’2;“_.:. X[1]
X[7 == 4-point —o X[3
X[10] =— DFT —a X[6]
X[1] o—| 3-32?_0 X [10]
X[8] =— —a X[2]
X o— 4-point [ XBl
x[2] o— DFT 3‘8‘:_';“—0 X[7
x[5 o— q32] < X[11]

8.39 Notethat 3072 =512 x6. Now an N-point DFT , with N divisible by 6, can be computed as
N-1
follows. X[k]= ZX[n]W,Qk = X,[< k>N/6]+W,5 X, [< k>N/6]+W,%k X, [<k>y, 6l
n=0
+ W3k x [<k> ]+W4kD( [<k> ]+W5kD< [<k>y\, el Wwhere
N “3 N/6 N "4 N/6 N =5 N/6l

N,
6
X [<k>ysl = 3 M6 +1TWjg, 01 <5. For N = 3072, we thus get

r=0
_ K 2k
X[K]= X gl< k>g50] + Wagz, X[ < K >570 ]+ W3g7, X[ <k >555]
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3k 4K Bk
+ Wag7p X g[<k>510] + Wagry X<k >gp,] + Waao Xg[<k >555], where

511
X|[<k>go] = 3 X6 +11Wyf,, 0=l <5.
r=0
Xoool " ["512-point | Xoool< k>s12]
x[n] I vl 6 g W+
. XOOl[n] . 512-p0| nt XOO]J:< k >512] .
r 1] 6 ' FET '
z
X010l ["512-point| X 010l< K >517]
16 | FFT
: [ X 1< k >s12]
Xo11Ln -DOI 01 512
16 , 51|2: I—EIEJI nt W
| Kk
. Wi536
=1%ol ["512-point | X 100[< K >510]
| L—le o S12p0 ,
s Wik
. 1536
| ) x101[N] ["512-point] X101[< K >512]
16 1 _FFT

Now an N-point FFT algorithm requires %Iog2 N complex multiplicationsand N log, N
complex additions. Hence, an %— point FFT algorithm requires 1%'092@%@ complex

multiplications and %Iog2 @%E complex additions. In addition, we need 5x N complex
multiplications and 5x N complex additions to compute the N-point DFT X[k]. Hence, for N
= 3072, the evaluation of X[k] using 6 (512)-point FFT modules requires 1% Iogzg%g + 5x N

= 256 l0g,,(512) +5x 3072 =17,664 complex multiplications and % log, @%@ +5x N
512x10g,(512) +5x 3072 =19,968 complex additions.

It should be noted that a direct computation of the 3072-point DFT would require 9,437,184
complex multiplications and 9,434,112 complex additions.

8.40 (a) # of zero-valued samplesto be added is 1024 — 1000 = 24.

(b) Direct computation of a 1024-point DFT of alength-1000 sequence requires
(1000)2 =1,000,000 complex multiplications and 999 x 1000 = 999,000 complex additions.
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(c) A 1024-point Cooley-Tukey type FFT algorithm requires 512 x log, (1024) = 5,120
complex multiplications and 1024 x log,,(1024) = 10,240 complex additions.

841 (a) Y(2) =H@X(2) or y[0]+y[1Z  +y[2]2 2 = (h[O] +h z‘l)(x[O] (1 z‘l).
Now,  Y(zy) =Y (=D =y[0] -y[1] +y[2] = H(-D)X (1) = (h[0] - h[1]) (x[O] — x[1]),
Y (z7) = Y () =y[0] = H(0)X () = h[O] X[0],
Y(z,) = Y(1) = y[0] +y[1] +Y[2] = H@)X(2) = (h[O] + h[1]) (X[ O] + X[1]).

From Egs. (3.158) and (3.159), we can write
lo(2) 1,(2) 1,(2)

Y(z.)+ 2y
0(Zg) (Zo)* 1,z) )+ L,(z,)

where  14(2)=(1- ziz_l)(l— 222_1) =(1- zlz_l)(l - z_l)l :
21:00

Y@= Y(z,),

1,0) = 0-242 H(1-2,2 ) =(A+2 Ha-zH=1-272,

1)(2) =122 -7z H=@+z HA-zz Y| _ .
21:00

|0(Z) 1 4 |2(Z) _1

,(2) 2 11 )
Io(zo)__éZ (1-z @—(1 z %), and '2(22)_22 (1+z7). Hence,

Y(2)=- %z_l(l— ZNY(2p)+L-22)Y (z)) + % 21+ Yy

Therefore, 1

),

=VY(z) + @—%Y(zo) +%Y(22)§z_l + @%Y(zo) ~Y(z) +%Y(ZZ)§2_2
= HOJ(0] + - 3 (O] = (O] -X(1]) + 3 (0] + )0} + X2

+§%(h[0] ) (0] - X(11)~NO}{0] + 2 (0} + W)X o

= h{O]X[0] +(h[0]X{1] + HLIX[0) 2 * + NI X[g 2 2.
Ignoring the mu,tiplications by % , computation of the coefficients of Y (z) require the values of
Y(zp), Y(z1), and Y (z5) which can be evaluated using only 3 multiplications.

(b) Y(2) =H(2X(2) or
VO] +y[1 2 +y[2)2 2 +y[32 > +ylalz™* =(hop+ W 2t +h2)2 ) (X[o] + X[ 2+ X222
Now,  Y(zy)= Y(—%) =(h[0] - 2h[1]+ 4nh[2] ) (X[ 0] - 2x[1]+ 4x[2] ),
Y (zy) = Y(=1) =(h[0] - h[1] +h[2] )(x[0] - x[1]+ X[2] ),
Y (2,) = Y(0) = 0] X[ 0],
Y (25) = Y(@ = (0] + ha] + h[2]) (x[0] +X{1]+ X[2]),
Y(z,)= Y(%) = (h[0] +2h[1] + 4h[2] ) (X[ O] + 2x[1] + 4x[2] ).
From Egs. (3.158) and (3.159), we can write
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I
B R RV P RV RV )
l0(zo)

1,(z)) 15(25) 15(23) 1 4(2,)

where  1,(2)=(1-77 Y(A-2,2 YA-22 -2z )=(1-Z )(1—52_1)(1—222_1)

Y(2)=

Y(zy),

7. =00

2

1,2) = 0-242 H(1-2,2 Y(A-22 -2,z ) =(1- :11 7 u-z"Ha- zzz_l)| ,
22 =00

1,(2)=(1-252 A-22 )A-22 HL-2z,z2 ) =(1- :11 7 a-27?),

13(2) = 1-2Z -2z )A-2,2 )A-2,2 ") =(1—:11 73+ z_l)(l—zzz_1)| ,
22 =00

1, =1-202 HL-22 (A 2,2 HA-22 ) =(1-Z O)(L+ % 2N (1-2,27)

=00

)

Therefore, % = 1—12 z_l(l—%z_l)(l—z_z), % = ‘% zta-7YHa- %2_2),
o\%o 14
1,(2) _ o 2va_ 1 -2 15(2) _2_ -1 -1, 1 -2
_'2(22)_(1 z7)@ 22 ) —3( 3)—32 (1+z H@ 77 ), and
|4(Z) 1
I4(z4) 12 (1 —z )(1 z )

_ 1, 112 -3 1- 2,1 2 131 4

Hence, Y(z)—l—z(z EZ Z +§z )Y(zo) :—3(2 z ZZ +ZZ )Y (29)

+:—§( 1477 —%2_3—2112_4)Y(z3)— 1—12(2_1+% 2 —2_3—%[4)\((24)

= Y(z)+] 2Y(zo) 2v(2)+2 (2 - Y(zp@z‘l
+5——Y(zo)+—v(z1) 2Y(2)+ 2 ¥(2g)- = V(22
H‘ Y(z)+ 2V (2) -2V (2 Y(z4)Hz
Y (7)Y (2)+ Y (@) - 2 (2 + 2V
Substituting the expronsforY(zo) Y(zl) Y(2), Y(23) and Y (24), in the above equation, we

then arive at the expressions for the coefficients {y[n]} in terms of the coefficients {h[n]} and
{X[n]}. For example, y[0Q] = Y(zz) = h[0]x[Q].

NE (Y(zo) Y(z,))+ (Y(zg) Y(zy) =
= E([(h[O] - 21+ 4 2] )(x[0] - 2x(1 + 4x(2) )] - [ (h[0] + 2n(g + 4h(2] ) (x[0] + 2x(] + 4x[2] ))

+§ ([(hLor+ i + (21 ) (x{01 + 2] + x(21 )] [ (h[] - g + {2 ) (x[0] - X[+ x(2] )]
= hO]x[] +h[4x[Q], = h[0]x[1] + h[1]x[O]. In asimilar manner we can show,
V2] = -i (Y(zo) +Y(2,)+ g(Y(zl) +Y(zy) —%Y(zz) = NO]X[2] + 1]X[1] + h{2] X[0],

EE (Y<z4) Y(zg))+ (Y(zl) Y(z5))= H1x[2] +H 2 X[, and
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8.42

8.43

1 1 1
yi4] = Q(Y(Zo) +Y(2,)) - 6( Y(z)+Y(z3)) +2Y(2)= 22
2511
3 i) 4 ) 4 ) 6 1
coefficients of Y (z) require the valuesof Y(zg), Y(z1), Y(2), Y(z3), and Y (z4) which can be
evaluated using only 5 multiplications.

Hence, ignoring the mu,tiplications by 112 and % computation of the

Y(@) =H@X(@) or y[0] +y112 " +y[2]2 7 =(no]+ Wl 2 ) (x[0] + X7 2°Y)
h[O]X[0] + (N[O]X[1] + N[ X[0])z * + h[1]x[1]z 2.

Hence, y[0] = h[O]X[0], y[1]=h[OIx[]] +h[1IX[0], and y[2]=h[T]x[]].

Now, (h[0] + h[2]) (x[0] + x[4]) — h[0]x[0] — N[1] x[1] = h[O] x[1] + h[1] x[0] = y[1]. Asaresuit,
evaluation of H(z)X(z) requires the computation of 3 products, h[0]x[0], h[1]x[1], and
(h[O] + h[A) (x[0] +x[1]). In addition, it requires 4 additions, h[0] + h[1], x[0] + x[1], and
(h[0] + h[1) (X[0] +x[1]) - h[0]x[O] — [ x[1 .

Let the two length-N sequencess be denoted by { h[n]} and {x[n]}. Denote the sequence

2N-1
o Xn—1].

Computation of {y[n]} thusrequires 2N multiplications. Let H(z) and X(z) denote the z-

N -1 _ N-1 _
transforms of { h[n]} and {x[n]}, i.e. H(z) = ano hnz ", and X(2) = anox[n]z ", Rewrite
—N/2 —N/2

generated by the linear convolution of h[n] and x[n] asy[n], i.e. y[n] = Z

H(z) and X(2) intheform H(z) =H,(2) +z

(N/2)-1 _ (N/2)-1 N. _ (N/2)-1 _
Ho@=) o hnz" Hi@=) hin+>]z " Xo@=) o Az and

H,(2), and X(2) =Xy(2)+z X,(2), where
X(2)= z :]N:gz)_lx[n + %] z ", Therefore, we can write
Y@ =(Ho@+2 ™ 2H,0) (X @+ V%, @)

—N/2(

=Hy(29)Xy(2)+z Ho(2X,(2)+H O(z)Xl(z)) + z_N H,(2)X4(2)
—N/2

=Y, @+ 7 VY (2) +Z VYy(2),
where Y4(2)=Hy(2) X5(2), Y1(2)=Hy(2)X1(2)+H(2) X(2), Y5 (2)=H,(2) X,(2).

2
Now Y (z) and Y 1(2) are products of two polynomials of degree % , and hence, require @g@
multiplications each. Now, we can write Y,(z) = (H o2+ Hl(z))(x o2+ Xl(z)) =Y o(2)=Y,(2).
Since (Ho(z) + Hl(z)) (Xo(z) + Xl(z)) is aproduct of two polynomials of degree % , and hence,

2
it can be computed using @%@ multiplications. Asaresult, Y (z) = H(2)X(z) can be computed
N2

using 3@;@ multiplications instead of N2 multi plications.

If N isapower-of-2, % is even, and the same procedure can be applied to compute Y (2),

Y1(2), and Y () reducing further the number of multiplications. This process can be
continued until, the sequences being convolved are of length 1 each.
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8.44

8.45

8.46

Let R(N) denote the total number of multiplications required to compute the linear convolution
of two length-N sequences. Then, in the method outlined above, we have R(N) = 3tR(N/2) with

R(1) = 1. A solution of this equation is given by R(N) = 3'%92"N,

(B-1

The dynamic range of asigned B-hit integer n isgiven by —(2 -1 <n <(2(B-1) -1

which for B = 32isgiven by —(2* - <n<(2* -1).

(a) For E=6and M = 25, the value of a 32-hit floating point number is given by
n=(-1%2 E_31(M) . Hence, the value of the largest number is = 2%, and the value of the
smallest number is = —2%2. The dynamic range istherefore = 2 x 2%,

(b) For E=7and M = 24, the value of a 32-hit floating point number is given by
n=(-1%2 E_63(M) . Hence, the value of the largest number is = 2% and the value of the
smallest number is = 2%, The dynamic range is therefore = 2 x 284,

(c) For E=8and M = 23, the value of a 32-hit floating point number is given by
n=(-1%2 E_127(M) . Hence, the value of the largest number is = 2128 and the value of the
smallest number is = 2%, The dynamic rangeistherefore = 2 x 2128,

Hence, the dynamic range in afloating-point representation is much larger than that in a fixed-
point representation with the same wordlength.

A 32-hit floating-point number in the IEEE Format hasE =8 and M = 23. Also the exponent
E iscoded in abiased form as E — 127 with certain conventions for special cases such asE = 0,
255, and M = 0 (See text pages 540 and 541).

Now a positive 32-bit floating point number n represented in the "normalized" form have an
exponent in the range 0 < E< 255 and is of theform n= (—])SZ E_127(1A M). Hence, the
smallest positive number that can be represented will haveE=1,and M = 0_|_le49§ and has

22 bhits
therefore avalue given by 2 22° 11.18x10™®  For the largest positive number, E = 254, and
M =1L 44 Thushere n=(-1°2""(1, 14 = 2" x2 034 x10™.
22 hits 22 hits

Note: For representing numbers less than 2126, |EEE format uses the "de-normalized" form
whereE=0,and n= (—])52_126(0A M). Inthiscase, the smallest positive number that can be

represented isgiven by n=(-1°272%(0,Q 9,b.p) =2 " 01.4013x10™%
22 bits
For atwo's-complement binary fraction sya_ja , Ka_,, the decimal equivalent for s=0is
b , Ob , 0
simply Z a_;2”'. Fors=1, thedecimal equivalent is given by - HZ @-a )2 '+ 2_b%
1=1 D|:l D
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b b b b
=-N2+FVa.2"-2P=—1-20+FVa 2" -2P=-1+§ a 27", Hence the
=i =i =i '
373 ) ;
b

decimal equivalent of sAa_la_zKa_b isgiven by —s+ Z a_i2_i.
1=1

8.47 For atwo's-complement binary fraction sya_ja_,Ka_,, the decimal equivalent for s=0is

b _ b _
simply Z a_;2"'. Fors=1,thedecimal equivalent is given by —2(1—a_i)2"
=1 =1
b b , b _
- -ZZ" + z a 2" = —(1-2"%)+ Za_i 2”'. Hence, the decimal equivalent of
=1 =1 1=1

b .
spa_a,Ka_, isgivenby —s(1- 270+ Z a2
=1
8.48 (a) n=-0.625, (1) Signed-magnitude representation = 1, 10100000
(ii) Ones-complement representation =1, 01011111
(iif) Two's-complement representation = 1, 01100000

(b) n=-0.7734375),. (i) Signed-magnitude representation =1, 11000110
(ii) Ones-complement representation = 1, 00111001
(iif) Two's-complement representation = 1, 00111010

() n=-036328125, (i) Signed-magnitude representation =1, 01011101
(ii) Ones-complement representation = 1, 10100010
(iif) Two's-complement representation = 1, 10100011

(d) n=-0.94921875,. (i) Signed-magnitude representation =1, 11110011
(ii) Ones-complement representation = 1, 00001100
(iif) Two's-complement representation = 1, 00001101

8.49 (a) n=0625,,=1,101000, (b) n=-0.625,=0,011000,
(c) n=0359375,, =1,010111, (d) n=-0.359375, =0,10100L
(6) n=090625,,=1,111010, (f) n=—0.90625,=0,000110.

8.50 (@) SD-representation =0,00110111, (b) SD-representation = 0,10000111,
(c) SD-representation = 0,11110001.

8.51 (a) 1§010¢101§000¢11=D6C7, (b) 0101 1111 1010 1001=5FAY9,
D 6 c 7
(c) 1011 0100 0010 1110=BA42E.

8.52 (@) The addition of the positive binary fractions 0,10101 and 0, 01111 is given below:
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8.53

8.%4

1 1111 ~ carry
0 , 10101

+0 , 01111
1 , 00100

Asthe sign hit isa 1 there has been an overflow and the sum is not correct.

(b) The addition of the positive binary fractions 0, 01011 and 0,10001 is given below:
11 « carry

+0

01
00
10

[ | > >
Pl = O
Plo K

0

(@) Thedifference of the two positive binary fractions 0,10101- 0,01111 can be carried out
as an addition of the positive binary fraction 0,10101 and the two's-complement
representation of —0,01111 which isgiven by 1,10001. The processisillustrated bel ow:

1 1 ~ carry
0 , 101001

+ 1 , 10001

10 , 00110

)

drop

The extrabit 1 on the left of the sign bit is dropped resulting in 0, 00110 which isthe correct
difference.

(b) Thedifference of the two positive binary fractions 0,10001- 0,01011 can be carried out
as an addition of the positive binary fraction 0,10001 and the two's-complement
representation of —0,01011 which isgiven by 1,10101. The processisillustrated below:
1 1 ~ carry
0
+ 1
10
A

drop

ol o o
=)

0
01
1

ol r

[ >

The extrabit 1 on the left of the sign bit is dropped resulting in 0, 00110 which isthe correct
difference.

(@) Thedifference of the two positive binary fractions 0,10101- 0,01111 can be carried out
as an addition of the positive binary fraction 0,10101 and the ones-complement
representation of —0,01111 which isgiven by 1,10000. The processisillustrated below:
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8.52

Trommonoeoeeoo oo r1l o« end around carry

The extrabit 1 on the left side of the sign bit is brought around and added to the L SB resulting
in the correct difference given by 0, 00110.

(b) Thedifference of the two positive binary fractions 0,10001- 0,01011 can be carried out
as an addition of the positive binary fraction 0,10001 and the ones-complement
representation of —0,01011 which isgiven by 1,10100. The processisillustrated below:

~ carry
0 , 10001

+ 1A10100

10 , 0101

s 1l end around carry
0, 00110

The extrabit 1 on the left side of the sign bit is brought around and added to the L SB resulting
in the correct difference given by 0, 00110.

n, =0.6875,; =0,1011, n, =0.8125,;, =0,1101, n,=-0.5625,,=1,0111. Now,

M + Ny + N5 = 06875, +0.8125,, —0.5625,, = 0.9375,,. Wefirst form the binary addition

mn +n, =0,1011+0,1101=1,1000 indicating an overflow. If weignore the overflow and add
to the partial sum ng wearriveat (n; +n,) +n5=1,1000+1,0111=10,1111. Dropping the
leading 1 from the sum we get n, +n, +n5=0,1111 whose decimal equivalent is 0.9375,,. As
aresult, the correct sum is obtained inspite of intermediate overflow that occurred.

853 (@) 0,11101x1,1 011 1. Inthiscasethemultiplier isanegative number. Now a

b .
multiplier D = dSAd_ld_2 L d_b has the value —ds+ Zizld‘i 27'. Sothe product is given by

x =AMD=-Adg+A f0,d_d_,Ld_p).

Hence we first ognore the sign bit of the multiplier and in the end if the sign bitisa 1, the value
of the multiplicand is subtracted from the partial product.
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0

x 0
PO 0
+ 0

0

p® 0
+0

1
P@ 0
+0

1

P 0
P9 0
+0

1

PO o

>l PP (> B> BB B

11

011
1011

1011
11011

Frlolkr ol r| Rl Fl olkr of Rk P r kR
olr|lkr rlr|lo|lr o R+ r|lrR|+—Clor

1 1
1 1
0 0
1 1
1 1
1 0
1 1
0 1
1 111
1 1
0 0
0 1
1 0
1 1
0 1
1 0

ololoolo|lr|loo r|o r|oloP|r o

> B> P>

Asdg =1, we need to subtract 0,11101 from PO) or equivaently, adding itstwo's-

complement1,0 0 0 11to P®) asindicated below:

0 ,1010011011
+1 , 0001100000

1 ,1011111011

Hence thefinal productis 1,1 011111011 Itsdecima equivalentis —0.254882813,q
which is the correct result of the product 0.906251q% (— 0.281251().

(b) Inthis case the multiplicand is hegative. Hence we follow the same steps as given on Page
547 of Text except the addition is now two's-complement addition.
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1
x 0

pO 0
+1

pd T
+1
171

pd 1
+1
11

P 1

p(Y 1
+1
11

p®) T

11
011
0011

Pl ololrrP Rk RrolrRrd R
'—\

011
0 011

>|>|> P |B|BP|IBPD>|ID|IDD|IBPD|D D
NN s Rl Bl e e k= N
Plolorlolrloo u|lorlod oo
ol olr Clrlrlrrl kPOl R
ol ol Ol FP|O]lOR ORI O] O

ol o

0
0
Hence the result of the multiplication 1A1 010 1><OA1 0111 islAl 100000011

The decimal equivalent is (—0.343751() x 0.71875 = — 0.2470703131.

8.54 (a) Againin thiscase the multiplier is negative. Hence we can write
0 - b —il b ~
(=AD=AT0-2+ 30,2 =g, A0z P

where X isthe product of A and D with its sign bit dgignored. Hence, we first form X and if ds
=1, we subtract A from X , and add to the result a shifted version (b bitsto the right) of A.

Now X is same as the product obtained in Problem 8.52(a) and is given by
x=0,1010011011

Subtracting A from X is equivalent to adding the ones-complement of A to X asindicated
below:
0 ,1010011011

+1 , 0001011111
1 ,1011111010

Next we apply the final corection of adding 0,0 00001110 1to X —A:
1 ,1011111010
+0 , 0000011101

1 1100010111

A

Hence the result of the product 0,111 01x1,1 0111 isgivenby1,1100010111.

The decimal equivalent is 0.9062510% ( — 0.251g) = — 0.222656251,.

(b) Inthis case the multiplicand is negative. Hence we follow the same steps as on Page 547 of
Text except the addition is how ones'-complement addition:
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8.58

1 ,10101

x0 , 10111
p(O)OAOOOOO

1, 10101
p(l)lA]_]_OlOl

+1 ,10101

11, 011111
ettt v 1

1, 100001
p(z)lA]_lOOOOl
+1 , 10101
11,0110101

ettt e + 1

1 ,0111001
P9 1, 10111001
P 1 ,110111001
+1 , 101001
11,100001001
e , 1

1 ,100011001
P9 1 , 1100011001

Hence the result of the product 1,1 01 0 1x0,1 011 1isgivenby1,110001100 1.

The decimal equivalentis (—0.312510)x 0.718751 = — 0.224609375,.

i ejw+ e—jw Dej(b+ e—i(I)D
The transformation cosw = a +cosw isequivaent to — =a+ BETg which
- AT,

by analytic continuation can be expressed as Z+22 =a+ BE @ Now, let H(z) bea

Typel linear-phase FIR transfer function of degree 2M. Asindicated in Eq. (6.143), H(z) can
M i Uy 4 z_an
be expressedas H(z)=z z e{n]@ > E with afrequency response given by
n=0

, M M
HE®) =g M@ Za[n] (cosw)", with Igl(w) = Z dn](cosw)” denoting the amplitude function
=0 =0

or the zero-phase frequency response. The amplitude function or the zero-phase frequency
response of the transformed filter obtained by applying the mapping cosw = a +Bcos® is
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M
therefore given by IEI((I)) = Z dn](a +B cosoB)n . Or equivalently, the transfer function of the
n=0
~ ~=1"
21z E . A convenient way to realize

2

H(2) isto consider the realization of the parent transfer function H(z) in the form of a Taylor
structure as outlined in Problem 6.23 which is obtained by expressing H(z) in the form
M M+n |:|l+ Z_2 ik
H(z) = z gn]z” E—Q . Similarly, the transfer function of the transformed filter can
n=0

Mo[
transformed filter isgiven by H(Z) =z z an] @a +B
n=0

2

1+2_2Dn
Q . Asaresult, the transformed filter

M 0
be expressed as H(2) = Z gnjz ™M @a 7B
n=0 2

1+772

can be realized by replacing each block in the Taylor structure realization of H(z) by

1 1+37°

+B

theblock az~

ow, for alowpass-to-lowpass transformation, we can impose the condition
H(<I>)|CO=0 = H(m)|w=0. This conditionismet if a+B =1 and 0<a <1 Inthiscase the
transformation reduces to cosw = a + (1—-a)cosw . From the plot of the mapping given below
it followsthat as a is varied between 0 and 1, (I)C <.
1

0.5t

CoOsw 0ot

0.5t

-1 . . .
-1 05 0 0% 1
cos®

On the other hand if ® ¢ >, isdesired along with alowpass-to-lowpass transformation, we can

(

impose the condition IEI((I))ld):n= H(w)lw:n. Thisconditionismet if B=1+a and -1<a<0.

The corresponding transformation is now given by cosw= o +(1+a)cosw . From the plot of
the mapping given below it follows that as a is varied between —1 and 0, (I)C >0, -
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0.5t

cosw 0Ot

-1 s 0 05 1
cos®

0.052817 +0.079708z 1 +0.12952 2 +0.12957 3 + 0.079708z 4 + 0.0528172 >

M8.1 H(z2)=
(2) 1-18107z2 1 +2.4947772 -1.880123 +0.953747 4 - 0.233597°

0.6

04}

or\

T TO(L(ID@?‘P%O% o0 O%o@.

0 10 20 30
Time index n

-0.2

0.0083632 - 0.0334532 1 +0.0501792 2 — 0.033453z 3 +0.00836322 %
1+2374127 1+ 27057272+ 1.59172 3 +0.41032z 4

M82 H(2)=

0.4
0.2}
T %(F (P .ﬂq COOAC0E0D
o ] NN
-0.2}
-0.4
0 10 20 30

Time index n

M8.3 Nunerator coefficients

Colums 1 through 7
2.7107e-04 O -1.8975e-03 O 5. 6924e-03 0 -9.4874e-03
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Col ums 8 through 14
0 9.4874e-03 0 -5.6924e-03 O 1. 8975e- 03 0

Col umm 15
-2.7107e-04

Denom nat or coefficients
Columms 1 through 5
1. 0000e+00 1. 7451e+00 4.9282e+00 6. 1195e+00 9. 8134e+00

Col unms 6 t hrough 10
9. 2245e+00 1. 0432e+01 7.5154e+00 6. 4091e+00 3. 4595e+00

Col umms 11 t hrough 15
2.2601e+00 8. 4696e- 01 4.1671e-01 8. 5581e- 02 2.9919e-02

0.3

0.2}
0.1}

0c,,oc)@@amc)o TT T%OQ(F Poo
™ l

0.2}

0 10 20 30
Time index n

M8.4 Maodified Program 8 2 is given below:

n = 0:60;

w = input (' Angul ar frequency vector = "');

num = |nput('Nunerator coefficients = ");

den = |nput( Denom nat or coefficients = ");
w = input (' Normalized angular frequency vector = ');
x1 = cos(WM1)*pi*n); x2 = cos(wW2)*pi*n);

X = x1+x2,

subpl ot (2 1,1);

stem(n, X

t|tIe('Input sequence')

xl abel (' Tine index n');ylabel (' Anplitude');
[N, W] = elllpord(O 4,0.5,0.5,40);

[num den] = ellip(N, 0.5, 40, W);

y = filter (nun1den X);

subplot (2,1, 2);

stem(n,y);

t|tIe('Cu put sequence );

xl abel (' Time index n'); ylabel ('Anmplitude');

The plots generated by this program for the filter of Example 7.19 for an input composed of
asum of two sinusoidal sequences of angular frequencies, 0.3t and 0.611, are given below:
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Input sequence Output sequence

20 P P o 1 = P -

1} 0.5 ﬂL

I O ? % (ﬂ} % q I O(.
-1 H ﬂ ﬁ ﬂ Ei ﬂ 05}
-2 R R 1
0 20 40 60 0 20 40 60

Time index n Time index n

The blocking of the high-frequency signal by the lowpass filter can be demonstrated by
replacing the statement st en( k, x) ; withst en( k, x2); and the statement

y = filter(num den, x) in the above program with the following:

y = filter(num den, x2). The plots of the input high-frequency signal
component and the corresponding output are indicated below:

Input sequence Output sequence
Q
05 0.2
0.1
0 q
0 g X A OSE O
-0.5
-0.1
o
-1 "4 O A4 A4 "4 O -0.2 . .
0 20 40 60 0 20 40 60
Time index n

Time index n

M8.5 The plots generated by using the modified program of Problem M8.4 and using the data of
this problem are shown below:

Input sequence Output sequence
O O r r

s n o nes I:}Lﬁﬁﬂﬁﬂﬂi

The blocking of the low-frequency signal by the highpass filter can be demonstrated by
replacing the statement st en( k, x) ; withst en( k, x1); and the statement

y = filter(num den, x) intheabove program with the following:

y = filter(num den, x1). Theplotsof the input high-frequency signal
component and the corresponding output are indicated bel ow:
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Input sequence 0.4 Output sequence
1@ T = ) .

0.5 H §
I o |
05} ZqL %
-1 & © \> -04
0 60 0 20 40 60
Time index n Time index n

M8.6 % The factors for the transfer of exanple 7.16 are

% numl = [ 0. 2546 0. 2546 0]

% denl = [1. 0000 - 0. 4909 0]

% nun? = [0.2982 0. 1801 0. 2982]

% den2 = [1. 0000 -0.7624 0. 5390]

% nunB = [ 0. 6957 -0. 0660 0. 6957]

% den3 = [1 0000 -0. 5574 0. 8828]

N = input( The total nunber of sections = "');

for k = 1. N,
nun(k,:) = input(' The nunerator = ");
den(k,:) = input (' The denom nator = "');

end

n = 0:60;

w = input (' Nornmalized angul ar frequency vector = ');

x1 = cos(WM1)*pi*n); x2 = cos(W2)*pi*n);
X = X1+x2;
subplot(2,1,1);
stem(n, x);
x|l abel (' Tine i ndex n');
title(' I nput sequence')
si =[0 0];
for k = 1:N
y(k ) fllter(nun(k ),den(k,:),x,si);
X = y(k
end

subplot (2,1, 2);

stem(n, x);axis([0 50 -4 4]);

xl abel (' Time i ndex n'); ylabel (' Amplitude');
title(' Qutput sequence')

yl abel (' Anplitude');

M8.7 %The factors for the highpass filter are

% numl = [0.0495 -0.1006 0. 0511]
% denl = [ 1. 0000 1. 3101 0. 5151]
% nun2 = [0.1688  -0.3323 0. 1636]
% den2 = [ 1. 0000 1. 0640 0. 7966]

M8.8 To apply thefunctiondi r ect 2 to filter asum of two sinusoidal sequences, we replace the
statementy = filter(num den, x, si) inthe MATLAB program given inthe
solution of Problem M8.4 with the statementy = di rect 2( num den, x, si ). The
plots generated by the modified program for the data given in this problem are given below:
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M89 The MATLAB program that can be used to compute all DFT samples using the function gfft
and the function fft is as follows:

cl ear
N = input (' Desired DFT length = ");
X = input('Ilnput sequence = "');
for j = 1:N
Y(j) = of ft(x,Nj-1);
end
di sp(' DFT sanpl es conputed using gfft are ');
di sp(Y)

di sp(' DFT sanpl es conputed using fft are ');
X =fft(x,N); disp(X);

Results obtained for the computation of two input sequences { x[n]} of lengths 8, and 12,
respectrively, are given below

Desired DFT length = 8
I nput sequence = [1 2 3 4 4 3 2 1]

FFT val ues conputed using gfft are
Col ums 1 through 4

20. 0000 -5.8284 + 2.4142i 0 -0.1716 + 0.4142
Col ums 5 through 8
0 -0.1716 - 0.4142i 0 -5.8284 - 2.4142

FFT val ues using fft are
Col ums 1 through 4

20. 0000 -5.8284 - 2.4142i 0 -0.1716 - 0.4142
Col ums 5 through 8
0 -0.1716 + 0. 4142i 0 -5.8284 + 2.4142

Desired DFT |l ength = 12
I nput sequence =[24 8 12135 7 9 6 0 1]

FFT val ues conputed using gfft are

Col ums 1 through 4

58. 0000 -8.3301 + 5.5000i -12.5000 +19.9186i
-1.0000 - 7.0000i

Colums 5 through 8

8.5000 - 7.7942i 0. 3301 + 5.5000i - 8. 0000

0. 3301 - 5.5000i

Col ums 9 through 12

8. 5000 + 7.7942i -1.0000 + 7.0000i -12.5000
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-19.9186i -8.3301 - 5.5000i

FFT values using fft are

Columms 1 through 4

58. 0000 -8.3301 - 5.5000i -12.5000 -19.9186i

-1. 0000 + 7.0000i

Col ums 5 through 8

8.5000 + 7.7942i 0. 3301 - 5.5000i -8. 0000 + 0.0000i
0. 3301 + 5.5000i

Col umms 9 t hrough 12

8.5000 - 7.7942i -1.0000 - 7.0000i -12.5000
+19.9186i -8.3301 + 5.5000i

M8.10 The MATLAB program that can be used to verify the plots of Figure 8.37 is given below:
[z p,k] = ellip(5,0.5,40,0.4);

= COﬂV([l -p(D) ], [1 -p(2)]):b =[1 -p(5)];
C ¢ = conv([1 -p(3)].[1 -p(4)]);

0: p|/255 pi ;
alpha = 0;
anl = a(2) + (a(2)*a(2) - 2*(1 + a(3)))*al pha
an2 = a(3) + (a(3) -1)*a(2)*al pha;
= b(2) - (1 - b(2)*b(2))*al pha;
cnl = c¢c(2) + (c(2)*c(2) - 2*(1 + c(3)))*al pha
cn2 = c¢(3) + (c(3) -1)*c(2)*al pha;
a=[1anl an2];b =[1 9g]; ¢ =[1 cnl cn2];
hl = freqz(fliplr(a),a,w); h2 = freqz(fliplr(b),b,w;
h3 = freqz(fliplr(c),c,w;
ha = 0.5*(hl1.*h2 + h3); ma = 20*1 ogl0(abs(ha));
al pha = 0. 1;
anl = a(2) + (a(2)*a(2) - 2*(1 + a(3))) *al pha;
an2 = a(3) + (a(3) -1)*a(2)*al pha;
g =b(2) - (1 - b(2)*b(2))*alpha
cnl = c¢c(2) + (c(2)*c(2) - 2*(1 + c(3))) *al pha;
cn2 = c¢(3) + (c(3) -1)*c(2)*alph
a=1[1anl an2];b =[1 g]; c [1 cnl cn2];
hl = freqz(fliplr(a), a, w; h2 freqz(fllplr(b),b,mb;
h3 = freqz(fliplr(c),c,w;
hb = 0.5*(hl.*h2 + h3);nb = 20*| og1l0(abs(hb));
al pha = -0. 25;
anl = a(2) + (a(2)*a(2) - 2*(1 + a(3)))*alpha;
an2 = a(3) + (a(3) -1)*a(2)*a
g =Db(2) - (1 - b(2)*b(2))*a ha
cnl = c¢c(2) + (c(2)*c(2) - 2*(1 + ¢(3))) *al pha;
cn2 =c¢(3) + (c(3) -1)*0(2) al p a;
a=1[1anl an2];b =11 4d]; [1 cnl cn2?];
hl = freqz(fliplr(a), a,w; h2 freqz(fllplr(b),b,mb;
h3 = freqgz(fliplr(c),c,w;
hc = 0.5*(h1.*h2 + h3); nc = 20*| ogl0(abs(hc));
plot(vv/p|, ma, 'r-',wpi,nm,"b--'" wpi,n,"'g-.");axis([0 1 -80
xlabel( hbrnallzed frequency'); ylabel( Galn dB');
Iegend( b-- alpha =0.1"," m/, r-' alpha =0
W, g- al pha = -0.25 ');

M8.11 The MATLAB program that can be used to verify the plots of Figure 8.39 is given below:
w = 0: pi/ 255: pi;
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wc2 = 0.31*pi;
f =[00.36 0.46 1];m=[1 1 0 O];

bl = remez(50, f, m;

hl = freqz(bl, 1,w;

m = 20*IoglO(abs(h1))

n = -25-1;

c = bl(1: 25) /sin(O. 41*p|* n);

d = c.*sin(w2*n);q (b1(26) wc2)/ (0. 4*pi);
b2 =[d q fI|pIr(d)]

h2 = freqz(b2,1,w;

m = 20*IoglO(abs(h2))

wec3 = 0.51*pi;
d = c.*sin(w3*n);q = (b1(26)*w3)/(0.4*pi);

b3 =[d q fI|pIr(d)]
h3 = freqz(b3, 1, w);
B = 20*IoglO(abs(h3))

plot(wpi,nl, " r vv/pl,er,'b——',vv/pi,rrB,'g—.');

aX|s([01-80 5])

x| abel (' Norrrallzed frequency) yI abel (' Gain, dB');

Iegend( b--',"w = 0.31m, ,'r-,wc=0.41n','w,",'g-
,vvc=051n’)

M8.12 The MATLAB program to evaluate Eq. (8.104) is given below:

= 0:0.001: 0. 5;

= 3.140625*x + 0.0202636*x.”"2 - 5.325196*x."3 +
5446778*X.A4 + 1. 800293*x. "5;

x1 pi *X;

z = sin(xl);

plot(x,y);xlabel('hbrnalized angl e,

radi ans');yl abel (' Anplitude');

title(" Approxi nate sine values');grid;axis([0 0.5 0 1]);
pause

pl ot (x,y-2z);xl abel (' Normal i zed angl e,

radi ans');yl abel (" Anplitude');

title('Error of approximation');grid;

o< X

The plots generated by the above program are as indicated below:

Approximate sine walues I 1r* Eror of approximation
1 T T T T ! ' '
(1Rl S U
o 2|
%D_ﬁ ..................................................... E
= =
[=1} [="
En_q ...................................................... ﬁ al
[l T S P ST
0 : -z ; i i ;
1] 0. 1 . 3 0. 4 0.5 0 0.1 0.z 0.3 . 04 0.5
Nl:nrmahzed angle, radians Hormalized angle, radians

M8.13 The MATLAB program to evaluate Eq. (8.110) is given below:
k = 1;

357



for x = 0:.01:1

opl = 0.318253*x+0. 00331*x"2-0. 130908*x"3+0. 068524* x"4-
0. 009159* x"5;

op2 = 0.999866*x-0. 3302995*x"3+0. 180141* x"5-
0. 085133*x"7+0. 0208351* x"9;

arct anl(k) opl*180/ pi ;

arct an2( k) 180*op2/ pi ;

actual (k) = atan(x)*180/ pi ;

k = k+1;
end
subpl ot (211)
x = 0:.01:1;

pl ot ( x, arct an2);

yl abel (' Angl e, degrees');

x| abel (' Tangent Val ues');
subpl ot (212)

pl ot (x, actual -arctan2,'--");
yl abel (' Tangent Val ues');

x| abel (' error, radians');

The plots generated by the above program are as indicated below:

107
50 . . . . =
40
E ]
a0 g
= 2
éﬁzn %
[_|
1ot
0 - ; - ; -1 : - : -
0 0.z 0.4 0.6 0.8 1 0 0.z 0.4 0.6 0.8 1
Tangent Values ermor, radians

Note: Expansion for arctan(x) given by Eqg. (8.110) givesthe result in normalized radians, i.e.
the actual value in radians divided by Tt
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Chapter 9 (2¢)

9.1 Two's Complement Truncation - Assumex > 0. The relative error e, isgiven by

a2 -Ya;2t -y a2’
o =Q(X)—X=Q(M)—M:gl i; _ i:%ﬂ
t X M M M .

Now e¢ will beaminimum if all a.j'sare 1 and will be amaximumif all a.j'sare O for

0 . Since0.5<M < 1hence -20 <e; <0

b+1<i<f, Thus —éset <=
M M

Now consider x < 0. Here, therelative error e; isgiven by

b _ B ,
-1+ Ya 27 +1-Sa 2"
i=1 i=1

Q-x Qm-m_ "~ £
X M M
thiscase—1 <M < —0.5, and, hence 0< e; < 25.

et . Asbefore, —%sets%.ln

Ones Complement Truncation - Assume again x > 0. The relative error e, isgiven by

b . B . B .
a_i 2_| - ELiz_l - a_i 2_|
QM) -x_QM-M _ iZl iZl i:%ﬂ _

€ =

X M M M
Now e¢ will beaminimum if all a.j'sare 1 and will be amaximum if al a.j'sare O for

b+1<i<f, Thus —%set s%. Since0.5<M <1 hence -25 <e; <0.

Now consider x < 0. Here, therelative error e; isgiven by

b : B .
~1-2"+ Va2 +1-2P)-Ya 2
o, Q00X QMM _ 5 5™
X M M
b B ° i
(2°-2%)+ Ya, 2
M
Now e will beamaximumiif all aj'sare 0 and will beaminimum if all a.i'sare 1, Inthis
case,

%<et_%. Since,—0.5<M < -1, hence —-20 <e; <0.

Sign-Magnitude Truncation - Assume x > 0. Here,

b . B B B y
—Za_i2'+2a_i2' Z ELiZI
et =Q (M)~ M = —i=1 i=1 = I=b+l . Since,—1<M <-0.5, hence,
M M M
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. -9 o) -0 o)
Rounding- € =Q(M)—-M. Hence — <e<—=.Thisimplies — < e, < —.
=aunding Qv) 2 g WSIMPIS oo = € =om
Since-1<M < —-0.5, and, hence -0< e, <.

9.2 The denominator isgiven by D(z) =z-a. Hence, thepoleisat z= rel® =a where r=a and

0 =0. The components of the pole sensitivities are therefore given by :—c; =1 and % =0.

9.3 The denominator is given by D(z) =ZZ—B(1+G)Z+C( =(@z- reje)(z—re_je) =272 —2rcosB +r.
Comparing we get, 2r cosd =3(1+a) and r’=a. Hence, taking the partials of both sides of

01 0 Ump
0 UOArO0_01 0 UAaU_ morcose
the two equations we get EQcose —2rsin6dfAGE= PR 1+adARE” =[ fCO; 1+ rZDQABQ or

0 1 0

-0 1 0 [ T 0

OAr0_0 2r 0 0 oréose ,gBal _5 2 a0

HNed™ 2cose -2rsinéd g 1+rTgEABE T (1-r®)cos 1+r2 5 AABE:
g g

or2(1+r2)sn@  2rsing

The components of the pole sensitivities are therefore given by,

or_1 or_, 96 _(1-r’ootd _ 06 __ L+r?
da 2r’ B  da 2r2(1+r?)’ B 2rsin®’

9.4 Analysisof thedigital filter structure yields

c C
‘@ W(2) . U(2) = [: fEv(z) =) _.D__, Y(@2)

W(2) =X(2)-Y(2),

U(2) = W(2) +cdz 2U(z) which implies U(z) = —8__ - X2 ~Y (@)

1-cdz!  1-cdzl’

cz V(@) =Y(2) impliesV(2) = Y(Z) . AlsoV(2) = ¢z tU(2) + dY (2).

z Y(Z) -1X(2) - Y(Z)

Substituting for U(z) and V (z) we get c =cz 1-cdz +dY(2). Thus,
Y(@{1-cdz ! - cdz (@ -cdz )+ c?27%} = ¢®Z?X(2), hence
2
H() = Y(z) _ C

X(z) z%-2cdz+c2(1+d?)’

Letc2(1+d2) =r2 and cd=rcosB, Solvingwe get cosd = ‘/d_z
1+d

Thus, d =cot® and c =rsinB. Hence, Ad= —cosecze(Ae), and Ac =sinB(Ar)+ rcos6(AB).
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Esine rcosd OOArO

[(Acl
HAdB —cosec’OHA0R" e
OArD %—cosecze - cosBDDAcD_ESi rsin@ [¢os
BeE " g o0 sin@ Dﬁﬁda HO _sin26

C
X(2) SN ARG R WA [ v

|'
Analysis of the above structure yields, U(z) = X(z) —dY(2)
V(2) = U(2) + ¢z 1V (z) which implies V(2) = (? -

—l -1
W(2) = cdz 1V (2) + c 27 W(z) or W(z) = C_dz TV@ = 7 ‘_:‘izz_l)z U@).

Y(2)=cz 'W(z) or ZZ(_Zi _ z(X@) —dv(@)

(1-cz71y2
Thus Y(2){(1- cz_l)2 + czdz_z} = c?dz? X(2). Hence,
Y(2) _ cd

H(2) =

X(z) z%2-2cz+c2(1+d?)’

Again let ¢ =rcosf and c2(1 + d2) = r2.

Therefore, 1+d? = sec® @ which implies d =tan®. Taklng partials we then get
Ac-cose(Ar)—rsme(Ae) and Ad=sec? 8(A6). Thus,

(AcU  [cosO —rsme hich vield OArC %cot‘e rsmem:oseumcu
hdiTH O s eHHaeHW'C YEERH™ET  os2e H o

9.5

X(2) {271 +Y(2)

Analysisyields X(2) + 2z2715(z) —b z71S(2) - Y (2) —cY (2) = S(2) and Y (2) =272 §(2). Thus
H@) = Y(z) _ 272 1

X(z) 1+(b-2)z1+@1+9z2  z2+(b-2z+(1+0)’
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Letl1+c=r2and 2-b=2rcosB. Taking partials we get
Ac=2r(Ar), and -Ab=2cosB(Ar)— 2rsin6(A6). Equivalently,

1 0
el O 2r 0 Doar0  Oarl m 2— 0 maco

A~ Bcos8 —2rsin@FneE O Fhed™ L __1 D

BZr tan® 2rsind

From Example 9.2 the pole sensitivities for Figure 9.9 are given by

OarD O cos®  sin@ Oopgl
T al D--sme }COSGDEABE

9.6 (a) For direct form implementation B(z) =23 +b,2? +b,z+by, = (z-2)(z—2,)(z—25) where
z, = rlejel, z,= rle_j %, and z;= r3ej93. Thus, B(z) = (z2 —-2r,cosb; z+ rlz)(z— ry) =
(% +051112+0.7363)(z +0.3629). Thus, 2r, cosf, = —0.5111 r? = 0.7363, r3 =0.3628, and

B3=TL
From the above r{ = +/0.7363 =0.8581 and cosf; = ﬂ =-0.2978
1oV IR 1=oJo73es
1 1

B(z) (22 +05111z+0.7363)(z +0.3629
~0.7326-j0.0959  _-0.7326+j0.0950 14652

7 +0.25555— j0.81914 z+0.25555+(0.81914 z+0.3628°
P = [cosel N cosel] =[-0.2978 08581 -0.2193],

Q1= [—sinel 0 rfsn el] =[-0.9546 0 0.7029],

Ry = 0.40357, X1 = —0.36481,

Py=[cosBs 13 rZcoséy|=[-1 03628 -01316], Qz=[-sne, 0 rZsine,|=[0 0 d,
Ry = 1.4652, and X3 = 0.

Thus, Ar =(—RyPy + X1Q1)[AB = -0.1266 Abg +0.6286Ab; — 0.2281Aby,
1

A8y =—— (X1Py + R1Q1) [AB = —0.8483 Abg + 0.0959 Aby + 0.5756 Aby,
1

Ar3 =(=RgP3 + X 3Q3) (AB = —R3Ps (1B = 1.4652Abg — 0.5316 Aby + 0.1929 Aby,
1
0B, =—— X P+ R LAB =0.
3T (XPs+ RRQ)

(b) Cascade Form: B(z) =z3+b,z? +b,z+by = (22 +¢;z+¢,)(z+d,) =B1(2)B2(2) where
B,(@= 2+ Ciz+Cy = (z -z))(z-2,)=(z~ rlej e1)(z - rle_j e1) =2z°-2 r, cos6,z + rl2 and
By(2)=z+dy=2z- r3e163. Comparing with the denominator of the given transfer function we

get 2r,cosf; =-0.511], rl2 =0.7363, r3 = 0.3628, and 63 = 1. Hence, r; = 0.8581 and

cos6; = —0.2978.
1 -j 0.6104 j 0.6104
Now = +

'By(z) z+0.2556-j0.8191 z+0.2556 +j0.8191"
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Hence, R; =0 and X; =—0.6104.
P =[cosB; 11]=[-0.2978 0.8581], and Q1=[-sin61 0]=[-0.9546 0], Next, we observe

1 1 o .
= . Thisimplies, R, =1 and X5 =0. P3=cosf3=-1, =-snb,=0.
B,(z) z+03628 PIes s 3 3 3=71 Qs 3
Thus,

T T
AR =(-RiPL+ X1Q1) fAco Ac] =X1QiffAcy Acy] =0.5827Acy,
1
A8y =—— (X1Py + R1Q1) fiAco Acl]T = -0.2118Acy +0.6104A¢
1
Ary =(-RgP;+ X JQ4) M = —R4Py A, = - Ad

1 1
16, = - (X 4Py + RyQ4)0d = - R4Q4Ad, =0

9.7 Interms of transfer parameters, the input-output relation of the two-pair of Figure P9.3 isgiven

by
Y=t X +1,X,, and Y, =t, X, +t,,X,, where X, =aY,. From Eq. (4.156b) we get
Y. (z ot t
H(z) = 1(2) =ty + 1221
X,(2) 1-at,,
ot 1=t |+t at,Ht tt
From the above, 6aHo((z) =12 21( 22) 222 1221 _ 1221 .
Substituting X, =aY, in Y, =t,;X, +t,,X, we get the expression for the scaling transfer
function
_Yy(2)  ty . .
F,(2) = . Now from the structure given below we observe that the noise

. From the structure we a so observe that
X;=0
X, =aY, +U. Substituting thisin the transfer relations we arrive at with X1 =0,
Y =t,X, =t (aY, +U), and Y, =tr X, =t,,(aY, +U). From thesetwo equationswe

Y.
transfer function Ga(z) isgiven by Ga(z) = Ul

obtain
Xl—r Y2
i
Y.
1+— xz U
_ Oty __ b : N
after some algebra Yl—1 : U+t,U= " U. Hencethe noise transfer function is
Y2 S22
Y. t t t
givenby G, (2) = —= =22 Therefore,aH(Z): 2L 3 12 -f (2)G,(2).
U X,=0 1-at,, da  l-aty, 1l-aty
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9.8 (a) Wy (w) = E

9.9

9.10

/2
sm[(N +1)oo]DD]j I iy
2N +1H sin(w) HD - H]ZN +‘1[|1+ 4 Z cos (wn)DE

Since the maximum value of cosz(wn) =1 and the minimum value = 0, hence
max{ Wy (@)} = - 1 (1+4(N/2))D1/2 =1, and min{ Wy (@)} = 1 1 Dl/2>o
NI T BN+ g NI T BN+ 1
Hence 0 < Wy (w) < 1.

0 1 0 N/2 DD]jz
(b) W(0)= 1 +4y 100 =1
IS P

[l 1 0 N/2 DDIZ

Wy () = HZN 1[;1+4z_11ED =1

N _ 1 sin(N+w)l’?
(©) Ilm Wn(m) = D“inmer;\}linooZNﬂ sn@ ¢
1 sin(N+Hw)

1
S in(N +Dw)<1|, i _ =0, and lim W,
nce [Sin((N + 1) < 1] N 2N+1 sin(w) and fim Wn(m =75

From Eq. (9.75) SNR, ,p = 6.0206 b+16.81-201log,,(K) dB. For aconstant vaue of K, an

increase in b by 1 bit increases the SNRy,p by 6.0206 dB and an increase in b by 2 bits
increases the SNRy p by 12.0412 dB.

If K=4andb=7then SNRy,p = 6.0206 x 7+16.81—2010g,,(4)

=6.0206 x 7+16.81—-20 x 0.6021 = 469122 dB. Thereforefor K =4andb=9, SNRyp =
46.91 + 12.04 = 58.95dB; for K =4 and b = 11, SNR,,p = 58.95 + 12.04 = 70.99 dB; for K
=4 andb =13, SNRy,p = 70.99+ 12.04 = 83.03; for K = 4 and b = 15, SNRp,p = 83.03 +
12.04 = 95.08.

If K=6and b=7then SNRy,p =6.0206x7+16.81-20l0g,(6)

= 6.0206 x 7+16.81— 20 x 0.7782 = 433902 dB. Thereforefor K =6andb =9, SNR,,p =
43.39 + 12.04 = 55.43 dB; for K = 6 and b = 11, SNR, p = 43.39 + 12.04 = 67.47 dB; for K
=6and b =13, SNR,p = 67.47 + 12.04 = 79.51; for K = 6 and b = 15, SNRp = 79.51 +
12.04 = 91.56.

If K=8andb=7then SNRy,p =6.0206x 7+16.81-2010g,,(8)

=6.0206 x 7+16.81—20 x 0.9031 = 40.8922 dB. Thereforefor K =6andb =9, SNRy,p =
40.89 + 12.04 = 52.93 dB; for K =6 and b = 11, SNR, ,p = 52.93 + 12.04 = 64.97 dB; for K
=6and b =13, SNRy,p = 64.97 + 12.04 = 77.01; for K = 6 and b = 15, SNRpp = 77.01 +
12.04 = 89.05.

ay z+1 N

Z k Z+ak chak ZC Fk(Z)+B where Ck

k:l

Fy Zak chak

(@ H@)= Z

+ak
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9.11

00N O
-1 -1
CF (2)+ BHHZ CyFR(zh) +Biz  dz
Ulk=1 0

= % i B2z tdz+ BkZ:lei R (2)Z 'z + Z f F(zHz 0z

(b) o3 =—jSH(z)H(z Yzldz —Ziﬁﬁ
C

[ —}
z *sz

N N

1 -1y,-1
+ CC —=PR(2F(z )z "dz

12 -1 2 1 -1 1 -1
Now, —$B“z dz=B°, —PF,(2)z "dz=a,, —®PF (2)z dz=4a,, and
me 2“]32 (2) K 211]15 i (2) |

1 af -af +a,a,
—ka(z)Fk(z Yz Hdz= . Therefore,
N N N N
1-a2 +a
2 _n? kK ~a tag
o’ =B +ZZBCkak+Z Z o Since ZCkak——B
K= k=1 = k™ k=1
N N 2
1-a -a +a
05: B2 + 11_5‘12 k% C.C
k=1 i =1 4
N N N N )
1- a a1 +a,3
Z ZCKC' A& T Z ZC"C' 1- aka|
k=1 =1

NN “1-aZ a2+aa N A Al-a-al+aat
_ CC i e _ k8 0

Z Zl KWl 1-a. aka'H kzzl IZl(l ak) (1 aZ)H 1-aa ]
A fa-ad)-ad)s & o kAl

E1 aZ)H 1-aa H

N-1 N
tD D
=T
AA|

11a

A

~N

5

~&)

N

Further, 0% = z

k 11
N 1

N-
(c) SeeEq.(A).

+

’I_:TMZ xg"m

2y

2
k k=11

(2+3)@-1) _,, -21875 43875
(z-0.5(z+0.3 z-05 z+0.3
(-2.1875) N (4.3875)2 , 2% (-2.1875)x4.3875
1-(052  1-(03)? 1-0.15
=1+6.3802 +21.154 —16.692 =11.843.

(@) Hi(2)= Making use of Eq. (9.86) and Table

9.4, weget o7 =1+

Output of Program 9_4is 11.843.

365



3(2z+1)(0.52° -03z+1) _ —1.7049 , 28245 0869552 +0.52675
(3z+1)(4z+1)(z2-052+04) 7+ é z+11-1 z2-0.52+04

(b) Hy ()= . Again,

0 0
_(1.7049)% | (2.8245)% | _[1-1.7049 x 2.8245[]
n= N2 12 +2@ ! @
1-(2 1-(3 o
-l v
 ~1.7049(-0.86955+0.52675x (-1/3) oy 2.8245-0.86955 +0.52675 % (-1/ 4))
1- 05(—1/3)+04( -1/3)2 1-0.5(-1/4) +0.4(-1/ 4)2
LU ~0.86955)2 +(0.52675)%] (1~ 0.4%) - 2 x (—0.86955) x 0.52675 x (1~ 0.4) x(~0.5)
(1-0.4%)2 +2(04)(-0.5)2 —(1+042) x (-05)?
= 3.271+ 8.5097 — 10.5065 + 2.9425 — 4.9183 + 0.9639 = 0.2613.

from Eq. (9.86) and Table 9.4, we get 65

Output of Program 9 4 is 0.26129.

(z-1)°> . -16z+03
I Ryt i pp——
zc-04z+0.7 zc-04z+0.7
(1.6%+0.3%)(1-0.7%) -2 x 0.3 (-1.6) X (-0.4) x (1- 0.7)
(1-07%)+2x0.7x 0.42 - (1+0.72) x 0.42

(©) H)= Again, from Eq. (9.86) and Table 9.44, we

=1+5.0317 = 6.0317.

get 0§n=1+

Output of Program 9 4is 6.0317.

A B _ Az Bz _ Az-Aa +Aa  Bz-BpR+Bp
— + — =C+ + =C+ +
l-az 1-Bz z-a z-B z-a z-p

Ad Bp

=(A+B+C) +_0( + ﬁ From Eq. (9.86) and using Table 9.4 we obtain

9.12 H(z)=C+

2, (A)® (BB) L 2AaBp

For the values given, we get

n=(A+B+ O+ —m + = Bz T—ap
(3)2 (0.7 x 3) (2>< 0. 9) 2>< 3x(-0.7) x(-2) x0.9
- 1- (0.7)2 1- (09)2 1-(-0.7)(0.9)

=16+8.6471+17.053 +4.638 = 46.338
Output of Program 9_4is 4.6338.

9.13 (a) Quantization of products before addition.
U1-2772 0 14377
%1+ o.3z—1§§1 04z71

Cascade Structure #1: H(z) =

10
% The noise model of this structureis

shown below:

el
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The noise transfer function from the noise source e;[n] to the filter output is

2
Z“+z2-6 -7. 7714 8.8714 . . .
G,2)=H(2) = =1+ The corresponding normalized noise
1@ =H@= 2o Y 204 T 2703 ssponding
_ O0_ O
variance a the output is 62 =1+ (-7.7714) L8 g714) 4o (TTIAX88T1AL _ oo )

1-(0.4)? . (-0.32 "0 1-(0.4)(-03) O
The noise transfer function from the noise sources e,[n] and e4[n] to thefilter output is

+ . ) ) )
G,(2)= zZ— 034 =1+ - :j g rh The normalized noise variance at the output due to each of these
. o (@B4% . . .
noise sourcesis 05 =1+ m =14.762. The noise transfer function from the noise source

e,[n] to thefilter output is G,(z) =1, The corresponding normalized noise variance at the

output is og =1. Hence the total noise variance at the output is 05

=02 +205 +05 = 66.795.
U1+3z7t W1-27

Cascade Structure #2: H(z) = % 1+ 0 32-1%1 04z71

1
% The noise model of this structureis

shown below:

-2

&l

The noise transfer function from the noise source e;[n] to the filter output is

2
Z“+z2-6 -7. 7714 8.8714 . . .
G,2)=H(2) = =1+ The corresponding normalized noise
1@ =H@= 2o Y 204 T 2703 ssponding
_ O0_ O
variance a the output is 62 =1+ (-7.7714) L8 8714) 4o (TTIAX88T1AL _ o o)

1-(0.4)? 1o (-0.32 "0 1-(0.4)(-03) O

The noise transfer function from the noise sources e,[n] and e4[n] to thefilter output is

G,(2) = ZZ__024 =1+ Z__l(')64. The normalized noise variance at the output due to each of these
. .2 (-1.6)° . . .
noise sourcesis 05 =1+ m =4.0476. The noise transfer function from the noise source

e,[n] to thefilter output is G,(z) =1, The corresponding normalized noise variance at the

2

output is og =1. Hence the total noise variance at the output is o = of + 20% + og = 45.366.

-1 DD1 27
1- o4z‘1551+03 -1

0q 10
Cascade Structure #3: H(z) = % % The noise model of this structure is

shown below:
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The noise transfer function from the noise source e;[n] to the filter output is
2+z-6 , 17714 88714

z2-01z-0.12 z-04 z+03’

_ 2 2 0O_ 0
(=7.7714) N (8.8714) +20 7.7714x 88714

1-(04)2 '1-(-0372 7 1-(0dy-03) 0 ™t

G,(@=H(29= The corresponding normalized noise

variance at the output is of =1+

The noise transfer function from the noise sources e,[n] and e4[n] to thefilter output is
z-2 -2.3
=1+
z+03 z+0.3
(-2.3)2
1-(-0.3)2
e,[n] to thefilter output is G5(2) =1, The corresponding normalized noise variance at the

G,(2)= . The normalized noise variance at the output due to each of these

NOi se sourcesis og =1+ = 6.8132. The noise transfer function from the noise source

output is o% =1. Hencethe total noise variance at the output is og = ci + 20% + og =50.897.

0q_o,101 -1 0
Cascade Structure #4: H(z)=% 172z pp 1432 % The noise model of this structure is

1-0.4z771FH1+03z71

shown below:

el

The noise transfer function from the noise source e;[n] to the filter output is

Z+7-6 ~7.7714 88714
=1+ +

7z2-01z-012 =~ z-04 z+03
_ 2 2 0 0
(-7.7714)° | (88714)°  -7.7714x88714

1-(04)2 "1-(037 1 1-(04y03) o >t

G,@=H(9= . The corresponding normalized noise

variance at the output is 0% =1+

The noise transfer function from the noise sources e,[n] and e4[n] to thefilter output is

+ ) . . .
G,(2)= 2+3 =1+ 27 . The normalized noise variance at the output due to each of these
z+0.3 z+0.3
2
NOiSe SouUrcesis og =1+ % = 9.011. The noise transfer function from the noise source

e,[n] to thefilter output is G5(z) =1, The corresponding normalized noise variance at the

output is og =1. Hence the total noise variance at the output is 05 = of + 20% + og =55.293.
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9.14

Hence, the Cascade Structure #2 has the smallest roundoffnoise variance.

(b) Quantization of products after addition.

From the results of Part (a) we have here the following roundoff noise varainces:

o N

2 2

Cascade Structure #1: o< = 07 +05 +0§ =52.033.

Cascade Structure #2: o

oN

=% +05 +05 = 41.319,

o N

Cascade Structure #3: o2 = oi + o% + o% = 44.084.

N

Cascade Structure #4: 0% = oi + 0% + 05 =46.282.

(0]

In this case also the Cascade Form 2 has the smallest roundoffnoise variance.

(a) Quantization of products before addition.

@-2(z+3 _ ., -19429 -20571

Pardlel Form I: H(z) = = — + — . Thenoise model isas
(z+03)(z-0.2) 1-04z 1+0.3z
shown below
[50
-19.429
] o
— 29571
T 3
es[n]

The noise transfer function from the noise source g;[n] to thefilter output is G;(z) =1 and its

corresponding normalized noise variance at the output is oi =1. Thenoisetransfer function
from the noise sources e,[n] and e;[n] to thefilter output is

G,(2)= 1 — = Z =1+ 04 . The normalized noise variance at the output due to
1-0.4z7 z-04 z—-04
. 5 (042 _ . _
each of these noise sourcesis 05 =1+ m =1.1905. The noise transfer function from the

1 __Z 4. -0.3
1+03z1 z+0.3 z+0.3°
The normalized noise variance at the output due to each of these noise sourcesis

noise sources e,[n] and e n] to thefilter output is G5(z) =
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(-0.3%
1-(-0.3)2

og =0% +20§ +20§ =55788.

og =1+ =1.0989. Hence thetotal noise variance at the output is

77714 88714 _ . -1.7714 z1 88714771

=1+ -+ - The noise model
z-04 z+0.3 1-04z 1+0.3z

Parallel Form 11: H(z) =1+

is as shown below

-7.7714

8.8714

es[n]

The noise transfer function from the noise sources e,[n] and e4[n] to thefilter output is
zt 1
1-0.4z71  z-04°
2___ 1
2 1-(0.4)%

G,(2)= The normalized noise variance at the output due to each of these

NOIiSe sourcesis o =1.1905. The noise transfer function from the noise sources

z71 1
1+03z1 z+0.3°
2 _ 1
3 1-(-0.3)?
the total noise variance at the output is og = 20% + 20% =45788.

e,[n] and e[n] tothefilter outputis G5(z) = The normalized noise

variance at the output due to each of these noise sourcesis o =1.0989. Hence

Hence, Parallel Form #2 has the smaller roundoff noise variance.

(b) Quantization of products after addition.

Paralel Form I: From the results of Part (a) we note that the total noise variance at the output
is 05 :O'i +0§ +0§ = 3.2894.

Parallel Form II: From the results of Part (a) we note that the total noise variance at the output

is 02 = 05 + 03 = 2.289%.

24277 1-15772

9.15 H(z)= .
(2) 1+ 0521 +0.06272

(@) The noise model of the Direct Form Il realization of H(z) is shown below:
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-05 2
S e I A
el  [1]  elnl

-0.06 15

e [n] eg[n

The noise transfer function from the noise sources e4[n], ,[n] and e[n] to thefilter output is
G,(2) =1, and the noise transfer function from the noise sources e,[n] and e,[n] to the filter
2+2z71-15z2 _ -182 192

=2+ + .

1+0.5271- 006272 z+0.2 z+03

normalized noise variance at the output due to each of the noise sources e;[n] and e,[n] isthen

0 _ 2 2 o _ oo

(-18.2) N (19.2) o 18.2x19.2

1=2] 0=
. 254+1‘(‘0-2)2 1-(-03)2 Dl—(—O.Z)(—O.B)HD 10,651

outputis G,(2) =H(2) = Using Table 9.4, the

and the normalized noise variance at the output due to each of the noise sources eJ[n], e,[n]

and eg[n] is 0% =1. Hencethetotal noise variance at the output is og = Zof + 30% =24.302.

2(1- 0527 L +1527
(1+02z7H@a+03z7Y
possible cascade realizations. We consider here only two such structures.

(b) Cascade Form Redlization: H(z) = . There are more than 2

Oq_ -100 -10
Cascade Form #1: H(z) = ZEL 32?—1 %%i: (1)'222_1 % The noise model of thisredlization is

shown below:
2
T ] ] b
eq[n]
+:—o.2| T LT S P
| | | |
ez [n] es(n] es[n] es[n]

The noise transfer function from the noise sources e,[n] and e,[n] to the filter output is
_1+1z7'-075z2 . 91 = 96
G,@) = = — =1+ +
1+05z2+-0.06z z+02 z+0.3
-9 1)(— 0 (- 0
(-9.1)(-9.2) N (9.6)(9.6) + 20 (-9.1)(9.6)

1-(-0.2)(-02) 1-(-0.3)(-0.3) m—(—o.z)(—o.s)gzz'%zs'

. Its contribution to the output noise variance

: 2 _
IS0y =1+
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The noise transfer function from the noise sourcese [ n], and e,[n] to the filter output is
1+1577% ,_L2

G,(2)= - = . Its contribution to the output noise varianceis
1+0.3z z+0.3
2 (1.2)2 . . . .
05 =1+ m =2.5824. Finally, the noise transfer function from the noise source egn]

to thefilter outputis G4(z) =1. Its contribution to the output noise variance is 0% =1. Hence
the total noise variance at the output is 02 =207 +203 + 03 = 2(2.6628) + 2(2.5824) +1=11.49,
U1+15771H-057710

Cascade Form #2: H(z) = 2§1+ 02715170371 % The noise model of thisredlizationis

shown below:
2
T I I T
&n]
+:—0.2I I I1.5 I I I—0,5:+
ex[n] eg[n] e4[n] es[

The noise transfer function from the noise sources e,[n] and e,[n] to the filter output is
1+1z7'- 075272 91 96

=1+ + )

1+05z71-0.06z72 z+02 z+0.3

(9991 (9.6)(9.6) 0 (-on96) U
1-(-02)(-02)  1-(-03)(-03) * “H-(-02)(-03)1 ~°°%

G,(@= Its contribution to the output noise variance

; 2 _
IS0y =1+

The noise transfer function from the noise sources e [n], and e,[n] to thefilter output is
1-05zt . -08
+

G,(2)= - = Its contribution to the output noise varianceis
1+0.3z z+03
2 (-0.8) . . . .
05 =1+ m =1.7033 Finally, the noise transfer function from the noise source e[ n]

to thefilter output is G4(z) =1. Itscontribution to the output noise variance is 0% =1. Hence
the total noise variance at the output is 0(2) = 2012 + 20% + 0% =2(2.6628) +2(1.7033) +1=9.7322.

91 -64
+ + .
1+02z1 1+03771

(c) Pardlel Form | Redlization: H(z) = -25 The noise model of this

realization is shown below:
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ea[n]

The noise transfer function from the noise sources e,[n] and e,[n] to the filter output is

G1(2)

= =1+ .
1+02zL z+0.2

. Its contribution to the output noise variance is

-0.2)?
0% =1+ (—)2 =1.0417.
1-(-0.2)
The noise transfer function from the noise sources e4[n] and e,[n] to thefilter output is
1 -03
Go(2) = — =1+ . Its contribution to the output noise variance is
1+03z z+0.3
-03)?
03 =1+ (—)2 =1.0989.
1-(-0.3

Finally, the noise transfer function from he noise sources e n] to thefilter output is G(z) =1.
Its contribution to the output noise variance is og =1. Hencethe total noise variance at the

output is og = 20% + 20% + 0% =5.2812.

Parallel Form |l Realization: H(z)=2+ ~18.2 + 192 . The noise model of thisrealization is
z+0.2 z+03
shown below:
2
+
-18.2 es[n|
- EB
19.2
e4[n]
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The noise transfer function from the noise sources e,[n] and e,[n] to the filter output is
-1

z
Gi1(2) = = . Its contribution to the output noise varianceis

12) 1+02z1 z+0.2 P

2
0] =—= =1.0417.

11— (-02)2
The noise transfer function from the noise sources e4[n] and e,[n] to thefilter output is

-1
z
Go(2) = - = . Its contribution to the output noise varianceis
1+0.3z z+0.3

2
05 =— =1.0989.

27 1- (0372

Finally, the noise transfer function from he noise sources e n] to thefilter output is G4(z) =1.
Its contribution to the output noise variance is og =1. Hencethe total noise variance at the

output is og = 20% + 20% + 0% =5.2812.

Asaresult, both Parallel Form structures have the smallest product roundoff noise variance.

2+271-15772
1+0.5z71-0.06z72"
to be as shown below where d, =0472, d,'=0.06, a; =-15, a, =2.75 and a5=0.793.

W,

9.16 H(z)= Using Program 6_4, the Gray-Markel realization of H(z) isfound

e

H— Y]+ ¥l

Analyzing the above structure we obtain the noise transfer functions for each noise source,
e[n,1l<i<7:
|
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2+2z1-1572

1+0.5z71-006272’

s (Z)_(a2d1'+a3)+[ 13- d2 5)dy +0(2]z +a, (- d2 )z 2091+204452_1—1 49572
22 1+0.5271+0.06272 1+05z1+006272

G,@=H(2)=

G.(0) = 0y + [ ay(L-d5)-a,d; d, - dz]Z +0(1(1 d3)d,d; 27 _ 275-1620127 -0.7055 72
3 1+o.5z—l +0.06272 1+0.5271 + 0.06272
G(2) =G4(2) =G4(2) =1.

Using Program 9_4 we get oin =10.651 0% n =11.021, og n =16.945, O'i n = 2.25. Hence, the
total normalized output noise variances = 10.651 + 11.021 + 16.945 + 2.25 + 3(1) = 43.87.

(b) The noise model of the above structure assuming quntization of products after addition is
as given below:

ez[n]
x[n, + :’i‘
e [n] es[n]
es[n]

2.091+ 2.04457 1 -1.495772
1+05z1+0.062z72

The pertinent noise transfer functions here are: G,(2) =

)= 275 16201771 -0.70552 2
3 1+0.5271+0.06272
normalized output noise variances = 11.021 + 16.945 + 2.25 + 1 = 31.22.

G4(2) =-15 and G(z) =1. Hence, thetotal

9.17 The noise model of Figure P9.8 is as shown below:

?i« Jr  ——@— v
-1

X[n]

ey[n

[

The noise transfer function from the noise sources e;[n] and e,[n] to the output is given by
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1-772 _ -1 _,_diz+(1+dy)
1+dz7t+d,z72 22 +dz+d, z%+d,z+d,
Using Table 9.4 we arrive at the total normalized output noise power as
, J ) (02 + @+ d)?)a- d2) -2(dy(1+d,) - dy(1+d,)d, )d; |
(1-d2)? +2d,d? - (L +d2)d? .

0
-d)(a+d)?-d2)5 4
-0 (ara)? -] 1-d,

G,@)=

2 _
O'n—

20+

i
0
i
0

9.18 (a) Quantization of products before addition

The noise model second-order coupled form structure is shown bel ow.
E1(2)

We observe from Example 9.2 that a =d=rcosB, B=-y=rsinB, a +d=2rcos6 and
ad-By =r2.

Andysisyields U(z) =Bz 1Y (2) +aV(2) +E,@), V(2) =2 'U(2), and
Y(2)=yV(2+ 62"1Y(z) +E4(2). Eliminating the variables U(z) and V(z) from these equations

_ -1 _ -2 -1
we arrive at 1-( +6)zl_;-§o_(16 By)z Y(2) :lY(ZXZ_l E;(2) +E4(2). Hence, the noise
transfer function from the noise sources e;[n] and e,[n] to the output is given by
Y(2) 1-az?t 7’ -0z
C1(2) == = =] 2 =2
E1D)| g )eeyn0 1 @+8)Z 1+ (@3-BY)Z? 2~ (a+dz+(ad~By)
0z-(ad-By) rcosfz-r? . .
= =1+ , and th transfer function from the
22— (0 +38)z+(ad - By) 22 —2rcosfz + 2 ¢ (e noIseransier tunct
noise sources e5[n] and e,[n] to the output is given by
Y(2) yz yz
Ga(29)= = 1 2 -2
B3l g, y=g,)=0 1-(@+O)Z +(@d-py)z> z°-(a+8z+(@5-BY)
-rsing z

722 -2rcosBz+r2
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9.19

The output roundoff noise variance due to each of the noise sources e;[n] and e,[n] is
(r2 cos? 0 + r4)(1— r4) - 2(—r3cose +r3 cos Ez)(—Zrcose)

@L-r%)2 +2r2(4r2 cos?8) —(1+r#)(4r2 cos? 0)
r2(1+ r2)(r2 + cos? 0) - 414 cos?0

=1+ =)+ 12)2—4r2 o2 6 , and the output roundoff noise variance due to each of
-r r<)< —4r<co

2 _
(opy =1+

2 2\ 2
. . 1+r°)sin“ 6
the noise sources e.[n] and e,[n] is 02 = r(
AN 1 03 a- rz)l(1+r2)2—4r2 cos? BJ

roundoff noise variance at the output is

. Hence, the total

r (1+r )(r + cos? 0)- 41% cos® 9+ r2(1+ r2)sin26 E
(1- rz)l(1+r2)2 —4r cosZGJ (1—r2)l(1+r2)2—4r200529J%'

D
0 —2(01 +02) 2%

(b) Quantization of products after addition

Here, the total roundoff noise variance at the output is
I r2(1+r2)(r2+c0529)—4r4c0526 r2(l+r2)sin29
0, =07 +05 =1+ 2 N2 2 2 + 2 22 _ 402 :
(- r?)|(1+r2)2 - 4r2 cos BJ (1-r )l(1+r )2 —4r2 cos? @

(a) Quantization of products before addition

The noise model of the Kingsbury structure is shown below:

&[n] e,[n]
u[n] v[n] “ T i
I(l -1 k2 e3[n]

z

Analysisyields U(z) =k, Y(2) +E4(2), V(2) = _1 = U(2)+ k,Y(2)+E,(2), and

—1 kl -1 -1

Y@ =V @) + sl T = - T V() +

7 E3(2). Eliminating U(z) and V(2)
from these equations we arrive at
1-[2-ky(ky +kp)| 27 + (- kikp)z ™ kz izt Z_1
Y(2)=————= - E + T E3(z
7 @)= B~ ) 3(2).
Hence, the noise transfer function from the noise source e;[n] to the output is glven by
Y(z) —kyzt -kqz
Gi1(2) = = 1 1
1)1 g, ()=E3(2=0 1o [2-Ky(ky + k)| 27 +(L-kikp)Z 2 22 —2rcosBz+r
corresponding output noise variance is thus given by

5. Its
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9.20

9.21

Kia-rf _ kPa-r)a+r?)
@- 12 +2r%(-2rcosf)? - (1+r*)(-2rcos8)®  (1-r2)%(L+r?)? —4r? cos?B(1 - r?)?
_ kZ(1+r?)
1- rz)[(1+ r2)2 — 4r? cos? 6]

o? =

The noise transfer function from the noise source e,[n] to the output is given by
Y(2) ~kz ta-zh  —Kkz+k
Ex@| g yepsmpmo 1-[2- Kalki +ko)]z 7t +(L=kikp)z ™ 2%~ 2rcosBz +1
2kZ(1+1?)

1- r2) 1+ r2)2 —4r%cos? 0|

Ga(2)=

2 .

Its corresponding output noise variance is thus given by G% =

Finally, the noise transfer function from the noise source e;[n] to the output is given by
Y(2) B z_l(l— z_l) B z-1
E3(@)| e, me,(n=0 1-[2-Kalky +kp)] 2 +(L-kikp)z 2 2% ~2rcosz+r

2(1+ 1)
- rz)l(l+ r2)2 — 4r? cos? 6] '
Hence, the total normalized output noise variance due to product roundoff before (after)
(3k12 +2) (L+12)
1- rz)[(1+ r2)2 — 4r% cos® 6] '

G3(2) = 5 Its

corresponding output noise variance is thus given by 0% =

summation is given by og :0% + 0% + 0% =

Let e[n] be a noise source due to product roundoff inside H(z) with an associated noise
transfer function G,(z) to the output of H(z). Then the normalized noise power at the output

of the cascade structrure due to €] n] is given by og’n = Zinj.(PGe(z)Az(z)Ge(z_l)Az(z_l) 7 Yz
C

= i.jSGe(z) Ge(z_l) z7Ydz since A 2(Z)A2(z_1) =1.
21 L

Assuming H(z) isrealized in a cascade form with the lowest product roundoff noise power

0% n» the normalized noise power at the output of the cascade due to product roundoff in

H(2) still remains 0% n- From the solution of Problem 9.13, we note that the lowest

roundoff noise power is oﬁ n= 45,366 for cascade form #2. Next, from the solution of
Problem 9.17 we note that the normalized output noise power due to noise sourcesin A ,(2) is

2 4 I 2
os =——. Substituting d, =0.8 weget 0%, = ——
an l—d2 g dy 9 an 1-08

variance of the cascade is given by og = oﬁ nt oin =45.366+ 20 = 65.366 .

= 20. Hencetotal output noise

The noise mode! for the structure is as shown below
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9.22

+ l ='r$\' l
0.4 -05
eyn] ez[n]
The noise transfer function from e,[n] to the output is
G@= 1 27,778 + 17'778. Thus, the normalized noise power at the

=1+
(1-0.4z7H)1+05z71) z+05 z-04
(-027778)? (047778 (-027778)x (0.17778)
1-(-052  1-(0.4)2 1-(-0.5)(0.4)

1 -0.5
—— =1+ .
1+0.5z71 z+05

(-0.5)°
1-(-05)°
Therefore, the total normalized noise at the output = 1.0582 + 1.3333 = 2.3915.

output dueto e;[n] is 0% =1+ =1.0582.

The noise transfer function from e,[n] to the output is G,(2) =

Thus, the normalized noise power at the output due to e,[n] is og =1+ =1.3333.

For a 9-bit signed two's-complement number representation, the quantization level
5=2"8=0.0039062. Hence, the total output noise power due to product roundoff is
2
2 _0

== (2.3915) = 3.0409x10 "5,
5 12( S

o

The unscaled structure is shown below.

— Fl (Z) —F

X(z2) =+ l o+ Y(2)

0.5 I l I -0.3

1 0.5
+

. . 2 (05)2
Now, F, (2) = =1 . Using Table 9.4 weobtain |F, [, =1+ ———= =1.3333.
10= 10571 7 08 g LA 1- (05?2
- -1,
Next, H(z)=1 O'3Z_l=2 03 =1+ 02 . Using Table 9.4 we obtain
1-0.5z z-05 z-05
2 (0.2)2
H|> =1+———= =1.0533.
I+ 1-(0.5)2

From Eq. (9.129a), |F1||2 =0, =1.1547, and from Eq. (9.129b),
IH], = a, = J1.0533 = 1.0263,
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The scaled structure is as shown below, where by, =B, and b;; =-0.3p;. From Egs. (9.130)

_ 1 a, 11547
and (9.133a), K = B.K =B, = — = 0.86603, and from Eq. (9.133b), p; = — = ——=1.1251.
( ) BoK =Bg a g ( ), B1 o, 10263
Therefore, by = By =1.1251, and byy =-0.3B; = - 0.3375.
K bo1
P—e—

9.23 The unscaled structure is shown below.

— h@ —

x[n] % I @—' yln]

o—HP—

1 _ v _.__06z+04
1+062z1+04z2 Z2+06z+04 ~ Z2+0.6z+04°
[0.6% + 0.4%][1- 0.4%] - 2x (1- 0.4) X 0.6 x 0.4 0.8

[1-0.42]2 +2x 0.4 % (0.6)2 —[1+ (0.4)2] x (0.6)2
1403272415272  72+03z+15 _ ,_—032-11
1+0.6z1+04z72  72+06z+04 = 7z2+06z+0.4°
Using Table 9.4 we then get
[0.3%+1.1%][1-0.4%] -2x0.6% 0.3 x(-1.1) x(1-0.4)

[1-0.42]2 +2x0.4% (0.6)2 —[1+0.42] x (0.6)2
From Eq. (9.129a), |F1||2 =a, =1.4583, and |H||, = o, = \/3.3083. Hence, from

Eqg. (9.133a), B, =a_11 = 71:% =0.8281, and from Eq. (9.133b),

a, /14583
=_1- = 0.6639.
P1=3 > J3.3083

The scaled structure is as shown below, where K = B K =B, =0.8281,
by; = (D(B,) = 0.6639, b;; =(0.3)(B;) =0.1992, and b, = (L.5)(B,) =0.9959.

Here, F(2) = Using Table 9.4, we

get |F1||§ =1+ =1.4583.

Next, we note H(z) =

IHG =1+ =3.3083.
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K bg
K1) — > I @i

1 -bZl

3 -2

9.24 H(z)=3+ + .
(2) 1+07z71 1-09z1

The unscaled structure is shown below:

X[n] oE— yIn]

Note that F1(2)=;_1 —3+—2L Hence, using Table 9.4 we get
1+0.7z z+0.7
> (2.1) L -2 -18 :
=9+ ———=17.6471. Likewise, F,(2)= ———= =2+ . Hence, using Table
"F1"2 1 _(07)2 2( ) 1—0.92_1 z-09 g
' 2 1-(09° ’

3z -2z -2.1 -1.8
+ =4+ + .
z+0.7 z-09 z+07 z-0.9
2 1\2 _1 9\ — —
(-2.1 +( 1.8) ‘2 (-2)(-1.8)

1-(-07)> 1-09% ~1-(-0.7)(0.9)

H(z) =3+

Hence, using Table 9.4 we get

2
IHIl; =42 +
46.338.

=46.338. Using Progam 9 4 we get

Denote vy =HIl, = J/46.338 =6.8072, y1 =||F|, = +/17.6471=4.2008,
v2 =[Rall, = J21.0526 = 4.5883,

_ A 3 _ B - _Cc 3
Hence, A=~ = —>— =(0,71415, B = — = ——— =-0,43589, C = — = —>— = 0,44071,
V1 42008 v, 45883 Vo  6.8072
4.2008 45883
Ky =YL= = 061711, Ko = Y2 = — 067404,
Vo  6.8072 Vo 68072

381



The scaled structure is shown below: _
| C=0.44071

A=071415 K,=0.61711

—{>—® — —E—yir
B = -043589 _<|_IK 2= 0.67404
4|>—‘O

x[n]

+}
The noise model for the above structure is shown below:

0.44071

o
0.71415 0.61711
eclnl
r D_.@_.@_. yIr]

X[n]

ea[n] ex,[n]
eqln]
- 0.43589 067404
+ 1 {>—»(+P
eg[n] ek, [n]
eg[n]
The noise transfer function from the noise sources ea[n] and eq[n] isgiven by:
0.61171 —0.4282 . . .
G1(2) = ———— = 061171+ ————. Hence, the normalized output noise variance due to
1+0.7z 1+0.7z

(-0 82)2 0

a
these two noise sourcesis given by 0% =2 %(0.61171)2 + E_ 1.4674.

Likewise, the noise transfer function from the noise sources ea[n] and eq[n] isgiven by:

0.60664 0.546 . . .
Go(2) = T = 0.60664 + —9_1 . Hence, the normalized output noise variance due to
-0.9z -0.9z
| . , 0 2, (0546 0
these two noise sourcesis given by 05 =2 %(0.60664) + W H =3.8738.

The noise transfer function from the remaining three noise sourcesis G3(z) =1. Hence, the

normalized output noise variance due to these three noise sourcesis given by 0% =3
Therefore, the total normalized output noise variance is
02 =02 +05 +05 =1.4674+3.8738+3=83412.

9.25 (a) Thescaled structureis shown below. The value of the scaling constants is found below.
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a

-10

Cascade Structure #1: H(z) = Al R 1+327 ¢ Here, a,=-03, b, =-2, a, =04
= %1 osz‘lﬁﬁl 0.4 ‘1% Aol
and b, =3
FL)= —Z =L Thus, using Program 9_4 we et |F)f =1.9089. Hence
10)= 150371 “ 7705 | nUS Uusing Program 9_4 we get |}, =1.9089. '
1-2z71 7t z-2 .
=[], =+1.9089=1.0483. F,(2)= = . Using Program
vi=lFl, D= 0a 1904z 1 " Z-o1z-012 9res
2
9 aweget |F[) =46722. Hence, v, =[F,|, = /46722 = 21615. Next,
2
Z”+z2-6 . 2
H(z) = ——— . Using Program 9 4 we get |H||, = 36.271. Hence,
D=7 o101z g Program 9_4 we get JH
Yo =IHI, = /36.271 = 6.0226.
The scaling multipliers are therefore given by
_1_ _Y1i_ _Y2 _ _
k,=—=095393 k,=—=048499, k,=—==0.3580. bk, =—0.96998, and
Y1 Yo Yo
b,k, =1.0767.

The noise at the output due to the scaling constant k; and multiplier a; have avariance
=y2 =1.9089.

Noise at the output dueto a,, k, and bk, have variance 0% which is calculated below.
The noise transfer function for these noise sourcesis

0.3589+1.0767z"1 _ 0.3589z + 1.0767
G,(2)= T -

1-0.4z z-0.4

Hence the total noise power (variance) at the output = 2x 1.9089 + 3x 1.1654 + 2 = 9.314.

. Using Program 9_4 we get 0% =1.1654..

In case quantization is carried out after addition, then the total noise power at the output =
1.9089 + 1.1654 + 1 = 4.0743.

0 1+3 -1 [0 1-27"
s T o

10
Cascade Structure #2: H(z) = % Herea =-03, b;=3 a, =04, and
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_1 1
1+032‘1 z+0.3

2
F @ = . Thus, using Program 9_4 we get |F1||2 =1.9089. Hence,

1+3z71 7t z+3 .
=|[F|. =4J1.9089=10483. F = . Usin
vi=[Rl, 2= 103,19 0471 Z-01z-012 g
2
Program 9_4 we get |F,|, =10.98. Hence, v, =[F,|, =109 =3.3136. Next,
2 45

H(z) = #2_212 Using Program 9_4 we get |H||§ =36.271. Hence,
Yo = |H|2 = J36.271 = 6.0226.
The scaling multipliers are therefore given by
k= =0095393, k,=-L=031636 k,=-2=055019. bk, =094908, and

Y1 Yo Yo
b, k5 =-1.1004.

The noise at the output due to the scaling constant k; and multiplier a; have avariance
=y2 =1.9089.

Noise at the output dueto a,, k, and bk, have variance 0% which is calculated below.
The noise transfer function for these noise sourcesis

_ 055019-1.1004z 055019z -1.1004
Gy(2)= =) =

1-04z z-04

Hence the total noise power (variance) at the output = 2x 1.9089 + 3% 1.2253 + 2 = 9.4937.

. Using Program 9_4 we get 0% =1.2253.

In case quantization is carried out after addition, then the total noise power at the output =
1.9089 + 1.2253 + 1 = 4.1342.

01437t Dg-p,1 0
Cascade Structure #3: H(z) = %1 0. 42_155“03 _1% Herea, =04, b; =3 a, =-0.3, and
b, =-2
zt 1 . 2
F @ = 1-042-1 = —vh Thus, using Program 9_4 we get |F1||2 =1.1905. Hence,
v1=[fl, = L1908 =10011. F,(2)=1=5 :z—ll o ?Tz"l —0%123—0.12' vsing
Program 9_4 we get |F2||§ =10.98. Hence, y, = |F2|2 =,/1098 =3.3136. Next,
H(z) = %. Using Program 9_4 we get [HI = 36.271. Hence,
Yo =IHl, = 4/36.271 = 6.0226.
The scaling multipliers are therefore given by
k = =091652, k,=L=032928 ky=-2=055019. bk, =098784, and
Y1 Yo Yo
b, k5 =—1.1004.
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9.26

The noise at the output due to the scaling constant k; and multiplier a; have avariance
2 .2 _

o7 =y7 =1.1905.

Noise at the output due to a,, k2 and blk2 have variance og which is calculated below.

The noise transfer function for these noise sourcesis

0.55019-1.1004z% _0.55019z-1.1004

1+0.3z7% z+03
Hence the total noise power (variance) at the output = 2x 1.1905 + 3% 2.0625 + 2 = 10.568.

G,(2)= . Using Program 9_4 we get 05 =2.0625.

In case quantization is carried out after addition, then the total noise power at the output =
1.1905 + 2.0625 + 1 = 4.253.
1-2771 EE 1+3z71
. Herea, =04, b, =-2, a, =-0.3, and
1-0.477 1H1+ 0.32"1% ! 1 2

g
Cascade Structure #4: H(z) = %

b2 :3-
FL@)=—%— =~ Thus using Program 9.4 et |F)Jf =11905. H
1(2)_1—0.42‘1_2—0.4' us, using Program 9 4 we g afl, =1 . Hence,
1-2z71 7t z-2 .
=|F|. = 411905 =1.0911. F,(2)= = . Usin
V.= 1|2 2= 1047197031 Z-o1z-o12 d
2
Program 9_4we get [F,|[, = 46722. Hence, v, = |F,|, = /46722 = 2.1615. Next,
2
Z”+z-6 . 2
H(z) = ——— . Using Program 9 4 we get |H||, = 36.271. Hence,
@)= 7 01012 g Program 9_4 we get IH,
Yo =IHI, = /36:271 = 6.0226.
The scaling multipliers are therefore given by
k = — =0091651 k,= N1 - 50479 kg= Y2 - 0.3580. bk, =-1.0096, and b,k =1.0767.
Y1 Yo Yo

The noise at the output due to the scaling constant k; and multiplier a; have avariance

02 =y2 =1.1905.

Noise at the output dueto a,, k, and bk, have variance c% which is calculated below.

The noise transfer function for these noise sourcesis

0.3589+1.0767z 1 _ 0.3589z + 1.0767
1-04z71  z-04

Hence the total noise power (variance) at the output = 2x 1.1905 + 3% 1,9015 + 2 = 10.085.

G,(2)= . Using Program 9_4 we get 0% =1.9015.

In case quantization is carried out after addition, then the total noise power at the output =
1.1905 + 1.9105 + 1 = 4.092.

Parallel form | realization: The corresponding structure is obtained from a partial fraction

-19.429 = -29.571

= —, and is shown below:
1-04z 1+0.3z

expansion of H(z2) in 71 the form: H(z) =50 +
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50

—h@ —

Here the scaling transfer function F4(z) for the middle branch is given by
-19.429z7

i ey
Y= ||F1I , = J449.39 = 21.199. Similarly, the scaling transfer function for the bottom branch
—-29.571z

z+03
implies y, = |F2|2 =4/960.93 =30.999. Finally using Program 9_4 we get, |H||§ =36.271
Hence, v, =IHI, = ¥36.271=6.0226. The scaled structure with noise sources is shown
below:

2
. Hence using Program 9_4 we get, |F1||2 =449.39. Thisimplies

2
isgiven by F,(2) = . Hence using Program 9_4 we get, |F2||2 =960.93. This

rC

where & = 22429 - 1651, B = 22271 =_( 95303 C=22=8.302, k= N _35109,
Vl y2 y0 yO
and k, = Y2 =51471,
Yo

The noise transfer function from each of the noise sources ec[n], ey [N], and g, [N] is
G;(2) =1. The corresponding output noise variance is 0% =1. Thenoisetransfer function

ki 35199z
1-04z71 z-04"
Program 9_4 we get the corresponding output noise variance as of =14.75. Likewise, the
noise transfer function from each of the noise sources eg[n] and e;,[N] is

from each of the noise sources ex[n] and ey [N] is G,(2) = Using
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Kk
G,(2)= 2 _ 21471z Using Program 9_4 we get the corresponding output noise

1+0.3z71 z+0.3"°
variance as 0% =29.113. Total noise variance at the output is therefore

02 =203 +205 +30% = 2(14.75) +2(29.113) + 3= 90.726,

Parallel form Il realization: The corresponding unscaled structure is obtained from a partia
-7.7714 N 8.8714

z-04 z+0.3

fraction expansion of H(z) in zintheform: H(z) =1+ . and is shown

below.

@ ——

- 77714

g{

F(2)

8.8714

:

Here the scaling transfer function F1(z) for the middle branch is given by F,(z) = - —Z?olj .

2
Hence using Program 9_4 we get, |F1||2 =71.898. Thisimpliesy, = ||F1| )= J[71.898 =8.4793.

88714
z+0.3

2
Hence using Program 9_4 we get, |F,|[) = 86.485. Thus, v, =[F,|, =J/86.485 =9.2998.

Similarly, the scaling transfer function for the bottom branch is given by F,(z) =

Finally using Program 9_4 we get, |HII§ =36.271. Hence, y,= HIl, = J36.271 = 6.0226.
The scaled structure with noise sourcesis shown_bel ow:

o

{>7

b

where &= 14— _go1651, §=2871% ~ 005304, T=-1 =0.16604, k= Y1 -1 4079
V1 \Fi Yo Yo
ky = Y2 <1501
Yo
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The noise transfer function from each of the noise sources eg[n], e, [n], and g, [n] is

G3(2) =1. The corresponding output noise varianceis og =1. Thenoisetransfer function

kezt 14079

1-04z71 z-04

Program 9_4 we get the corresponding output noise variance as oi =23597. Likewise, the
noise transfer function from each of the noise sources eg[n] and e;,[N] is

k,z' 15441

G,(z) = —2 == :

22 031" 7403

variance as 0% =2.62. Tota noise variance at the output is therefore

02 =20% + 205 +30% = 2(2.3597) + 2(2.62) + 3=12.959,

from each of the noise sources ex[n] and ey [N] is G,(2) = Using

Using Program 9_4 we get the corresponding output noise

For quantization of products after addition, the total output noise variance in the case of
Parallel form | structure (after scaling) is 62 =03 +035 +03 =14.75+29.113+1= 44.863, and
total output noise variance in the case of Parallel form Il structure (after scaling) is

02 =02 +05 +05 =2.3597+2.62 +1= 5.9797. In either case, Parallel form |1 structure (after
scaling) has the lowest roundoff noise variance.

Z+z-0750

2+2271-1572 222+27-15 _
22+05+0067"

= =2
1+05z1+0.0622 2z2+0.5+006

1 3

9.27 H(2) =

(a) Direct Form: The unscaled structure is shown below:

— Fl 2 —

2
x[n] % i @ +y[n]

-0.5
& D
-0.06 1 | -0.75
|
Scaing: F(2) = 2 = 22 Using Program 9_4 we get
' 1+0521+00622 7% +05+006 g rrogram =4 we gs
2 L 1 1 _
=5.1633. Thisimplies, Bg =—— = ——== =044009. The other scaling transfer
o _27%+2z-15 . 2 L
functionis H(z) = Z1051006" Using Program 9_4 we get, [H|; =10.6512. Thisimplies
R, J51633

= =2 = 0,69625.
Py IHI, ~ J106512
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The scaling multipliers are therefore K = BoK =0.44009% 2 = 0.88018,
by; = B; =0.69625 by, =1xB; =0.69625, and b,, = (-0.75)B, = -0.52219.

The scaled structure with the noise sources is shown below:

G4(2)
Sat),
[l + eln]
x[r] 4|>—é¢)—1—|>—éa—»y[n1

Product roundoff noise analysis, quantization before addition:

50122+E’112+E’21
z2+0.5z2+0.06
02 =02 =02 =12908. G ,(2) = G-(z) = G:(2) =1. Thisimplies, 05, =02 =02 _=1
1n =92 =03, =1 - Oy 5 6 : plies, 64,=05,=0gp =L

G,2=G,(2)=G;5(9) = . Using Program 9_4 we get,

Hence, total normalized output noise power is 0% =3x1.2908+3x1=6.8725.

Product roundoff noise analysis, quantization after addition:

Here, total normalized output noise power is 0% =1.2908 +1=2.2908.

2(1-0.527 )@ +1.5z7Y
1+02zH1+0.3zY)

(b) Cascade Structure #1: H(z) = . The unscaled structure is shown

below:
F(2
—— FR( —
+ l H + l H+
771 71
I I I I
2
Scaling: F(2) = rzzz_l Using Program 9_4 we get |F1||2 =4.1667. Thisimplies
1 1 . L.
=—— = ————==04899. The second scaling transfer functionis

Po IFl, +4.1667 g
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2(1-05z" ) 27%-7

2
F(z . Using Program 9_4 we get, |F.|[, = 8.8896.
2(2) = (1+022 11+0321)  22+052+0.06 9 Frog —TWeg I 2"2
Fl, _ vaies?
IRl _ J4.1667 . . o
Thisimplies B, = =0.68463. Thethird scaling transfer function is
| 2| " J8.83%
22 +2z-15 . 2 L
H(z) = 21 05+0.06" Using Program 9_4 we get, [H||; =10.6512. Thisimplies
F
|l e

IHl, ~ J10.6512

The scaling multipliers are therefore K1 =BgK = 0.4899 x 2 = 0.9798, b01 B, =0.68463
b11 =-0.5xf3; = -0.34231, b02 =B, =0.91357, and b1 =1.5 %P, =1.3704.

The scaled structure with the noise sources is shown below:

y[n]

eo[n] es[n] es[n] es[n]

Product roundoff noise analysis, quantization before addition:

(0.68463 - 0.342317 1)(091357 + 1.37042°") _ 0.62557° +0.62552 - 0.4691
(1+o 2z‘1)(1+ 0.3z7Y 7% + 052+ 0.06 '

G1(2) =Gz2(29) =

Using Program 9_4 we get 01,n = 02,n =1.0417.

Ga(2) =G (Z)_o.91357+1.3704z‘1 _0918572+13704 L e e
A= T T 0a T z+03 o onorrodrams Awesg

o%,n =0§,,n =2.1553. Finaly, Gg(z) =Gg4(2) =1. Thisimplies, ogn = ogn =1.

Hence, total normalized output noise power is cr% =2x1.0417 +2x 21553+ 2x 1=8.3940.

Product roundoff noise analysis, quantization after addition:

Here, total normalized output noise power is on 10417+ 2.1553 + 1= 4.1970.

2(1+1527Y)(1-0.5z71)

- —— - Theunscaed structure is shown
(1+02z H@L+0.3z )

(c) Cascade Structure #2: H(z) =

below:
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Fa(2)

— h@ —

2
Z_l z_l
-02 -03 -
| l | 15 | l | 0.5
I I I I
. 2 . 2 o
Scaling: F(2) = 13021 Using Program 9_4 we get |F1||2 =4.1667. Thisimplies
1 1 . .
=—— = ————==04899. The second scaling transfer function is
Bo IFl, ~ V21667 9
Fa(2) = 2141577 __ s Using Program 9_4 we get, [[Rlf> =9.4741
2 (1+ 0.22_1)(1+ 0,32_1) 22 +05z+ 006 g g — get, ) : .
IRll, Ja1667

Thisimplies 31 = —= = ——= =0.6632. The third scaling transfer function is
plies By IFall, ~ JO-4741 9

27°+27-15 . > L
H(z) = =——— . Using Program 9 4 we get, |H||; =10.6512. Thisimplies
D= > o5+0.06 g Program 9_4 we get, HI; P
9.4741
gy =2l _ PATHL oy
H1l, J10.6512

The scaling multipliers are therefore K1 = BoK = 0.4899 x 2= 0.9798 bgy = B; =0.6632,
b11 =1.5%xB1 = 09948, bgy =P, =0.9431, and by» = 05 x5 = -0.4716.

The scaled structure with the noise sources is shown below:

&,[n] e4n] es[n es[n

Product roundoff noise analysis, quantization before addition:

(06632 +0.99487 1)(0.9431- 047162 1) _ 0625572 + 0.62552 — 0.4691
1+02zH1+03z7Y 72 +05z +0.06 '

Using Program 9_4 we get oin = 0§,n =1.0417.

G1(2) =Gz2(29) =
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09431- 047167 1 0.9431z - 04716

. Using Program 9 4 we get
1+03z°1 z+0.3 grrog - g

G3(2) =Ga(2) =

03n =040 =15151. Findly, Gg(2) =G4(2) =1. Thisimplies, o2, =03 =1.

Hence, total normalized output noise power is 0% =2x0.1.0417+2x1.5151+2%x1=7.1136.

Product roundoff noise analysis, quantization after addition:

Here, total normalized output noise power is 0% =0.1.0417+ 15151 + 1=3.5568.

Hence, the scaled direct form realization has the smallest roundoff noise in both cases.

9.28 The noise model for the allpass structure is shown below

r[n] -1 _E:I

X[n] —

v[n]

Ht) +y[n]

Analysisyields W(z) = E(z) + diV(2), R(z) = X(2) —W(2), V(2) = X(2) + 7 1R(z), and
Y(2) = W(2) + 7 IR(2).
To determine the noise transfer function we set X(z) = 0 in the above equations. Thisleadsto
R(2) =—W(2), V(2) = 21R(2) = — z'W(2), and hence W(z) = E(2) — diz ' W(2) or
E(2) = (1 + &z )W(2). Asaresult, Y(2) =W(z) -z *W(2) = (1 -z 1)W(2). Consequently,
the noise transfer function is given by
Y@ _ 1-zY  za 14 —-(@1+d;)

G(2) = = = =
@D=t2 1+dz7T  z+q, z+d
2
o . (@+dy)s 2
Thus o2 =1+ = dl.z = Ia

(b) Let G1(2) be the noise transfer function for d;, Gy(z) be the noise transfer function for d,
and G3(z) be the noise transfer function for d3 then

Gi(2) = % A2(2),Gy(2) = % and G3(2) = % From the results of part (9) it
2

follows that the noise variances dueto dq, do and ds are given by

02k = 1 2d for k =1, 2, 3. Hence the total noise power at the output is given by
~ Y%

2o 2 2 . 2
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9.29 Let the total noise power at the output of G(z) due to product-off be given by 0(23 . Asuming
0 o2m O

L
L2
atotal of L multipliersin the realization of G(z) we get 0(23 = Z 3 é%{ J'lGI (e‘“’)l doqé where
=1 0

G, (2) denotesthe noise transfer function dueto | -th noise source in G(z). Now if each delay is

replaced by two delays then each of the noise transfer function becomes G, (er ©). Thusthe

total noise power at the output due to noise sourcesin G(zz) isgivenby 0 =
L 0 2n 0
01 2inf o, [ ~ ~2
z K, —J‘lGI (e J"°)| dwy. Replacing w by w/2 intheintegral weget o g =
=1 %21-[ 0 “ﬁ

L O 0 4n

g1 j@ZlAB_lL 01 o2 H_ ,
|Zlk| @51‘”6' (e )l (E)dw@ _Ezkl %ﬁj’h (e * dco% = og. Since
0 f=1 0

2 2n
%[_([l@l e w)lzlA(ej m)lzdw = %T 0|G| (ej‘”)lzdoo, the total noise power at the output of the

cascade is still equal to 03 .

9.30 For thefirst factor in the numerator there are R possible choices of factors. Once this factor has
been choosen, there are R — 1 choices for the next factor and continuing further we get that the
total number of possible ways in which the factors in the numerator can be generated equal to

R(R-1)(R-2)L2x1=R!. Similarly the total number of ways in which the factorsin the
denominator can be generated = R!. Since the numerator and denominator are generated
independent of each other hence the total number of possiblerealizationsare N = (R!)(R!) =

(RN2.
9.31 (a) First we pair the poles closest to the unit circle with their nearest zeros resulting in the

2
second-order section H(z) = 22*'0—224'09
z-+01z+08

H,(2) are matched with their nearest zeros resulting in the second-order section Hy(z) =

. Next, the poles that are closest to the poles of

2
—22 +032+0.5 . Finally, the remaining poles and zeros are matched yielding the second-order
z°+0.2z+0.4

72+0.82+02

section H(2) = 2—2 1062403

For odering the sections to yield the smallest peak output noise due to product round-off under
an L,-scaling rule, the sections should be placed from most peaked to least peaked as shown
below.

— Ha@ ] Hy@ | H@

For odering the sectionsto yield the smallest peak output noise power due to product round-off
under an L-scaling rule, the sections should be placed from least peaked to most peaked as

shown below.
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_ HC(Z) { H (2 > Ha(z) L+

(b) The poles closest to the unit circleis given by the denominator (z2 — 0.2z + 0.9), the next
closer poleis given by the factor (z + 0.9), followed by the factor (z2 + 0.4z + 0.7) and finally
the factor (z + 0.2). Pairing these poles with their closest zeros we get the following pairings:

2 2
z=+01z+07 z+1.1 z“+052+06 z+0.3
7z2-0.2z+0.9’ b(2) z+0.9’ «(2) 72+0.4z+0.7 d(2) z+0.2

Ha(2) =

For odering the sections to yield the smallest peak output noise due to product round-off under
an L,-scaling rule, the sections should be placed from most peaked to least peaked as shown
below.

— H,(2) { H,@ H H.(2 " Hy@ [

For odering the sectionsto yield the smallest peak output noise power due to product round-off
under an L-scaling rule, the sections should be placed from least peaked to most peaked as

shown below.
—+ Hy(2 1 H.( 1 H,(@ 1 H,@ —
g2
9.32SNR = % . After scaling o, changesto Ko, whereK isgiven by Eg. (9.150).
o2(1-]a))?
Therefore SNR = —2———.
o
0
; 1 1
. . . . 2 _ 2 _
(i) For uniform density function o3, = IEX dx = 3
-1
2 -
(1-lal) 2%

Thus SNR = *— = With b= 12 o5 = o = 4967 1079 and |a| = 0.95,

(1-1o)?
30

Hence SNRgg = 101l0g;,, =52.24 dB.

o |
o

2
0

2
1-]a
(ii) For Gaussian input with oi =}. Hence SNR = ( 9|02|) . Againwithb =12 and
0

9
0 20
_ _ fa-la)s _
laf =0.95, SNRyg = 10l0g,, >—n = 47.97 dB.
I

(iii) For asinusoidal input of known frequency, i.e. X[n] = sin(wgn).

1-la)?02  (1-]al)?

Inthiscaseaveragepowerzcri:a Hence SNR = a-l B x = |2D .
2 o 20
0 0
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20
(of
@-fabn_ 69.91 dB.

Therefore SNRgg = 10Iog10H - 2 H
9.33 (a) HLp(2) = {1+ A1(2)} where A otz
33(a) Hir(@) = 3{1+A1@)} where A () =~
w2 _D1-ad2  2(1+cos(w))
Hence el®) = .
H'-P( )l 2 0 1-2a cos(w) +a?
oH, () oH, ()
Proving Ll = 0isequivalent to proving % = 0. Now
=0 w=0
o)’ 2
6|HLp( )| _ _1-a_2(+co(w) _O1-al® 2@ +cos(w)( 2cos(w)+0()
da 2 1-2acos(w) +0? 2 1- 20 cos(w) + a2
(o2
oH p(e!®
Ja l1-a 1-a
w=0

-1

-0 +z
(b) Hup(2) = -{1 Al(z)} where A, (2) = T———7 .
o2 01+al? 21— cos(w))
H JW -
enceHHP(e )l 2 o 1- 20 cos(w) + 0 2
o2
Now alHHp(ejw)l _ _l+a_ 2(1-cos(w)) D1+ 2(1- cos(w))(~2cos(w) + a)
oa 2 1-20acos(w) + 0?2 2 1- 20 cos(w) +a 2 '
R
oH ,(e!® _
Thus | Hp( )l -2 .2 _
oa l+a 1+a

W=TT

oa-Bl+a)z t+z

-2

9.34 (a) Hgp(2) = %{1—A2(Z)} where A,(2) =

1-pA+a)zi+az?’

with a and 3 being real.

ion 01— O(DZD 2(1 - cos(w)) -
Therefore, HBP(e )l %1+ BZ(L+0a)2 + 02 + 20 cos(2w) — 2R(L+ 0)2 cos((o)H o
oH @) u 2 DI]1 o020 2(1- cos()) -
90 H %1+ B2(L+a)? + 02 + 20 cos(2w) - 2L+ a)? COS((D)%
0 - aDZD 2(1- cos(w)) a

i b Hl+[32(1+o()2+0( + 200 coS(2w) —

2B(1+a)? cos( w)%

0 2B (1+a)+2a +2c0s(2w) — 4B(L + a) cos(w)

[l
El+ BZ(L+0a)2 + a2 + 20 cos(2w) — 2L+ a)?2 cos(co)%'
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o2
_ OH gp @) 5 (282 +2a - 2 - 20p)
Using the fact = cos(w) we get B E— “1"q 1+a?—2a T 20p2— [ —a’p?
(JL):(JL)O
_2, 2 o
l1-a 1-a
Smilal oHgp(@ )| _1-al% 2(L- cos(w)) N
4 o 2 O %1+ BZ(L+ )2 + 02 + 20 cos(2w) — 2R(L+ 0)2 cos(w)%
- 2B(1+0)? - 2(1+ o )? cos() i
E 1+B2(L+0)2 +0a2 + 20 cos(2w) — 2B(1 + )2 cos(w)%'
o2
. . olHgp(e')|
Again using the fact that = cos(w)) it can be seen that T =0.
(.0:(.00

(b) For bandstop filters Hgg(2) = %{1+ Az(z)} where A»(2) isasgivenin (a). Thus

© D1+0(D2D 4B2 +2 + 2cos(200) — 8B CoS() i
H Bs(® )l %1+ BZ(L+0a)2 + a2 + 20 cos(2w) — 21 + a)? cos(w)% Thus,
oHas@) _[i+al 432 +2 +2.c08(2w) — 8B cos() 0
da 2 Hl+ B2(1+0a)2 + a2 + 20 cos(2w) - 2B(1 + a)? cos(oo)%
3 D1+0(D2D 4[3 +2+Zcos(2co) 8B cos(w) X
El+ B2(L+a)? + 0 +2a cos(2w) - 21+ a)? cos(w)H

U 201+ )% +2a +2c0os(2w) - 4B +a)cos(w) -
§1+ B2(L+a)?2 +a? + 20 cos(20) — 2B(L+ )2 cos(w)H
Substituting B = cos(w) it can be seen that

a|HBS(eJ‘*’)|2 2 _D]_+o(D2E2(1+o()(B+1)2D_O
oa T 1-a 2 HH(1+0()2([3+1)2%_
w=0
@ |02 0 mran@ograypn?l_
Similarly, ————| =g H gg(lm)z(ﬁﬂ)z%—
W=TT
iy 12
o Hes@) 01420 83 -8cos(®) .
T 0B 0 2 O Hi+p2+a)? + a2 + 20 cos2w)— 2B(L+ 0)2 cos() ]
_Ul+a DZE 4B? + 2 + 2 cos(20) — B cos(w) Dx
52 0 B1+B2(1+0)2+ a2+ 20 cos(2w)—2[3(1+a)zcos(w)ﬁ
i (1+a )2 2(B - cos() i
%1+ BZ(L+a)? + 02 + 20 cos(2w) — 2L+ 0)2 cos(oo)%'

Again substituting 3= cos(w) it can be seen that
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w=0 =TI
9.35 For aBR transfer function G(z) realized in aparalld allpassform, its power-complementary
transfer funnction H(z) is also BR atisfying the condition b(ej w)lz = 1—|H(ej‘*’)|2. Let w=w,
be afrequenncy where k%(ej (")l isamaximum, i.e. k%(ej ("o)l =1. Then, it follows that

'—|(ej ‘*’o)l =0. From the power-complementary condition it follows that

0l L AHE?) )
2|G(eJ“’)|T = —2|H(e“°)|T . Thereforeat w=w,,
jw jow jo
b(ej‘*’o)ﬁ%e)l = —|H(ejwo)|w , or a|Ga(_e)| =0 whether or not
@ oo:ooo @ (D:(DO @ oo:ooo
oH(E)| . .
e =0. Hence, lowpassband sensitivity of G(z) does not necessarily imply low
Q):Q)O

stopband sensitivity of H(z).

9.36 Without error feedback

The transfer function H(z) of the structure without feedback is given by
1 1

H(z) = = , Wherer=1-—¢.
2) 1+a,z7 ozt 1-2rcosbzt+r2z71 W
. . _Msin(n+1)6
The corresponding impulse response h[n] isgiven by h[n] = BT qu[n].

To keep y[n] from overflowing we must insert a multiplier of value El at the input where

- 1 : 16
L= h[n]l. From Eq. (9.163) we get LS ——————. (24
nZol[ I a( ) weg (1-r)2(1-2rcosB +r?) m2(1-r)2sin?@ (24)
The guantization noise model for H(z) is as shown below:
1
= efn]
v &
X[n] + :L-f. + y[n]
,1
+
2rcoso
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d 2
. . 1+r 1
The output noise power isgiven by 62 =62 ] = 02
P P g Y On er;)” I 1-r2 14-2r2cosB+1 ¢
The output signal power, assuming an input signal of variance 0%, is given by
2 o g2 g2

%=1 z Ihn]%. Hence, the SNR is given by SNR = —= = —%. For a (b+1)-bit signed
y |2 . : ’ 02 %02
n=

-2b 2
representation, o2 -2 Hence, SNR—§—12A Therefore, from the inequality of E
q) ) e 12 . ] N L22_2b' ] m y q'
272b N 16x2°2
24) we get <—=< .
(24) weg 1202(1-1)2(-2rcosB+ %)~ S - 1202r2(L-Zsin26

(@) For an WSS uniformly distributed input between [-1, 1], oi =
2 N4 _2®
4(1-r)2(1-2rcosB+r?) = S~ 1@ (1-r)2sin20’

If -0, and 8 - 0, then (1-1)? - €2, cos20=1-2sn>001-20%, and sin’>6 06>
2_2b N 2_2b

<—< .
4g2(2 +402) T ST mPe20?

Hence,

wl =

In this case we have

wI -

(b) For aninput with a Gaussian distribution between [-1, 1], o, =

Inthiscasewehave 3——F——-<—< — —5—.
4e2(e2 +40%) T ST T2 €202

[N

(c) For asinusoidal input between [ 1, 1] of known frequency w,, oi =5

272b 14y

12 1-r

2
1
2[}

The output noise variance here is therefore o2 = g2 [ n 2 = .
P eZ' [n] r4-2r2cos20 +1

2 =
n=0

Ths N o0 1 I S

S 1-r2 6(r4—2r200326+1) 24£(€2+92) 2402

With error feedback

1-2zY+zt 2-2z+41 __ 2rcosB-1)z+1-r?
1-2rcosBz L +r2z71 722 -2rcosBz + r? 72 -2rcosfz+r2
(4(1— rcose)2 +(1- rz)z)(l— r4) +8r cosB(1- r2)2(r cosf —-1)
(1-r2)2 +2r2(4r2 cos?8) - 41+ r*r2 cos? B

G(2) =

Thus, |GI° =1+

94

) . . 2
For r=1-¢ withe - 0, and 8 — 0, we get after some manipulation =1+ ——7,
g pulation IGI =1+ 25—

2 _ 21~
and a7, =0 ZIGI™.

Now L2 remains the same as before since it depends only upon the denominator. Also the
overall transfer function of the structure remains the same as before. The output noise power
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9.37

with error feedback is thus N = oglGIZ, whereas, the output noise power without error feedback

2
isN = 2HI®. Hence, N —"G"2 :
NI
4 4 2
2 0 , 2_ 06 0
Now, =1+————, Since 0>>¢, 0—s=—.
Ic 4e(e? +02) Icl 402 4¢

2 Ry

Also, HP =20 g1 = 1+dze) .  _
1-r2 14-2r2co20+1 1-(1-€)? (1-€)*-2(1-¢)?(1-262)+1
_ 1 _ 1
4g(02 +€2)  4e62°

Thus, E 06* Asaresult, with error feedback, the % ratio gets multiplied by 6%,

a) input with uniform density; ———<— < ———
(&) inp ' 162 s @ &2

—2bgg2 | 392 p2b
b) Wid stati Gaussian density, white: S=<——
(b) Wide-sense stationary, Gaussian density, white T6e2 SSF 2
c) sinusoid with known frequency: — =
(c) sinusoid wi wn frequ yS e
The coupled form with error feedback is shown below:
e[n]
+
+y[n]

Analysisyields V1(z) =Mz E1(2) + 82 Y (2) +yz 2U(2), E1(2) = Y(2) - 1 (2),

Vo (2) = Moz Ea(2) + Bz LY (2) +a 2 1U(2), and Ex(2) = Y(2) - V2(2). Eliminating
U1(2), V1(2), U2(2),and V2 (2) from these equations we arrive at the noise transfer functions

_Y(2)  @-azha+anzh
Gl(Z)_E(Z) T 1-(a+8)z 1+ (ad- 27
1\ E, (2)=0 (a+9)z (ad-By)z
Y Ta+r,z1
Go(2) = (2) = ¥z (_1+ 22 ) —. Thetotal output noise
B2l gy =0 1-(a+3)z +(ad-Py)z
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9.38

power isthus given by 63 :||G1||§ 0% + ||Gg||§ 0%. Hence, the output noise power, for a

lowpass filter design, can be reduced by placing zeros of the noise transfer functionsin the
passband. For each of the noise transfer functions given above, we can only placeazero at z =

1bychoosing Aj=-1,i=1, 2,

Using the notations b =—(a + 8) and d =ad — By we rewrite the noise transfer functions as
2
-1+ + -1+a+b)+(a-d -
2-o@rajzra_, Qrarb)r@-d) o VZTY
z° +bz+d z°+bz+d z° +bz+d
(1+a +b)? +(a -d)?|@-d?) + 2(L+a + b)(a —d)(1- d)
(1-d?)? +2db? - (1+d?)b?

Gi(2) = . Using Table

, and

9.4 we obtain [|Gy[fs =1+ |

2y*(1-d%)
(1-d?)? +2db? -1+ d?)b?’

2
IGalf, =

The Kingsbury structure with error feedback is shown below:

~ a1 ~ Fal eS[n]
— h—

Analysisyields: V4(z) = k1Y (2) +2 U1(2) + A1z E1(2),  E1(2) = Ux(2) - Va(2),
V2(2) =k2Y(2) + U1(2) + Aoz 'E(2), E2(2)=Ua(2) - Va(2),

V3(z) =Y (2) - kiU 2(2) + A3z *E3(2), E3(2) = Us(2) - Va(2), and Y(2) =z U41(2). Eliminating
U1(2), V1(2), U2(2), Vo(z), Us(2) and V3(z) from these equations we get

Y(2) ~kZ Y1+ Az7h
Gl(Z):E(Z) T 1o [2-Ky(ky + k)| Z L+ (- kekp)Z 2
19 g, (2)=E3(2)=0 [2-ka(ky + ko) 2 +(1- kokz)z
oL 1 -1
Go(2) = Y (2) _ kiz “(1-z )_(11+ Aoz 7) . and
E2Dl g =psm)=0 17[2 ka(ka+ko)|z7 +(L1 - kekp)z
104 _ -1 -1
Gg(z)zE = z -z )(1_1)\32 ) — . Thetotal output noise
ES(Z) El(Z):Ez(Z):O 1_ [2 - kl( kl + k2)] A + (1_ klkz)z

power isthus given by 63 =||G1||§ 04 + ||GZ||§ 0% + ||G3||§ 0%3. Hence, the output noise power,
for alowpass filter design, can be reduced by placing zeros of the noise transfer functionsin
the passband. For each of the noise transfer functions given above, we can only place a zero at
z=1bychoosing A\; =-1,i =1, 2, 3, inwhich case, using the notations b =—[2 - k1(k1 +k )],

-k, 2 ta-z1 -kiz+k
and d =1-k4k». the noise transfer functions reduce to G1(z) = : _i _2) == L : ,
1+bz ~ +dz Z“+bz+d
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~kzY1-zY -k(z2-2z+1) -kA -k (Cz+D
Go(2) = 2 (-7 ) k(2" -2z+9 kA —ky(Cz+D)

1+bz Y +dz % z(z?+Dbz+d) z  Z°+bz+d

7 ta-z71y 2-2z+1 A  Cz+D 1 1
G3(2) = - —=— =—+———where A==,C=1-—-, and

1+bz ~+dz 2(z+bz+d) z z°+bz+d d d

,  2(1-d®)-2(@-d)b
L1-d®)2+2db2 - (1+ d%)p2’

b
D= —ﬁz + aﬁ. Using Table 9_4 we then obtain ||G_L||§ =k

(C? +D?)(1-d?)-2CD(1-d)b

2 2 2
, and (G2, = k1|[G3][,-

llcslls = A2 +2BC +

9.39 Thetransfer function of the coupled-form structure shown below is given by Eqg. (9.42) where
o =0=rcos(®) and B=-y=rsin@). Anaysisyields
Y W SAn+1

X[n] :'C-%‘ |
z1 £ Z_l

s(n+1 B

+y[n]

s[n+1=a(xn +snl) +Bs,n] and s,[n+1] = y(xn] +s[ni) +3s,[n]. Rewriting these

110 i 0 O
equations in matrix form we get EI;L[[?,:]} = @ g%sé[[?l} H* @9([ n]

_ I B0 o Do yOl BO0_Hn2+y? ap+ydE_G2 ol
ThUSA_Hl 65' Therefore, A A_EB 555\/ 5H_§;(B+y6 [32+525_§’0 rZ%
L ~ln Pl yO_x2+p2 ay+ps2_LCr2 oU

T= = =
Likewise, AA H{ 5HEB 30 Sy + 3D y2+625 %O rZ%

Thus A isof normal form and hence, the structure will not support limit cycles.

9.40 Thetransfer function of the modified coupled-form structure shown below is given by

[n+1 c [n+1
x[n] X 71 —>I>——@52—> z1 —»I>C——r y[nl

-1

s[n+1]=cdsy[n]-cs,[n] +x[n], s,[n+1] =cs|[n]+cds,[n], and y[n] =cs,[n].
In matrix form these equations can be written as
1n0 O -cOd 0 mo a
ﬁ;[[?]fr]}ﬁz Hccd CSHEQ%E]]H+%HX[FI], and y[n] =[0 (] %[[?]]]HHO] Xn]. Thus,
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A = Eccd ggg Now, in the z-domain the equations describing the structure are

2S5,(2) = cdSy(2) - cS,(9) + X(2), 2S,(2) =c S;(2) +¢dS,(2), and Y(2) = ¢ S,(2). From the

equation on the left we get (z—cd) S;(z) = -cS,(2) + X(z) and from the equation on the right we
cX(2)

72 - 2cdz +c2d?

get (z—cd)S,(2) =cS)(2). Eliminating S,(z) wearriveat S,(2) = ppvL Hence

Y@ _ 2
X@) Z2-2cdz+c?(1+d?)’

H(z) =

Comparing denominator of H(z) with the denominator 2% -2rcosBz+r? of asecond order
led —cU_Orcos® -rsingU

transfer functionwe get c= rsin@, d = cotf. ThenA=HC cdH:HrsinO rcosGH
{2 oO {2 oO

Thus ATA = [J >0 andsimilarly AAT = [] ,00 Sincefor stability r <1,
0 r°Qd 0 r°0

A isnormal form matrix, and thus the structure does not support limit cycles.

9.41 A block-diagram representation of adigital filter structure based on the state-space description
given by Egs. (9.200) and (9.201) is as shown below.

rMD
L/
B
x[n] ——|> + ) U
4
Aﬂ Z|| c .
! n
qn] Y

The feedback loop under zero-input conditionsis thus as indicated bel ow:

Q= dn+1

vin+1] z7

===IF

Hence, under zero-input conditions we have

vin+1]=Adn],
dn+1=Q (Vn+1]).
The quadratic function f(s{n]) = s'[n] D s[n], where D is a positive-definite diagonal matrix, is

related to the power stored in the delays. The changes in this quantity can provide information
regarding oscillations under zero-input conditions:

Afn])=f(dn+1)-f(gn])=-s'[nD [gn]+s'[n+1DEn+1]
=—s'[ND En+s [N+ DEn+1+v [n+YDINn+]-v' [n+ ] DHn+1]
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=-sTADE+in+ I AT DAFN+1- Y (in+1-Q (v +1)2)dy,

=-s'[r(D-ATD®A)gn - Zle(vzk[mu -Q v [n+1)?)dy

Now if sT[n](D— AT DA)s[n] > 0,and v[n] are quantized such that p (v [n +]])|s |vk[n +1]|,

(i.e. using a passive quantizer), then the power stored in the delays will not increase with
increasing n. So under passive quantization, limit cycleswill be eliminated if

sT[n](D— AT DA)s[n] =0 0orD -ATDA is positive-definite. For second order stable IR
filters, eigen values of A = [aij] arelessthan 1. Thiscondition is satisfied if

a581 20,
or, 8,8, <0 and Iall—a22|+det(A)sl.

For the given structure,
0 o a, +10 o, =B, O
A=p, 1 1 B=0.1 Cc=[1 1] and D=1.
H’z -1 a, %}2_62% [ ]
The transfer function of thefilter is given by
H(Z) = 22_(31"'[32)2"'(1"'[31_[32)
22 -(a, +a,)z+(@+a, ~a,)’

Thefilter isstableif 1+a, -0, <1 and |, +a,|<1+(1+a, —a,), or equivalently, if
a,—a, <0, and h1+0(2|<2+0(1—012.

Now, aja, =(a, +)(a, -1) = 711[(0(1+a2)2 —(2+a1—a2)2], and since,

(0q +0(2)2 <@ +0(1—cx2)2, ajpany <O0.

Next, |a11 —a22|+ det(A) = |0(1 -a 2|+0110(2 (@ +)(a,-1)
Hence, the structure does not support zero-input limit cycles.
9.42 From Section 8.3.1 we know that each computation of a DFT sample requires 2N + 4 real
multiplications. Assuming that quantization noise generated from each multiplier isindependent

270N +2)

. . . 2 _ 2 _
of the noise generated from other multipliers, we get o, =(2N +4)og = 5

52b 52b
9.43SNR= — . Hence, an SNR of 25 dB implies = =102 or
N N

= %Iogz((lo)z'5 X (512)2) =13.1524. Therefore b = 14 bits should be chosen to get an SNR of
25 dB. Therefore number of bits required for each sample= 14 + 1 = 15.

9.44 Let N = 2V . Consider the mth stage. The output sees 4(2" ™™ ) noise sources from the mth stage.
v—m
Each noise source has a variance reduction by afactor of (%) due to multiplication by % a

each stage till the output. Hence the total noise variance at the output due to the noises injected
in the mth stageiis 4(2V_m)(2_2("_m))03.
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\Y
Therefore the total noise variance at the output =o2 = Z 4(2V -m )(2 2 _m))og

m=1
v -2b v
25-V m_ ,2 —v22" 1) _2_2b, o-vy _2,-2b
4052 2;5 =42V SS = = 52770-27Y) =527 forlargeN.
2b

9.45 SNR= z_N . Henceb= %Iogz((lo)z'5 X2 x 512) = 8.652.
Hence we choose b + 1 = 10 bits per sample to get an SNR of 25 dB.

M9.1 % This is the function to obtain the pole distribution
% pl ot of a second order transfer function with a denomni nator
%of the formz*Z - KZ + L. For stability 0 <L <1 and
% abs(K) < 1+L so the range of Kis (-2,2).
% for a b-bit wordlength, 1 bit is reserved for the sign
% as the coefficients are sorted in the sign magnitude form
% Both L and the K are quantizd to b-1 bits.
%
function[]=pole_plot(bits);
%
% This part prints the unit circle for reference

hol d;

axis([-1 1 -1 1]);

%

% One bit is kept for the sign so effectively for the
quanti zati on

% the remai ni ng nunber of bits is bits-1
%

bits = bits-1;

%

% The quanti zati on step.

%

step = power(2,-bits);

for index_1 = 0:1: (power(2,bits)-1)

L = index_1*step;

for index 2 = -(power(2,bits)-1):1: (power(2,bits)-1)
K = 2*i ndex_2*st ep;

pl (-K+(sqgrt (K*K-4*L)) ;

= )/ 2
p2 = (-K-(sqrt(K*K-4*L)))/ 2;
if abs(pl) <1

if (imag(pl) ~= 0)
plot(pl,".");

plot (p2,".");

end

end

end

end

hol d;

M 9.2 The pole-distribution plot of the second-order Direct Form structure is obatined by running
the MATLAB program given in Exercise M9.1. Running this program using the statement
pol e_pl ot (5) yieldsthe following plot.
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0.5}

-0.5}

1 . _ ;
-1 -0.5 0 0.5 1
Real part

For plotting the pole distribution of the Kingsbury structure, we use the following MATLAB
program:

% This is the function to obtain the pole distribution pl ot
of the Kingshury

% structure. Here, the transfer function has a denom nat or
of the form

% Z*Z - (2 - k1*k2 - k1*kl)Z + (1 - k1*k2) where the k1 and
k2 are the

% multiplier coefficients of the structure.

% For stability of the structure the range of k1l is (-2,2)
and the range

% of k2 is such that 0 < k1*k2 < 2; Hence k2 can take any
val ue.

%In this programthe range of k1l is taken to be (-2,2) and
t he range of

% k2 is also (-2,2). The wordlength is specified by the
argunent "bits"

% of the function.

%

function[] = pole_plot_kb(bits);

%

% This part prints the unit circle for reference

%

z = [0 1];

p=1[01];

zpl ane(z, p);

hol d;

axis([-1 1 -1 1]);

%

% The nunbers are stored in the sign-magnitude form so one
bit is

% reserved for the sign. Hence for the quantization, the

avail able bits

%= bits - 1

%

bits bi ts-1;

step power (2, -bits);

% This part of the programfinds out the various possible
conbi nati ons
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% of the quantized values of k1l and k2. with this set of
val ues of k1
% and k2, a set of transefer functions is possible and hence
a set of
% pol es is possible. The possible values of poles within the
stability
% region thus obtained are plotted with the help of the plot
conmand.
%
for index 1 = -(power(2,bits)-1):1:(power(2,bits)-1)
kl = 2*index_1*step
for index 2 = -(power(2,bits)-1): 1: (power(2,bits)-1)
k2 = 2*index_2*step
f (k1*k2 < 2)
f (k1*k2 > 0)
f (kl1*kl < 4-2*k1*k2)
1 kl1*k2;
- ki*k2 - ki1*k1l);
+ (sqgrt(b*b-4*c)))/ 2;
(sqrt(b*b 4*c)))/ 2;

i
i
i
C:
b =
pl
p2
if
if
i f
pl

ianan el I

e}

end

end

end

if (imag(p2) ~-=
if (real (p2) ~=
i f (abs(p2) < 1)
plot(p2,'.");
end

end

end

end

end

end

end

end

hol d;

Running this program using the statement pol e_pl ot _kb( 6) yieldsthe following plot.

0.5}

-05}F

1 _
-1 -0.5 0 0.5 1

Real part
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M9.3

=

[ | — unquantized
—— quantized

0 02 04 |¢6| dsv 1
W/t

z = cplxpair

M94 N=5; wn = 0.45; Rp = 0.5; Rs = 45
[B,A] = ellip(N, Rp, Rs, wn);
zpl ane(B, A ;
(r
S

s(B)); p = cplxpalr(roots(A))
di sp(' Fact or the nunerator');
const = B(1)/
k = 1;
whlle k <= length(z),
i f(img(z(k)) ~=0)
factor = [1 -2*real (z(k)) abs(z(k))"2]
k = k+2;
el se
factor = [1 -z(k)]
k = k+1;
end

r oot
for
A(l);

end
di sp(' Factors for the denoninator');
k = 1;
while k <= | ength(p),
if(imag(p(k)) ~=0)
factor = [1 -2*real (p(k)) abs(p(k))~"2]
k = k+2;
el se
factor = [1 -p(k)]
k = k+1;
end
end
sos = zp2sos(z, p, const)

The above program yields
Factors for the nunerator

factor =
1. 0000e+00 1. 0358e+00 1. 0000e+00

factor =
1. 0000e+00 3. 7748e-01 1. 0000e+00

factor =
1. 0000e+00 1. 0000e+00
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Factors for

t he denom nat or

factor =
1.0000e+00 -2.6433e-01 8.6522e-01
factor =
1.0000e+00 -5.8090e-01 5.0030e-01
factor =
1. 0000e+00 - 4. 4817e-01
U 1+1088877t+72 U 1403774871+22 B 147t
Hence H(2) —E — _2% - — - %
1-0.26433z1 +0.86522z 2 HH1 - 0.5809z 1 + 0.5003z2 FH1 - 0.44817

Note that the ordering has no effect if L

SO0S =

2.7591e-01
3. 0285e-01
5. 0030e-01
6. 7335e-01
8. 6522e-01

M95 [B, A

p = roots(A);
lenp = I ength(p);

[Y, 1] =sort(ang|e(p))
for k = 1 Ienp
( ==
pl((k+l)/2) = p(1(k));
el se
p2(k/2) = p(l(k));

end
end
bl = poly(pl); b2 = poly(p2)
al = fliplr(bl); 2-f||p (b2)
B1 = 0. 5*(conv(b2 al)-conv(bl, a2))
Al = conv(bl, b
[HW = freqz(BA512); [HL, W
pl ot (Wpi,abs(H),'-',Wpi,abs(Hl),"--
x| abel (' \onmega/\pi');yl abel (' Magni tude');

-4.4817e-01 0
1. 0000e+00 -5.8090e-01

—scaling is used.
1 1
o, 1
05 "2
of —¢° 3
-0.5
2 "2
1 ° ot
-1 05 0 05
Real part
2.7591e-01 0 1. 0000e+00
3.1370e-01 3. 0285e-01
2.5418e-01 6. 7335e-01

= ellip(5,0.5,45,0.45);
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1. 0000e+00 -2.6433e-01

= freqz(Bl,A1,512);
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M9.6

MO.7

pause

al = 1.01*al; a2 = 1.01*az;

bl = [bl(1l) 1.01*bl(2:length(bl))];
b2 = [b2(1) 1.01*b2(2:1ength(b2))];
A3 = conv(bl, b2);

B3 = 0.5*conv(al, b2)+0. 5*conv(az2, bl);
B4 = 1.01*B;

Ad = [A(1l) 1.01*A(2:1ength(B))];

[H2, W = freqz(B3, A3,512); [H3,W = freqz(B4, A4,6512);
pl ot (Wpi,abs(H2), -",Wpi,abs(H3),"--");axis([0 1 0 1.2]);
x| abel (' \onmega/\pi');yl abel (' Magni t ude');

1

08}
0.6 I
}
04| |
- N
o2t /N /)
0// \\/j I . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
w/T w/T
nunl = input (' The first factor of numerator = "');
nun? = input (' The second factor of nunerator =');
denl = input(' The first factor of denom nator =");
den2 = input (' The second factor of denom nator =');

% The numerat or and denomni nator of the scaling

% functions f1 and f2 are

finum = 1; flden = [denl]; f2num = nuni;

f2den = conv(denl, den2); f3num = conv(nunil, nun);
f 3den = conv(denl, den2);

x = [1 zeros([1,511])];

% Sufficient length for inpulse response

%to have decayed to nearly zero

fi =filter(flnumflden,x); f2 = filter(f2num f2den, x);
f3 = filter(f3num f3den, x);

kl = sqgrt(sum(fl.*f1)); k2 = sqgrt(sum(f2.*f2));

k3 = sgrt(sum(f3.*f3));

di sp(' The first scaling factor =); disp(kl);

di sp(' The second scaling factor ="); disp(k2);

di sp(' The third scaling factor =); disp(k3);

% The noi se transfer functions

glnum = conv(numil, nunR)/ (k2*k3);

glden = conv(denl, den2)/Kk3;

g2num = nung; g2den = den2;

gl = filter(glnum glden,x); g2 = filter(g2num g2den, X);
var = sun(fl.*f1)*3+sun(g2. *g2)*5+3;

di sp(' The nornalized noi se variance'); disp(var);

% numl and nun? can be interchanged to cone up with the
% second realization

The parallel form | structure and the parallel form |1 structure used for simulation are shown
below:
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16528k,

0.2759k,

2
k2 —229k3 k6 _‘|>_@—l

—0.777, £ 1-5.162k3 kg

0.7867k,4
Paralel Form | Paralel Form Il
numl = input (' The first factor in the numerator ='),
nun2 = input (' The second factor in the nunerator ),
denl = input(' The first factor in the denoninator =);
den2 = input (' The second factor in the denom nat or :');

num = conv(numnil, nung) ;
den = conv(denl, den2);
[r1, pl, k1ll] = residuez(num den);
[r2,p2,k21] = residue(num den);

% Si nul ati on of structure for Eq. 9.244
= [r1(1) ri(2)];P [p1(1) pl(2)];

R2 =[r1(3) Ir1(4)]:P = [p1(3) pi(4)];
=[r2(1) r2(2)];P =[ pP2(1) p2(2)];
= [r2(3) r2(4)];pPa = [p2(3) p2(4)];

[ numll, denll]
[ nunL2, denl2]

residuez(Rl P1, 0);
residuez(RQ,PZ,O);

[ nunkl, den21] resi due(R3, P3, 0);

[ nun2, den22] resi due( R4, P4, 0) ;

di sp(' The nunerators for Parallel Forml"');

di sp(k1l); disp(nunmll); disp(nunml2);

di sp(' The denomi nators for Parallel Forml"');
di sp(denll); disp(denl2);

di sp(' The nunerators for Parallel Formll');
di sp(k21); disp(nunkl); disp(nunk2);

di sp(' The denomi nators for Parallel Formll');
di sp(den2l); disp(den22);

inmp = [1 zeros([1,2000])];

y0 = fi Iter([l 0 0],denll,inp); vyl
y2 = filter([1 O O],denl2,inp); y3
gamma0 = sun(yO. *conj(yO)) gannal sum(yl. *conj (yl));
gamma2 = sun(y2.*conj(y2)); gammma3 sum(y3. *conj (y3));
kO = sgrt(1/gamma0); k1l = sqgrt(gamm0/ gammal);

k2 = sqrt(1/gamm2); k3 = sqrt(ganma2/ ganma3);

y = fllter(nunlden |np)

gamma = sun(y.*conj (y));

filter(nunll, denll, i np);
filter(nunml2, denl2,i np);
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k4 = sqrt(1/gamm); k5 = k4/(kO0*kl); k6 = k4/(k2*k3);
disp('For parallel forml"');

di sp(' The scaling constants are'); disp(kO0);disp(kl);
dlsp(k2) di sp(k3); di sp(k4); di sp(k5); dlsp(k6)

di sp(’ The product roundoff noise variance');

noi se = 3*(k5/kO)A2+3*(k6/k2)A2+2*k5A2+2*k6A2+3;

di sp(noi se);

BOOBRRR8NEor Parallel From || 9888880088888008,

y0 = filter([O O 1], den2l1,inp);

yl =filter(fliplr(nunkl), den2l,inp);

y2 = filter([0 O 1], den22,i nmp);

y3 = filter(fliplr(nunk2), den22,inmp);

gamma0 = sun(yO0. *conj (y0)); gammal = sum(yl.*conj(yl));
gamma2 = sun(y2.*conj (y2)); gamma3 = sum(y3.*conj (y3));
kO = sqrt(1/gamm0); k1 = sqrt(gamm0/gammal);

k2 = sqgrt(1/gamm2); k3 = sqgrt(gamm2/ gamm3) ;

y = filter(numden,inp);

gamma = sum(y. *conj (y));

k4 = sqrt(1/gamm); k5 = k4/(kO0*kl); k6 = k4/(k2*k3);

di sp(' For parallel formll"');

di sp(' The scaling constants are'); disp(kO0);disp(kl);disp(k2);
di sp(k3); disp(kd);disp(kb);disp(k6);

di sp(' The product roundoff noise variance');

noi se = 3*(k5/ k0)"2+3*(k6/ k2) "2+2*Kk572+2*k672+3; di sp(noi se);

M9.8 The scaled Gray-Markel cascaded lattice structure used for simulation is shown below:

% Use Program 6_3. mpg. 384 to generate the lattice

% paraneters and feedforward nmultipliers

d = [0.19149189348920 0. 75953417365130 0. 44348979846264
0. 27506340000000] ;

al pha = [1. 00000000000000 -3.50277000000000

4. 61511974525466 -1.70693992124303 -0.90009664306164] ;

inmp = [1 zeros([1,499])];

qol d1 = O;
for k = 1:500
wl = inmp(k)-d(1)*qgol di;
y1l(k) = wi;
gnewl = wi;
gol d1 = gnewl;
end

kl = sqrt(1/(sumyl.*conj(yl))));
imp = [1 zeros([1,499])];
qol d1 0; gol d2 = 0;
for k 1: 500
w2 = inmp(k)-d(2)*qgol d2*1/ k1;
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wl = kl1*w2-d(1)*qgol di;

y1(k) = wi;y2(k)=wz;

gnewl = wi,

gnew2 = wl*d(1) +qgol di;

gol d1 = gnewl; qol d2 = gnewZ;

end

k2 = sqrt(1/ (sumy2. *conj(y2))))
qgqol d1 = 0; gold2 = 0; qol d3

for k = 1:500

w3 = inp(k)-d(B)*qudB*l/kZ;

w2 = k2*w3-d(2)*qol d2*1/ k1l

wl = kl1*w2-d(1)*qgol di;

y3(k) = w3;

gnewl = wi;

gnew2 = mﬂ*d(l)+qudL

gnew3d = w2*d(2) +qol d2*1/ k1

gol d1 = gnewl; qol d2 = gnewZ2; qol d3 = gnews;

end
k3 = sqrt(1/sumy3.*conj(y3)));
qoldl = 0;qold2 = 0;qold3 = 0;qold4 = O;
for k : 500
i np(k)-d(4)*qol d4/ k3;
k3*wW4- d( 3) *qol d3/ k2;
k2*w3- d(2) *qol d2/ k1
k1*w2-d(1l)*qol d1

M.

nmmnunneE

wl;

wl*d( 1) +qol d1;

gnew3d = w2*d(2) +qol d2* 1/ k1;
gnew4 = w3*d( 3) +qol d3*1/ k2;

o)

>

:
I n

gol d1 = gnewl; qol d2 = gnew2; qol d3 = gnew3; qol d4 =

end

k4 = sqrt(l/sun(y4 *conj (y4)));

const = 0.135127668

%)Cbtalned by scaling the o/p of the actual TF
di sp(' The scaling paraneters are');

di sp(kl); di sp(k2);disp(k3); disp(k4);

al pha(5) = al pha(5)/(kl1*k2*k3*k4);
al pha(4) = al pha(4)/(k1*k2*k3*k4);
al pha(3) = al pha(3)/(k2*k3*k4) ;

al pha(2) = alpha(2)/(k3*k4)

al pha(1) = al pha(1)/Kk4;

al pha = const *al pha;
%8886 Conput ati on of noi se vari ance %888686

gnew4,

% Noi se vari ance due to k4 and d4 = 1/k472= 1.08185285036642

% To conpute noi se variance due to k3,d3" = 1.33858225

inmp = [1 zeros([1,499])];

for k = 1:500

-d(4)*qol d4/ k3;
k3*w4- d( 3) *qol d3/ k2;
k2*w3- d(2) *qol d2/ k1;
wil k1*w2-d(1)*qol di;
gnewl = wi;

gnew2 wl*d( 1) +qol d1;
gnew3 w2*d( 2) +qol d2* 1/ k1;
gqnew4 w3*d( 3) +qol d3* 1/ k2;
yll = w4*d(4) +qgol d4/ k3;

w4
w3
w2
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yo(k) =
al pha(4) *gnew2+al pha(5) *gnewl;
gol d1 = gnewl; qol d2 = gnewZ2; qol d3

al pha(1) *yi1i+al pha(2) *gnewd+al pha(3) *gnew3 +

= gnew3; qol d4 = gnew4;

end
nv = sum(y0. *conj (y0));
% for k2,-d2'' nv = 3.131899935
% for k1,-d1'''" nv = 1.00880596097028
% for d1''' nv = 0.95806646140013
% for d2'' nv = 2.61615077290574
% for d3' nv = 0.41493478856386
% for d4 nv = 0.01975407768839
% for 1/kl nv = 0.75359663926391
% for 1/ k2 nv = 0.58314964498424
% for 1/k3 nv = 0.09095345118133
% Total nv = 23.55888782866100
M9.9
a=05
0.12 T 0.7
0.19 | 06}
0.5(-)
0.08 }
0.4}
I0.06 ] I
03}
0.04 } 0.2
0.02 01

A =4

0

(53]

10 15 20 0
Time index n

(LTI 1L T55gnnssgossssecc

15 20
Time index n

a=05 a=05
12 . , . 05 .
¢
10 04
s} Q
03
6k
0.2
4l
2 T 0.1 T
L 000 c0enococossns : fee000000000¢
0 5 15 3 0 5 10 15 20

In all three cases, the condition of Eq. (9.186) is satisfied and hence, the structure exhibits zero-

input granular limit cycles.

M9.10
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Chapter 10 (2€)

10.1 For an input x,[n] and X,[n], the outputs of the factor-of-L up-sampler are, respectively, given
by

_Bq[n/L], n=0,xL,+2L,K
Xyl _ﬁx 0, otherwise, and

Ux,[n/L], n=0%L,+2 K
— 2 ] ] ’ 1
Xln=H = otherwise.

Let x5[n] = X3[Nn—ng], where ngisaninteger. Then x,[n/L]=x;[(n/L)—n]. Hence,

U%[(n/L)=n_], n=0+%L,x2L,K
—_ 1 L] ] L] ’
X [Nl =} 0 otherwise

_ X [(n=n_)/L], n-n_=0xL 2L K _
But x 4[n—n,] = ﬁxl 0,0 Ootherwise, Since x p[n] # x4 [N—n ], the up-

sampler is atime-varying system.

10.2 Consider first the up-sampler. Let x;[n] and x,[n] be the inputs with corresponding outputs

. _Dx[n/L], n=0,+L,+2LK
given by y1[n] and yo[n]. Now, y,[n] = ﬁxl 0 otherwise, and
Ux,[n/L], n=0,xL,+x2L,K .
yolnl =4 2[01 ] otherwise. Let us now apply the input Xg[n] = ax,[n] +Bx,[n],

with the corresponding output given by y3[n], where

ya[r] = oaln/ L+ Broln/L], - n=0£L,£2LK
RN 0, otherwise,
_Foxg[n/L] [Bx,[n/L] n=0%L,+2L,K _ _
- H ! 0 + @3 2 0 otherwise, = ay,[n] +By,[n]. Thus, the up-samplerisa

linear system.

Now, consider the down-sampler. Let x4[n] and x,[n] be the inputs with corresponding
outputs given by y;[n] and y,[n]. Now, y,[n] =x,[Mn], and y,[n] =x,[Mn]. Let usnow apply
the input x,[n] = ax4[n] +Bx,[n], with the corresponding output given by y3[n], where

Y3ln] = xg[Mn] = ax,[Mn] +Bx,[Mn]. Thus, the down-sampler is alinear system.

10.3
(]
*[n] J12 il o [ u
t ! 1
o1 o1
[n]
[ 2w M@_.F[n]
- 1o u2y, 1 12 NI NIE e 12
From the figure, V(z)=§X(z )+§X(—z ) W(z)=TX(z )—TX(—Z ),

1 1
V@ =5 X@ +3X(2), W, @)= % X (2) —27 X(~2). Hence,

Y(2)= z_lvu(z) +W,(2) = z_1X(z), or in other words, y[n] = x[n—1].
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M-1 01 —wnMi 0, 410
10.4 c[n] =$ W,\‘jln =%U Mn . Hence, if n#rM, c[n] =$U 1 1n U=0. Ontheother
K=0 H 1_W|\/| H Hl_WM H

M-1 M-1 M-1
. 1 kn_ 1 kem _ 1
hand, if n=rM, thenc[n]== Y W,; == ) W, == ) 1=1. Thus
H ’ M M M M M h
kZo kZO k:Zo

_1L ifn=rM,
C[”]‘{o, otherwise.

10.5

vz[l'l]L TL _I:-’E[ﬂ]

x[n]

— TL

M-1
For the left-hand side figure, we have Vy(2) = X(2"), Y4(2) = % Z X(z- ML)
k=0

Vl[n! lM _}7:[11] i

x[n]

—th

M-1 M-1
For the right-hand side figure,we have V., (2) =% Z X(Z™MWX), Y, (2) =% Z X(Z-™Mwf).
k=0 k=0

Since L and M arerelatively prime, Wl\ijl and W,\ijll‘ take the same set of valuesfork =0, 1, . ..,
M-1. Hence, Y 1(2) = Yo(2).

10.6

x[n] ¥y[n] Al g

valn] ¥zln]
— | M |HD [+ = HEM '

nl M

_..
e Mo
For the left-hand side figure, we have V,(z) = — z XMW, Y4(2) = = Z HRX MWK,
k=0 k=0

M-1
For the right-hand side figure,we have V,, (2) =H(Z")X(2), Y, (2) = % Z HEWM)X(ZMw)
k=0

M-1
== kZOH(z)X(zll MWK). Hence, Y1(2) = Y(2).

wy[n] ¥y[n] vo[n] ¥aln]
R O it PR B o Ty N SR

For the left-hand side figure, we have V,(2) = X(2"), Y4(2) = HZ")X(z"). For the right-hand
side figurewe have V,,(2) =H(2)X(2), Y, (2) =H(Z" )X(@"). Hence, Y1(2) = Y(2).

10.7
xinl —{15 ({10 T 2 =y =

Xl[n] , T

—+ y[n

xinf—T H—ilstl T2 v = xinl—]
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Ox4[n/ 2], forn=2r,_Dx[n], for n=2r,

Hence, x1[n] =x[2n] and y[n] =% 0, otherwise ~ 5 0, otherwise Therefore,

ox[n], for n=2r,

y[n]:E 0, otherwise
10.8
|—' Ho (@) — yoln]
wln u[n
X —i] 3 M0 5 |und [Hl@ Loy n
H2(2) —+ y2ln]
a
e Py e
1
1 E
3
w o T ET m 2n
u] . . 2n 3 3 )
FTC e Tye™)

wal

ool
=

=
£

10.9 Asoutlined in Section 6.3, the transpose of adigital filter structure is obtained by reversing all
paths, replacing the pick-off node with an adder and vice-versa, and interchanging the input
and the output nodes. Moreover, in a multirate structure, the transpose of afactor-of-M down-
sampler is afactor-of-M up-sampler and vice-versa. Applying these operations to the factor-
of-M decimator shown on the left-hand side, we arrive at afactor-of-M interpolator as indicated
on the right-hand side in the figure below.

Hiz) —» ¥lo

-

x[n] —# Hiz) WM = rin xin — T

10.10 Applying the transpose operation to the M-channel analysis filter bank shown below on the
left-hand side, we arrive at the M-channel synthesis filter bank shown below on the right-hand

side.
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x[n] ' —{ | M= valn] ™ j— v oln]

y[nl

—{ | M = vin] TM f— vy[n]

NHm-1(2{] M= V-1l TMb— Vu-1ln]

viin] —{T

L
vonl —{T | jy[n}
|

vpalnl —1

10.11 Specifications for H(z) are asfollows:
Fp =180 Hz, Fs =200 Hz, §,=0.002, 5= 0.001.

—H H(2) >l3o —*
12 kHz 12 kHz 400 Hz
We realize H(z) as H(z) = &(z°)F(2).
— F(2) ¥ G(z%) "6 Hls
12 kHz 12 kHz 12 kHz 2kHz 400 Hz

Therefore, specifications for G(z) are asfollows:
120

Fp = 1080 Hz, Fg= 1200 Hz, 6p =0.001, &= 0.001. Here, Af = ——. Hence, from
12000
—20l0g, , /0.001x 0.001 —13
Eq. (7.15), order of G(2) is given by N = Sl - 47x12000 _ 051 gp
14.6(120/12000) 14.6 X120

Likewise, specificationsfor F(z) are: Fp= 180 Hz, Fg = 1800 Hz, 6p = 0.001, &5 = 0.001.
_ 1620

Here, Af = 12000° Hence, order of F(z) is given by

_ —20log,, J106_-13 _ 47x12000

F " 14.6(1620/12000)  14.6x1620
2000

=23.846. Thus, we choose N c= 322 and N F= 24

RM G~ (822 +1) x
12000

=129,200 muliplications/second (mps), and

Rmv,F = (24+1) x

= 50,000 mps
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Hence, total no. of mps = 179,200. Hence the computational complexity of this particular IFIR
implementation is slightly higher here than that in Example 10.8.

—H F(2) » l M G(2) » l —
12 kHz 12 kHz 2 kHz 2 kHz 400 Hz
10.12 We redlize H(2) as H(2) = G(z°)F(2).
—H F(2) N G(2°) "5 "6 —
12 kHz 12 kHz 12 kHz 2.4 kHz 400 Hz

Specifications for G(z) are: Fp =900 Hz, Fg = 1000 Hz, 6p =0.001, 6= 0.001. Here,

Af = % Hence, from Eq. (7.15), order of G(z) is given by
—20lo0g,, +/0.001 x 0.001 —13
G= 910 = 4712000 =386.3. Likewise, specifications for F(z)
14.6(100/12000) 14.6 x100
are: FIO =180 Hz, Fg = 2200 Hz, 6p =0.001, &5 = 0.001. Here, Af = @. Hence, order of
12000

—20log,, J10-6_13 _ 47x12000
14.6(2020/12000)  14.6x 2020

F(z) isgivenby N = =19.124. Thus, we choose N ; = 387

and N =20.
— b l b b l —*
12 kHz 12 kHz 2.4 kHz 2.4 kHz 400 Hz
2400

RM G~ (387 +1) x
12000

=155,200 muliplications/second (mps), and

Rm F = (20+1)x =50, 400 mps

Hence, total no. of mps = 205,600. Hence the computational complexity of this particular IFIR
implementation is dightly higher here than that in Example 10.8 and in Problem 10.11.

10.13

—H H(2) nl20 —

60 kHz 60 kHz 3kHz

Specifications for H(z) are: Fp =1250 kHz, F,=1500 kHz, 6p =002 and o, = 0.01. Hence,
from Eq. (7.15), order N of H(z) isgiven by
_ —20log;, 0.02x0.01-13 _ 23,989 60000
~ 14.6(250/ 60000) ~ 146x250

=394.34. Wethus choose N = 395.

Computational complexity istherefore = 396 x

60,000 _ 1,188,000.
20
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10.14 Origina decimation filter H(z) specifications: Fp =1250 Hz, Fs=1500, dp = 0.02, &5 = 0.01.

The 4 possible IFIR implementations of H(z) are asfollows: (A) H(z) = G(z5)F(z),
(B) H(2) = G(zHF(2), (C) H(2) = &(z)F(z),and (D) H(2) = G(z'°)F(2).

Case A: Specficationsfor G(z): Fp =1250% 5=6250 Hz, Fs=1500 x5= 7500 Hz,

1250
Op =001 05 =0.01. Here Af = . Hence, using Eq. (10.26), we obtain the order of G(z)

60,000
_ —20logyo/001x 0.01 -13 _ —

© 14.6(1250/60000)

. 60000 — 5x 1500
Specfications for F(2): Fp=1250 Hz, Fs= =10,500 Hz,

5
9250

60,000

_ —20log; 0.01x0.01 - 13
~ 14.6(9250 / 60000)

as Ng

Op =001, ds = 0.01. Here Af =

Hence, using Eqg. (10.26), we obtain the order of F(2)

as Ng =11.996. Wethuschoose Ng =89 and Ng =12.

12000 60000
Hence, Ry g = (89 +1) x = 270,000 mpsand Ry g = (12+1) x
Hence, total computational complexity = 426,000 mps.

=156,000 mps.

CaseB: Specficationsfor G(z): Fp =1250x 4 =5000 Hz, Fs=1500 x 4=9000 Hz,

1000
Op =001, ds = 0.01. Here Af = . Hence, using Eqg. (10.26), we obtain the order of G(2)

60,000
-201 J001x0.01-13
Ng = — 210 =110.96
14.6(1000 / 60000)
N 60000 — 5% 1500
Specfications for F(z): Fp =1250 Hz, Fs= = =10,500 Hz,
12250 . .
Op =001 65 =0.01. Here Af = 50.000" Hence, using Eg. (10.26), we obtain the order of F(z)
—20l0g;q +/0.01x0.01 - 13
Np = —— 2910 ~0.0579. Wethuschoose Ng =111 and Ng = 10.

14.6(12250 / 60000)

15000 60000
Hence, Ry g = (111+1) x = 336,000 mpsand Ry g = (10+1) x
Hence, total computational complexity = 501,000 mps.

=165,000 mps.

Case C: Specficationsfor G(z): Fp =1250x 2= 2500 Hz, Fs=1500 x2=3000 Hz,
Op =001, 05 = 0.01. Here Af =

. Hence, using Eg. (10.26), we obtain the order of G(2)
60,000

_ —20lo0g;o +/0.01x 0.01 -13

=22192.
14.6(500 / 60000)

NG
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_— 60000 — 2 x1500
Specfications for F(2): Fp =1250 Hz, Fs= = 28,500 Hz,

2
12250
50.000" Hence, using Eqg. (10.26), we obtain the order of F(2)

_ —20l0g +/0.01x0.01- 13

F T 14.6(27250 / 60000)
30000 60000
Hence, Ry g = (222 +1) x =669,000 mpsand Ry g = (5+1) x

Hence, total computational complexity = 849,000 mps.

Op =001, 05 = 0.01. Here Af =

=4.0179. Wethuschoose Ng =222 and Ng =5.

=180,000 mps.

Case D: Specficationsfor G(z): Fp =1250% 10 =12500 Hz, Fs=1500 %10 =15000 Hz,

2
Op =001, ds = 0.01. Here Af = . Hence, using Eqg. (10.26), we obtain the order of G(2)

60,000
-201 J001x0.01-13
Ng = — 2810 =44.384.
14.6(2500 / 60000)
— 60000 — 10 x 1500
Specfications for F(z): Fp =1250 Hz, Fs= =4,500 Hz,
10
3250
Op =001 65 =0.01. Here Af = 50.000" Hence, using Eg. (10.26), we obtain the order of F(z)
—20l0g;q +/0.01x0.01 - 13
NE = 910 =34.141. Wethus choose Ng =45 and N = 35.
14.6(3250 / 60000)

00 60000
=138,000 mpsand Ry F = (35+1) x
Hence, total computational complexity = 354,000 mps.

Hence, Ry g = (45+1) x =216,000 mps.

Thus, Case D has the lowest computational complexity.

10.15 (a) Specificationsfor H(z) are: Fp =200 Hz, F, =300 Hz, 6p =0.002 and o = 0.004.

—+T15 M H(Z) —
600 Hz 9 kHz 9 kHz
Here, Af = % Hence, from Eq. (10.26), order N of H(z) is given by
—20log,, J0.002x0.004-13  37.969 x 9000
= =— =234.06. We choose N = 235. Hence,
14.6(100 / 9000) 14.6x 100
computational complexity = (235+1) x 9220 =141,600 mps.
(b) Weredize H(z) = G(z°)F(2).
—rTs H G(2) =T5 H F(z) —*+
600 Hz 1.8 kHz 1.8 kHz 9kHz 9kHz

421



Specifications for G(z) are: Fp = 200 Hz, FS = 300 Hz, 6p =0.002 and 63 = 0.004. Here,

Af = % Hence, from Eq. (7.15), order N of H(Z) is given by
1016 (@) H,(= PP Wl =H P~ Pz~
16 () H(2= 1+dlz_1 H,(z ) (=2)= 1-d Z_l . us,

Eo(Z%) =%[H1(z)+H1(—z)]: 1Po Pz~ Po—PiZ T Po Py

, and
2H1+d, 7T ' 1- dz1H 1-d?z72

HpO P2 - P~ plz_ _ (T podl)z_l

-1 - 0 .
27lE (2 )_2[H (2)-Hy( z)] 2itrarT 14zt L@ Hence, atwo
band polyphase decomposition of Hl(z) isgiven by

2D
IOo P10;2 -1 IO1 |Do°I
H, (2= % 2,2 H+Z Hl d2 _ZE
2+31z71+15772 1 2-31z71+15z72
(b) Hy(2)= Hao(aW5) = Ha () = 7= T 08,2 THUS

1+0.9z1+0872"

Dz+31z‘1+15z‘2 L2 31z 1+157720
D1+092‘1+082‘2 1-0.9271+ 082725

Eo(z )-—[Hz(z)+H2( 2]=2 5

_ 4+062z7%+2.427%
1+0.7922+0.64z7%

D2+312_1+152_2 2- 312_1+1522%
2@1+092—1+082-2 1-0.9z1+0.82727

2Bz )——[H @ -Hy(-2)]=>
_ 2.6271+226273
1+0.7922+0.64z74"

)= S4+062z2+2477%
2 %1+o.792 +064z—4H

Hence, a two-band polyphase decomposition of H,(2) is given by

J 26+22672
H1+0.7972+0.64z7% %

(© H;@-= 2431z +1522+4z° 24317 1+1572+477°
3 (1-0.5z271)(1+0.9271+087z2) 1+04z1+0.35272-04z73"
2-3171+1572-4273
1-0.4z71+035z22 +04z23"

Hi(-2) =

@ )__[H (2)+Hy (2] = 10243171 +1572+47°  2-317"'4157°-47° ©
Eo 3 3 2@1+o4z-1+035z—2 0423 1- 04z1+035272+0.4235
_ 4+19272+03327%+3.27°°

1+05472+ 04425274 -0.16275"
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1D 2+31z 1 +15z2 +477° 2-3171+1572%-4778 E
2@1+o4z-1+o35z-2 04z 1-0471+03522+0.4731

z‘lEl(zZ) = Z[H,(2) - Hy(-2)|=
~ 4.6z‘1 +10577 3+ 427
1+05472+ 04425274 -0.16275"

. U 4+19272+0337%+322°% 0 0 46+10577% 44274 [
givenby H,(2) = — ;) _6%+z — 7 _6%
El +054772 +0.4425z27% -0.16 7 H1+0.54z72+0.442574 - 0.16z

Hence, a two-band polyphase decomposition of H;(2) is

— 2
_PotPZT ke (3
10.17 (a) H,(2)= Trd _kZOz E(2°). Thus,
0 0 0O 00 3 0 i 3y 0
0 M@ g 1100 Elo(z) o3 10 1m5 EO(Z)
ml(wgz)g=5r1 wst wytl Nea )E=Hl S i Ei(z)%or
H (W22 B W2 w;‘a@z 2E,PE B W2 Wiz %,
0 3y 0 0O 0o 0 O 0
D_Elo(z)su 1 1. 1.0 8 H@ 7 a 1 12DD H,@) g
@) I=1 Wyt WPl %Hl(W]Z)H—EETl W3 WSD%Hl(W]z)D Theefore,
72, 1 W2 W WD 3 W2 WAGH,W2aE

1
Ey(2d) = :—3[H1(2) +H (WD) +H,(z W )]

10y +p,z P pel?m/371 Pot pei3 10 g +p a2z
S 3g1+dzt  1+d @237 14 d et 14d3773

_ 1
27'E(%) = —[Hl(z) + WIH, 2 W3) +W3 Hy(zWJ)]

j2m/3,-1 j4 /3 -10 -
_1Po P onyaPo t P aya po te @O gy~ podh
3E1+dz 1+d,el2n3z71 1+delm3z71 1+d¥%3"
27, @ ):—[H {2+ W2 H (2 WD)+ W H, (z W2 )]
j2r/3,-1 jam/ 3,-10 _ 2
1P tPZ +ej4n/3po+plf_e’ 27 geraPo P, pid +pydi
- 3g1+dz” 1+del2m/3z71 1+delm3z71 1+d3z73
2 2
_Pp+pdizt 1~ Pty _ ~Pyd; +pgdi
Hence, E(2) = 1+d132‘1 , E1(@) = 1 d3 —, and E,(2) = 1+dfz‘l :
2+31z71+15772
b) H,(2)= .
(b) Ha(2) 1+o.9z-1+0.8z—2
M@ 01 1 B@)  DEE) gy 1 g M@ g
H,(Wiz0=0 wyt w20z e (z)D or 0z El(z)D-—El Wi W2O0H (W]z)El
2030 0 3, 00, Va0 0o, 30 3 3002 30
H,(Wi2H B W32 Wyla °E,(2)F & E,()F 4 WZ WiAH,(W32)g
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1

Thus, Eq(2) = 3H2(@) +H,(@ W3) +H, z WZ2)

_1p2+3171 415772 2431291415652 24316 %1 4156252
T 3HL+09z1+08z2 1+09e2V3z 140864322 " 1+096el4V31 + 0.8e2V3 772

_ 6-827772+2.8827°
1-1.431z3 +0512z°% "

_ 1
27 () = é[Hz(z) FWLH, @ WD) + w2 H2(zW§)]

_ g[2+3.1z—1+1.5z—2 4 oj2n/3 2+316273771 11 5el 413,72

"~ 3'1+09z1+08z72 1+0.9el2™/3;-1 1 0 gel4T/3 -2

4 gJ4mI32 +3.1e4V3% 1 4156232 -1 39- 2811273
1+09el4V37-1 4+ 0.8el21V/3 72 1-1431z3+05127°5"

-2 1 2 1 1 2
27E,(2%) = 5[ Hy(@) + W Hy(zW3) + W3 Ha(z W)
_12+3171+15772 4 o432 +3.1el2V3;71 41 5gl4TU3,72
3'1+09z1+0827% 1+09el2/ 3771 4 0, 8el4T/3 72
o3 2+31el4W3, 415612320 38142712773
+ ¢ - - =z )
1+09el432-14 0.8el2V3 72 1-1.43173+051272°°
6-8.2772 1 +2.88272 _ 39-28117"
1 = 51@)= =) g
1-1.431z++05122 1-1.431z++ 05127
-3.81+2.712z7%
1-1.43171+0512272"

Hence,

and

Ey(2)=

E,(2)=

10.18 A computationally efficient realization of the factor-of-4 decimator

—{  Hyz) _'l“’r -

is obtained by applying a 4-branch polyphase decomposition to H(2):
H(z) = Ey@") + 27 E (2% + 27 %E,(2%) + 2 3E4(2Y).
and then moving the down-sampler through the polyphase filters resulting in

wq[n]
{4 P B 0@ yin
Z—l
e obe
Z—l
. wn]
b =l4 ¥ E2(Z) —"I:::l:jl
Z—l
L |4 Waln) E,(2)
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Further reduction in computational complexity is achieved by sharing comon multipliersif
H(z) isalinear-phase FIR filter. For example, for alength-16 Type | FIR transfer function

H(z) = WO+ hY Z 1 +h2] 272 + N3]z + W4 Z* + h5]2 2 +h6] 2 ° + h7]z ™ +h7Z®
+h6z 2+ he 2z 0+ Az +hE R ez B + 1z + o 2,
for which Ey(2) = h[0] + W4 Z " +W7]Z 2+ h3Z°, E @)= h1+h[5Z " +h6]Z>+h2]z~,
E,(2)=h2] +h[6]z " +h[5] 272 +h[1 2>, and E,@)=h3+h71z" +h4]z +h0]z".

From the above figure it follows that Y (z) = E;(2) W;(2) + E{(2) W, (2) + E, (2) W5(2) + E5(2) W, (2)
= hO] (Wl(z) 4 z‘3w4(z)) +h{4] (z‘lvvl(z) 4 z‘2w4(z))

722 Wy(2)+ 2 W, @)+ N3l (27 Wy @)+ W, @)
+ 1] (W2 )+ z‘3vv3(z)) +h[5] (z‘lw2 @)+ z_2W3(z))

+h6] (z‘zw2 @+ z‘1w3(z)) +h[2] (z‘3w2 )+ wg(z)) .

A computationally efficient factor-of-4 decimator structure based on the above equation is then
as shown below:

IO

<hia)

wy[n]

X[n] ] 4 ¥
z ] %—}
e
Z—l
"] 4 W[l ¥
z7] (%l_}’
el

10.19 A computationally efficient realization of the factor-of-3 interpolator is obtained by applying

a 3-branch Type Il polyphase decomposition to the interpolation filter H(2):
H(2) = Ry(Z®) +27R(2%) +2?Ry(ZD),
and then moving the up-sampler through the polyphase filters resulting in
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w[n]

x[n] 1Ry (2) 13 —

R 20t b
13t

wgln]

—+ R,(2)

From the above figure it follows that

Wi3(2) = h0] X(2) + h[ 312X (2) + h[6]2 X (2) + h[5]z X (2) +h[ 2 2™*X(2),

W, (2) = hi2] X(2) +h5lz X (2) + 6]z X (2) +h[ 31z 73X (2) + h[0] 2 *X(2), and
W,(2) = 1] (X(z) +z‘4X(z)) +h4] (z‘1X(z) + z‘3X(z)) +h7z272X(2).

A computationally efficient factor-of-3 interpolator structure based on the above equationsis
then as shown below:

wiln]
Nzt z! z* z} 83— yIn]
ﬁﬂ i h[6] g h[3] h[Oig =
x[n] s
| =
! % W[N] -
. Z_l—G . Z—l Z—1 ? Z_l T T 3

N-1
10.20 H(z) = ZZ_I =A+z D+ @2 +23)+L + (2 (N2 4 27(N7D)y
i=0
(N/2)-1
=(1+z_1)(1+z_2+z_4+L+z_(N_2))=(1+z_1)G(22) where G(z) = ZZ_ZI' Using a
=0
ON/4)-1 O
similar technique we can show that G(z) =(1+ z_l)H ZZ_Z'H. Therefore we can write
U i=0 U
ON/4)-1 O (N/4)-1
H@) =@+z Ha+z 2] Zz_z'Hz(1+z_1)(1+z_2)F(z4) where F(z) = Zf'. Continuing
g 1=0 g i=0
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- _ _oK-1
this decomposition process further we arriveat H(z) =(1+z 1)(1 +z 2) L(1+z 2 ), where

N = 2K, Realization of afactor-of-16 decimator us ng a box-car decimation filter isas
indicated below:

x[n] —I—> 116

-1

-1

|—>116
10.21 Let u[n] denote the output of the factor-of-L interpolator. Then,
S (un] - un-1))?

E=0=—=_ (1)
Y u’n]
§ unjun-1j
and c=0== . 2
Y un]

Substituting Eq. (2) in Eq. (1) weget E =2(1- C). Hence, as C - 1, i.e., asthe signal u[n]
becomes highly correlated, E - 0.

00 Tt

1 , , .
Now, by Parseval'srelation, 5 u[n]v[n] = o | UE®)V * ('“)dw, where U(e!*) and
Tt

n=-oco

V(ej‘*’) arethe DTFTs of u[n] and v[n], respectively. If welet v[n] = u[n-1] in the numerator
of Eg. (1) and v[n] = u[n] in the denominator of Eg. (1), then we can write

1 T o T I
— [U(e™) e™ dw u(e'™)| cos(w)dw
o J Ve P do fluE?)

— - 0

- 1 T 0 - I o
| |ue™)| do J’|U(e'°’)| do
assuming u[n] to be areal séguence. If X[n] is assSmed to be a broadband signal with aflat
magnitude spectrum, i.e., |X(ej°’)| =1 for 0<|w|< 1, then the magnitude spectrum of u[n] is
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- _ i 0% for O<jo<m/L,
bandlimited to therange O<|w|< Tt/ L, i.e, |U(e‘ )|: i _ Therefore,
0o, otherwise
/L
J’ cos(w) dw
c=-2 sn(n/L) Hence, as L C-1
= = . Y — 00, — 1.
Wi (1t/ L)
J’ dw
0

10.22 Analysis of the structure of Figure P10.4 yields

W) = x (@M, R(e®) = H(E®)x (M),

. . . . . . ) M-1 . .
S(ejw) — e—JwLR(ejco) — e_JwLH(er)X(er/M), Y(ejw) zﬁ Z S(e—ka/M ejw/M)_
k=0

If the lowpass filter is assumed to be close to an ideal lowpass filter with a cutoff at w/ M, we
can assume that all images of X(e'*’) are suppressed leaving only the k = O termin the
expression for Y(e'®). Hence, we can write

: 1 : 1 . . .
Y (@) DMS(e"*’/M) afv H(el @My gml@h/M x (gl®0y,

Since H(z) isaType 1 FIR filter with exact linear phase and adelay of (N -1) / 2=KM
samples and a magnitude response equal to M in the passband, we have

Y (e)®) =7 I0K gmIwl /M (gl

Thus, the structure of Figure P10.4 is approximately an allpass filter with afixed delay of K
samples and a variable noninteger delay of L/M samples.

10.23 Anideal M-th band lowpass filter H(z) is characterized by afrequency response
i B - I

H(eJ‘”):Dl M SPSy
0, otherwise.

M-1
H(z) can be expressed in an M-branch polyphase form as: H(z) = Z z_ka(zM).
k=0
M-1 . 1 M-1 N
From above Z H(zWy,) =M HO(ZM). Therefore, H,(e/M) = = Z H(e @2 /M)y = ~. Or
r=0 r=0

in other words, Ho(z'vI ) isan allpass function.
Similarly for the remaining subfilters.

10.24 An equivalent redlization of the structure of Figure 10.34 obtained by realizing the filter H(z)
inaType | polyphase form is as shown below on the left. By moving the down-sampler
through the system and invoking the cascade equivalence #1 of Figure 10.14 we arrive at the
structure shown below on the right.
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. —TL 1 WL 4 EO(Z)
i Ed e =
Z" - (L) ylL [ E,@
—H V4
21:1 1 Z—l
L E
i e,dh t_’l — E2(@

1 | i |
1 -1

9 :

= E, ,(2") —|L |4 E, _,@

which reduces to the structure shown below on the left from which we arrive at the simplified
equivalent structure shown below on the right.

—TL L Ec@

— Eq(2)—

N-1
10.25 (@) H(z)= Zh[n]z_n.

2

2 .
Let Ho(zz)—% ;) h2i] + h[2i + 1)z %', and Hl(zz)zé i:zo(h[zi]—h[zi+1])z‘2'. Then
N, N,
HHo?) + -2, %) 22!1[2'1 ‘2‘+2Zh[2'+11 = HE
1+z zZ)+(@1-z z7) = i1z i+1z =H(2).
0 1 s

i=0

N

(b) H(2)=1+Z HHy(Z*)+(A-Z HH ()

= (Ho(zz) + Hl(zz)) n z‘l(H () -H 1(22)) = E,@2) +2'E,(z). Therefore,
Ey(2) =Hy(@) +H4(2), and E;(2) = Hy(2)-H,(2).

_ -1 10HK(@Y) - (%) +H,(z?)
© NowH@=[1 2”3 _1g§:|0(z " § 1@2&) @) )H

= (Ho(2) +Hy@))+ 2 (Ho(@)) ~Hy(2)) = @+ 2 D H () +a-2HHyD).

(d) 1fL =2,i.e. N =22 then we can express Ho(zz) =(1+ z_Z)HOO(zA') +(1—z_2)HOl(z4),and
H (%) = (1+ 2 %) Hyy(2%) + (1~ 2 *)H 4 (2"). Substituting these expressions in

H(z) = (1+2 YHy(2%)+ (1-2 H)H,(Z%) we get

HE@) = @+ 2@+ 2 2 Hgo(") + 0= 2 HMgy )]+ (1= 7+ 22 )Mye(@h) +(1-2 My %)
= (1+2 YA+ 2 D) Hyy(2 ) + @+ 27HA-ZP)H oy ()
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+1-z Ha+ z‘Z)Hlo(z“) +1-2 (A~ P)Hyy(2Y

" 0
1 1 1 1DDH00§Z ;D §:|0((Z4))D
-1 1 -2 -3 -1 1 _lDD 01 J_ ;2 3|lg 01 Z)g
S ]% _11 :i ~Hio )D [ ’ ] 4H"2(Z H
HHn(z )H Hy( )H
Continuing this processit is easy to establish that for N = 2L we have
$Ay@) g
H(z)=[1 71 L G 1)]R : Hl(MZ ) EL
H"L—l(z H
E}%o(z“)ﬁ DEo<z“)E
0- O
_ -1 -2 _-3], o )D -1 2 _-3]pF@ )D
10.26 Now H(2) [1 z z z ]R4H'|2(Z )D [1 z z z ]DEZ(Z )D'
g2 )H EE (" )E
Ho@): () E@D o o1 o1 10

@0 4 0E (Z)D 4 SE (Z)D 4 1 -1 -1 E(z)[r
é—lz(z)% HE;;(Z)H HE3(Z)H -1 -1 1 E3(Z)H

A length-16 Type 1 linear-phase FIR transfer function is of the form
H(z)=hy +hz +h,z 2 +hz 3 +h,z* +hz > +h 2 ® +h 2’

Therefore, H:'l() R‘1DE1(Z) _1p [ 1(2) 1% -1 1 - El(z)D

-8 -9 -10 -11 -12 -13 -14 -15
+h,z " +hgz " +hgz “"+hyz " +hgz ™ +hy,z 4+ hz T +hgz T
— -1 -2 -3 _ -1 -2 -3

Hence, Ey(2) =hy+hyz “+h,z " +hgsz ©, Ej(2)=h;+hgz “+hgz “+hyz 7,

E,(2)=h,+ h6z‘1 - h5z‘2 + hlz‘3, E4@) =hy+ h7z‘1 +h 4z‘2 +hyz ™.
-3 -3
Thus, Ho(z) Jot glz 1y glz 24 goz : 1(z) g, + g3z gsz - gzz
-3
2(2) gpt 952 04z - 95 , Hy@=gg+ 972 Ly 972 4 0gZ

1 1 1
g3=Z(h4—h5+h6—h7), 94=Z(ho+h1'h2‘h3)’ g5=Z(h4+h5—h6—h7),
1 1 "

H 3(2) are Type 1 linear-phase FIR transfer functions, where as, I:|1(z) and H ,(2) are Type 2

linear-phase FIR transfer functions. A computationally efficient realization of afactor-of-4
decimator using a four-band structural subband decomposition of the decimation filter H(z) is
developed below.
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—I—.l4 - = |:|O(Z) —HL'H:T-_}—P

Z 4x4

144 Hadamard_h ﬁl(z) —{+j|

matrix

=l4 —H —* |:|2(Z) —HE:—}

|—pl4—p —+ |:|3(Z) ||

Because of the symmetric or antisymmetric impul se response, each subband filter H i(2) canbe

realized using only 2 multipliers. Hence, the final realization uses only 8 multipliers. Note also
that by delay-sharing, the total number of delays in implementing the four subband filters can
be reduced to 3.

10.27 y[n] =P_,(a)x[n =2+ P_; () x[n =1] + Py(a) X[n] + R (a) X[n+ 1 + P,(a) x[n + 2] where

P_y(a) = (_2(25(1325?_;1_)5?(:221 ) = 2—14 (0(4 —2a3-a?+ 20(),
Pa)= (_ﬁ ;)2()_0(])(?__1{)&:123 2 ‘é (a%-a®-4a? +4a)
Py(a) = (30122))((%1 gg __11))((8__22)) = %(a“ -5a2 + 4),

A= (1(3 ;)aial;(i)?g)x(;—z ;) - _Els (0% +a® -4 -4a),

_ _(o+2)(a+Da(a-1) _ 1/ 4 3_ 2
PZ(O()_(2+2)(2+])(2—0)(2—1)_24(0( +2a%-a?-2a)

We consider the computation of y[n], y[n+1], y[n+2], y[n+3] using 5 input samples: x[n-2]
through x[n+2].

For ay= 0, P_Z(GO) =0, P—1(°‘o) =0, PO((XO) =1 Pl(ao) =0, and Pz(o‘o) =0.

For o, =5/4, P_,(a,)=-0.022, P_;(0a;) = 0.127, Py(a,) =—0.3428, P,(a,) =1.1426, and
P,(a,) = 0.0952.

For o, =10/ 4, P_,(a,) = 0.2734, P_(a,) = -1.4062, Py(a,) = 29531, P;(a,) = -3.2812 and
P,(a1,) = 2.4600.

For a3=15/4, P_,(0a3)=35718, P_;(05) = -17.2949, Py(a3)=32.86, Py (0 ;) =-29.873 and
P,(a5) =11.7358.

The block filter implementation is thus given by
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Oyl 0 0 0 0 1 0 o opdn a8
Bin+0_0-0.022 0127 -03428 11426 009520740 -Hp

0=4 Og Xnl
n+2°= 002734 14062 29531 -32812 2.4609

D-
B - [n-+1
(n+3] 35718 -17.2049 3286 -29.873 1173587 %n +3F

Another implementation is given by

y[n] =a4(2—14x[n—2]—?15x[n—]]+ %x[n]— %x[n +1]+ 21—4x[n+ 2])

+ GS(—%x[n—Z] +—éx[n -1] —%x[n+]} + 11—2x[n +2])
1

o 1 B 4.0 a5 4 B
+a (—ﬂx[n 2]+gx[n 1] 4x[n]+6x[n+1] i

X[n+ 2])
1

1 4 4
+ G(E X[n-2] —gx[n -1 +€x[n +1] 5

x[n +2]) + x[n].

The Farrow structure implementation of the interpolator is shown below:

2 1. 1,1 1 2 2 -1, 1 2
= — — - + e —=7+ = —_— + - + -7 — —

where H(2) 542 5 2 82 2 H.(2 2 52 52757
1_92 4 1 5 4 1_2 1_92 4_41 4 12
= — + - ——t =7 — — = — —— + a7 — = .
H,(2) 52 2 52 275257 , and H;(2) 2 52 s2 52

10.28 For ahaf-band zero-phase lowpass filter, the transfer function is of the form

o0

_ - 1
H(z)=HO0]+z L z H 2n]z 2”, where h[0] = > If the half-band filter has a zero at
n=—c

nz0

z=—1, then H(-1) = h[0] - E h[2n] = 0 or h[0] = E H2n).
n=—o0 n=—oo0

n#0 nz0

10.29 From Eg. (10.81), a zero-phase half-band filter H(z) satisfies the condition
H(z) + H(—z) = aconstant.

(a) The zero-phase equivalent hereisgivenby Hq(z) =z+2+ zt Hence,

Hi(z)+Hq(-1z)=z+2+ zl-z+2-z1=4 A plot of the magnitude response of H4(z)
isgiven below:
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H,(2)

0.8

0.6
0.4

0.2

0 O..2 O..4 O..6 0..8 1
/Tt

(b) The zero-phase equivalent hereisgivenby H,(z) = ~23+492+16+97 1 =73, Hence,

H,(2)+ Hy(-2) = -2 +92+16+97 -7 3+7°-9z+16-921+22=32. A plot of the

magnitude response of H,(2) isgiven below:

H,(2)
1

0.8

0.6
0.4

0.2

0

0 O..2 0..4 0..6 0.8 1
w/T

(c) The zero-phase equivalent hereis given by H;(2) = -3 22 +192+32+19271 -3273. Hence

Ha(2) +Hy(-2) = -32° +192+32+197 1 -3273+32%-192+32-197 1 +3273 =64. A plot of

the magnitude response of H4(2) is given below:

Héz)
1 T T

0.8

0.6
0.4

0.2

0

0 0.2 0.4 0.6 0.8 1
w/m

(d) The zero-phase equivalent hereis given by
H,(2) =32° - 252> +1502+ 256 +1502 1 =252 3+32™°. Hence, H ,(2) +H,(-2) = 512. A plot
of the magnitude response of H,(z) is given below:
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0.8

0.6
0.4

0.2

0 0.2 0.4 0.6 0.8 1
w/Tt
(e) The zero-phase equivalent hereis given by
Hg(2) = 97° -447°+208z+346 +2087 1 -44773+927°, Hence H 5(2)+Hg(-2) =692 A plot
of the magnitude response of H(z) isgiven below:

Hy(2)

1

0.8

0.6
0.4

0.2

0
0 0.2 0.4 0.6 0.8 1

w/T

10.30 Hy(2)= :(OT(ZZ)) =hO|+h1zZ T +h2]z 2+ h3 z 2+ 4z +h5z > +h[6]z °,
H,(2) = :(17(:)) =hO - hLZ +h2)z 2 -h[@ z 3+ h4z * -h5)z > +h6 2 °.
x[n] 7 e e e e 27t
hOl™y h[l]%*?! h[z]; h[s]; h[4]; h[s]; h[6]%7
Yolnl
y4[n]
1031 Hy(2)= :(OT(zZ)) =HO+ Yz t+h2)z 2+ N3z 3+ 4z * +h5z > +h[6]z °,
Hy(2) = ;17(22)) =h6]+h[5z *+h[4]z 2+ 3z 3 +h2 2% +h1z > +h0]z °.
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x[n]

h[6] h[5] h[4] h[3] h[2] h[1] h[O]

-1 -1 -1 -1 -1 -1 y 0[ nj

+ Y1[n]

4 0
@(z)u 11 1 1m 0(2)
\@F -j -1 jDDZ g, (2 )D
10.31 (a) H,@0~ % -1 11 JDHZ E ()0 )EL Hence,
z -1 —j0g _
B_l?)( )H 3 ( 4)D
Ho(2) = Ey@h +27E (2% +z_2E2(z )+ 27 3E,(2h)
=1+27 1+ 422 +73+0327%-152°-0920+37277-082° +312%+237 0 +17711

H,(2 = Eo(ZM -z E 2% - 272, (2% + (2 3E4(z%) =1-j2771 -4272
+jz2+032%+j152°-092%+j3.7277-082%-j31z%+237 0 +j177 1,
H,(2) = Eo(z4) - 2_1E1(24) + 2_2E2(z4) —z_3E3(z4) =1-271+4272
-2840327%4+152°-092%-377"-0828-3129+23270 171,
Ha@) = Eo(zh)+iz2 7 @Y -2 2B,z -7 E,(2Y) =1+ j227 1 - 4272
-jz2+032%-j1527°+0.92%-j3.7277+0.8278+j312%-2370-j17,

(b) | |
|H0 @ ‘*’j [Hy(¢®)

[T

ooomoom 3n
4 4 2 4
[Ha(e)
1 —
w
0 m 21T

~1g
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-1 1
1033 Y(2) = (H(2)Go(2) + Hy ()G, () X(2). Now, H(2) = “TZ and H,(2)=""%

-1

. Choose

-1

1+z 1-z
Gy(2 :T’ and G;(2)=-

. Then,

Y(2) = @% @+z 32 - :11 (1—2_1)2§X(z) = :11 Q+2z 142721422 - 27 (2 = 2 IX(2).

Or in other words, y[n] = x[n—1] indicating that the structure of Figure P10.7 is a perfect
reconstruction filter bank.

10.34 (a) SinceHg(z) and H4(z) are power-complementary, H 0(z)HO(z_l) +H, (2)H 1(z_l) =1.
Now Y (2) = (Ho(2)Go(2) + Hy (26, (2) X(@) = z‘N(HO(z)HO(z‘1)+ Hl(z)Hl(z_l))X(z)

= z_NX(z). Or in other words, y[n] = x[n—N] indicating that the structure of Figure P10.7 isa
perfect reconstruction filter bank.

(b) 1f Hp(z) and H1(2) are causal FIR transfer functions of order N each, Hp(z) and H1(z) are
polynomialsin z1 Asaresult, Ho(z‘l) and Hl(z‘l) are polynomials in z with the highest
power being zN. Hence, z‘NHo(z‘l) and z‘NHl(z_l) are polynomialsin z1, making the

synthesisfilters Gg(z) and G4(z) causal FIR transfer functions of order N each.

(c) From Figure P10.7, for perfect reconstruction we require H;(2)Gy(2) +H4(2)G,(2) = z N,
From part (8) we note that the PR condition is sdatisfied with G(z2) = zNH 0(z_l) and

G,@) =2 NHy(zh),if Hy@HyE ) +H,(2H,@ ™ =1, i.e if Ho(z) and Hy(z) are power-

-N/2
complementary. The last condition is satisfied if and only if H(z) = (z o +zn°),
N2
and H,(2 = (z 9-279). Asaresult, Gy(z) and G1(=2) are also of the form
-N/2 -N/2
Go(2)=2—=— (™ +2"), and G,(9) = - (z "0 -2"0y.

2

10.35 From Eq. (10.97), Y (2) = T(2)X(2) + A(D)X(-2). Let Z7Y{T(2)} =t[n], and Z~HA(2)} =
a[n]. Then an inverse z-tranform of Eq. (10.97) then yields

]

vin= S @n-11+ 3 all=)"" xin-1] = 3 (t11+(-0"" d17)xin-11.

| =—o0 | =—o0 -

Define fo[n] =t[n] +(-1) "a[n], and f,[n] =t[n]-(-) "dn]. Thenwe can write
0 0
EZI __follIX{n~1],  for neven,

yinl=0&.
EZ|=_wf1[|]X[n‘|], for n odd.

The corresponding equivalent realization of the 2-channel QMF bank is therefore as indicated
below:
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n even

folnl
x[n] K yn]

fi[n] —=

n odd

As can be seen from the above representation, the QMF bank is, in general, alinear, time-
varying system with aperiod 2. Notethat if A(z) = 0, then it becomes alinear, time-invariant
system.

10.36 (a) Ho(z):l'{ 0(22)+z_1A1(22)} and Hl(z)=1{A (z2)—z‘1A1(z2)}. Hence,

A@ AT i@ A L
E(z) = EA @) A (Z)H, and R(2) = BA (2 —Alo(z)H

(b) To prove E(z) islossless, we need to show ET(€)E(e®) =c?1 for some constant c:

Po@) AgE) FAE?)  Ae) -
FAY) AR E?) -A (e“”)ﬁ

Ao e o
:

ET(e®)E(el?) =

0=2l. Hence E(z) islossless.

0 AL + Ay 2

A A (2A
(©) R(E(@) = —D (Z()) o2 2A1(zc))A0(z)g MI Therefore,

Al(Z)A o(2) E1lQ)
- .

R(2) =
A]_(Z)Ao(z)

(d) Asin(c), R(QE(2) = >

B o1+ et 1143

S
3+z 2H3+z

-1
= ;( 0@+ Az )) where Ao(z)— 321 and A (2)=2"

’1/2 z = ’_1 :
<

1437 1 +37 % +2
6+27 ° 2@3+z_2

10.37 (a) G(2) =

(b)
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1 ov <1 o0 10143272 730 @a-z713
c) H@) ==(A,(Z°)-z2"A,(z9)|== H=
(©) H@) = 5{Ag@) -2 A ) = 51 e
(d)
1
08}
06
£
Hna
0z}
il a«’T’-ff L 1 I
I 02m 0.4 0am 0.8m hid

MNonmnalized frequency

10.38 Now the magnitude square function of an N-th order anal og lowpass Butterworth transfer

: . 2
function Hy(s) is given by H a(jQ)| = m , where Q. isthe 3-dB cutoff frequency.
Cc

B 21 . :
For Q. =1, then '—| al jQ)l Yl The corresponding transfer function of an N-th order

analog highpass transfer function is simply Ha(i), whose magnitude square function is given
0 2N

H H-—l = 12N+ s PN

agjQ 1+Q 1+ Q

2 2N
01 Q R
by }—{agﬁa = m Asaresult, Ha(jQ)l +

Now the bilinear transformation maps the analog frequency Q to the digital frequency w
1

through the relation e® = % As, —el® = 1 j? , the analog frequency 1/Q is mapped to
+ —
iQ

2
2 O
the digital frequency 1+ w. Hencethereation }-Ia(jQ)l + HaHj—;a =1, becomes

L2 , 2 L2 L2 L2 L2
Ho@ ) +Ho(e ™) =[Ho (@) +[Ho =) =|Ho ()] +|Hy(&)[ =1, where
H (ej ©) isthe frequency response of the digital lowpass filter Hy(z) obtained by applying a
0 0
bilinear transformation to H4(s) and H 1(ej‘") is the frequency response of the digital highpass
filter H1(z) obtained by applying a bilinear transformation to H,(1/s). Note that a transfer
) .2
function Ho(z) satisfying the condition Hq(el®)[ +Ho(-€/®)|” =1, is called power-
symmetric.

Moreover, from the relation Q = tan(w/2) it follows that the analog 3-dB cutoff frequency Q

= 1 ismapped into the digital 3-dB cutoff frequency w_ =1/2. Hence, H(z) isadigital half-
band filter.
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Po(2

Let Hy(29)= D_(z) , Where P(2) and Dg(z) are polynomialsin z 1 Hence,
0
H (@9 = 20 o, PaCeIP(e) _ Do(e) Dy(el) ~ Py(e) Fy(e)
0 D,€) ' Dy(-e/®) D (-el®) Do (e!) D (e!®)

Note that there are no common factors between Po(ej © and Do(ej @), and between Pa (el?)
and Do(ej ©). Asaresult there are no common factors between PO(—ejw) Pa (-e/®) and
D(-e/®)Dy(-e!®). Thisimpliesthen D y(e/®) Dy (e/®) =D y(—e/*) Dy(-e!®) Asaresult,
Dy(€'®)=Dy(-e/), or Do(e1®)=dy(e/%). Hence, Do(2) = dg(z?).

Py(2) _ Po(2) Po(=2)
Do(2) ~ dy(z?)° dy(2D)
Ho(z) and H1(2) are power-complementary. Also Py(z) is asymmetric polynomial of odd
order and Pp(—2) is an anti-symmetric polynomial of odd order. Asaresult we can express

Ho(2) = %(A o@D+ A(2), and H,(2) = % (Ag@ -Ay(2). ButHi(2) = Ho(-2). Hence

Since Hy(2) = it followsthen H,(2 = We have shown earlier that

Ho(2) = %(A o(-2) ~Ay(-2)). It therefore followsthat Ay(2) = Ag(-2) = A(2%), and

AL(2)=-A(-2)=2TA,(Z%). Thus, Hy(2) = %(Ao(zz) + z_lAl(zz)).

i 1 L . .
10.39 G (9= G @ st The corresponding digital transfer function H(z) obtained by a

bilinear transformation is given by

) B (Z+1)3 B (z+])3 : (l+Z_1)3
Ho(2) = Ga(s)ls:ﬁ " (z-1+ z+])((z—1)2+(22 1)+ (z+1)2)  2z(32°+1)  6+227
2, -3
l+ 3Z6++2322 +z ;?3:_322 —1D_ [A (Z )+z lAl( )] where AO(Z)_1+3—21

and A (2) =1.

The corresponding power compl ementary transfer function is given by
H (@)= D1 1+3772 1 D -z )
1 2@3+z g 6+2z72°

A redlization of the QMF bank is as shown below:
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:
—1
z 1/3
~1
—I—»l 2 + W
Z—l
I—»l 2
1
1040 G, (9= l . The corresponding digital transfer

& +3.2361s" +5.23615° + 5.2361s> +3.2361s+1

function obtained by a bilinear transformation is given by

1+ z‘1)5 005281+ 7 H°
21 18.0443+127 2+1.05572 % 1+ 0.63342 2 +0.05572

z+1
 0.0528+0.2639z 1 +0.5279z 2 +0.5279z >+ 0.26397 * +0.05282
1+063347 240 0557z‘4
_ 00528+0 52792 2 10 26392 , 026307 +0, 52792 340052827

Ho(2)=G (s)l

1+0.6334z 2 +0.05572 1+ 0. 63342 2 +0.05572 %
_ 0.0528(1+9.47047"%) , ;-10.2639(1+1.89487° 2)
1+0.105672 1+0.527872

B _ -2 8 _
_1£0.1056 +z_2 4 -1 05278+ z_2 :g{ A0(22)+z 1A1(22)}, where
2 F1+0.10567 1+0.527& 208 2
0.1056+7 1 05278+7 1

——— <~ _ and A,(=——M——.
1+0.1056z71 1) 1+05278z71

A2 =

The corresponding power-complementary transfer function is given by
- 1@01056 +772 4 05278+72 f
H (2 == Az 1 il
12 { o) -2 A )} 201+0.105622 © 1+0.5278 21
In the realization of a magnitude-preserving QM F bank as shown in Figure 10.47, the
redlization of the allpassfilters AO(Z) and Al(z) require 1 multiplier each, and hence the
realization of the analysis (and the synthesis) filter bank requires atotal of 2 multipliers.

10.41 (a) Tota number of multipliersrequired is 4(2N-1). Hence, total number of multiplications
per second is equal to 4(2N-1)F = 4(2N-1)/T where Fy = 1/T is the sampling frequency in
Hz.

) 21 2 -1 2 21 2 -1 2
(b) In Figure 10.47, Ho(z)—z{ AP+ Az )}, and Hl(z)—z{ A,2)-7Az )}.
If order of Ao(z) is K and the order of Al(z) isL, then the order of Hp(z) is2K + 2L +1 = N.

Hence K+L = (N-1)/2. The total number of multpliers needed to implement Ao(z) isK while

the total number of multpliers needed to implement Al(z) isL. Hence the total number of
multipliers required to implement the structure of Figure 10.47 is 2(K+L) = N-1. However, the
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multipliers here are operating at half of the sampling rate of theinput x[n]. Asaresult, the
total number of multiplications per second in this case (N-1)F/2 = (N-1)/2T.

— N -1
10.42 H (9 =2z "Hy(z 7).

x[n] ’ ]2 F—Yoln

¥ 12 ——+ y4[n]

x[n]
h[N] h[N-1] h[N-2] h[1] h(0]
2t 2 e 771 |2 —vydnl
;1 e Vs P ;1

' l 2 —=y4[n]
m 2 2%
1043 E(2= % 15 J)D For y[n] =3x[n-3], werequire R(z)E(z) = 3l or
7 15

3
9
11
10
mo2 3 2Erl 38333 15 48333 -2.333
13 9 7 15833 025 05833 —-0.333
'“@=3E”3=3% 9 11 108 “0745 05 25 10 &
7 10 158 H-175 -025 075 0 0

b 1 20
10.44 E(z):% 3 1Y For perfect reconstruction,
2

1H

01 1 20! Oos 15 -250
R(z) =El(2) = % 3 10 =005 -05 155 A computationaly efficient realization of
2 1 Hos -05 054
the filter bank is shown below:

13 — —i] 3

:13 — E@ R(2) —rTS

joscr

I—»lS L - —PTS

10.45 For perfect reconstruction we require
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m 2 3 45?1 0-04 0.2 016 0.12%

2 15 7333 0.2 -0.76 0.3467 .
R(Z)zE'l(ZF% 1 4 30 2%0667 0.2 024 001330 A computationaly
2 3 1 0667 0.2 016 -0.213

efficient realization of the filter bank is shown below:

—I—>l4—r —H —rT4—l

Z—l

=l4—> - _>T44.(_I_)

4

114 - —»T44»(-i|r)

-1 -
4 z

I—pl4 L+ L+ —rT4

[any

=

10.46 For perfect reconstruction we require

1 2 3071 012222 -03333 -1.11110
R(z)=E'1(z)=% 4 10 =0-1.4444 06667 122222 A computationally
1 3 [-033 0 066670

efficient realization of the filter bank is shown below:

—I—bl3 —H —H —rTg

:lg —+ E(2 4 R(@ —rT3

jobcr

|—>l3 — —H —rT3

%HO(Z) Ho (2W) Ho(2W" ™) %D X(z) O

L
1047 X(2)=[G,@ G,@ L GL_l(Z)]EHlM(Z) Hl(MzW) c|5 H 2wt 05 X(@W) o

i g L-1,C
H"L_l(z) H _4(zW) L HL_l(ZWL—l)HDX(ZW i

To show the system of Figure 10.63 is, in general, periodic with a period L, we need to show
that if X,(2) isthe output for an input X1(z), and X ,(2) isthe output for an input X5(z), then if

X5(2)= z_Lxl(z), i.e. Xo[n] = x1[n—L], then the corresponding output satisfies

X ,(2)=2 "X,(2),i.e %,[n] =% [n—-L]. Now,
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10.48

TH@  Ho@W) L Hyw ™ DE Xy C

>22(Z)=[GO(Z) G,@ L GL_l(Z)]E |"1M(Z) Hl(MZW) (I_) 1(2\:4VL 1 D% X, (z\/L\/)1D
Hi4@ Hi@W) L H 1(zwL 1HDX @

Ho(@  Holaw) L Ho(ZWL R R

@ G L G l<z)]u 1) (ZW) IC_) (Z\:AVL ol 'LW‘LMxl(zW) E
H H, 1(2) H _1(zW) L H__ 1(ZWL 1)HHZ L L(L_l)Xl(ZWL_l)H

E Ho@  Hy@w) L o(zW" L EE Xl(z) H
L-1
=276, G2 L GL_l(z)]E HlM(Z) H, (2W) H, (2w )DD (zW) D

L
M © : L-1 X (ZW )
H_||_—1(Z) HL—l(ZW) L L l(ZW HD 1 O

= z_L)A(l(z). As aresult, the structure of Figure 10.50 is atime-varying system with aperiod L.

x[n] | Ho®@ | L TL | Go@ y[n]

Gi(2)

+

—+ H(2) —blL :TL —

L H | -1(2) —blL ' TL — GL-1(2) J

If the filter bank is dlias-freg, then

% Ho(2) H(@» L H HH GO(Z)% Or(2)0
0 Ho(ZW) H(zW) L H _1(ZW) o0 Gl(z) i % 0 H
O [ I O Il ag W O H 0 H
Ho@WE™) Hy Wt L H L @wWt G, @8 00

The above L equations are

(D: Hy(2Gy(2) +H(2)G (9 +K +H| (2G| _1(2) =T(2),
(2): Ho(zW")Gy(2)+H (WG (2)+K+H| _4(ZW")G, ;(?)=0, 1sr<L -1,
Replacing z by zW-"" in the above equation we get

Ho(ZWH)GozWE ™) + Hy(2WH)G, (W T)+K +H, _(2Wh)G, _(2w" ") =0,
or equivaently.
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(3): Hy(@DGyzW" ") +H,@)G,zWE ) +K+H| @G, _,@W-T)=0 1sr=L-1.

Rewriting Egs. (1) and (3) in matrix form we get

E Gy(2) G L G (2 %% Ho(Z)H Or(z)0

Go(z\/\/) G(zwW) L G _4(@W) oo Hl(z) i O0o'O
g I '®) i o0 1 o0-Hobf
G, (zwL 1) GzWt ) L G (W HHH, _,@F Ho o

Thus, if an L-channdl filter bank is alias-free with a given set of analysis and synthesisfilters,
then the filter bank is still alias-free if the analysis and synthesis filters are interchanged.

10.49

x[n]

cq[n

P@)

] 71
c 4[N b 4[n] virl

From the above figure it follows that we can express the z-transforms of {c;[n]} as

L-1 |

C@=r Y @ wWhT X W), 0slsL-1, where w=e T,
k=0

Likewise the z-transforms of {b;[n]} can be expressed as

B,(2) = Z A~ (9C (2), O<s<L -1 where P, sl (2) denotesthe (s 1)-th element of P(z).

Final Iy, the z-transform of the output y[n] is glven by
L-1- L-1-
Y@= Z 98" = Z A S)Z caleYea)

:fl ZZ-(L —1—s)z R, () Z W) x(zwk)
=) =0 k=0

S=
L-1 L-1 L-1
——ZX(ZW )ZW Kl z_lz_(L_l_s)Psl(zL).
=0 s=0

In the above expression, terms of the form X(sz), k £ 0, represent the contribution coming
from aliasing. Hence, the expression for Y (2) is free from these aliasing terms for any arbitrary
input x[n] if and only if

L-1 L-1
wK! > 2279k, (220, kzo
=0 s=0



v B a0t
The above expression can be written in amatrix formas D E 1 =0 M 0 where D isthe

M _1(Z)H

L x L DFT matrix, T(2) isthe transfer function of the alias-free system, and
L-1

V(2)= z ! z_("_l_s‘)PSI (z%). Since D D'=L 1, the above matrix eguation can be
s=0
. (z) b 000
alternately written as D 1 =DQ ; O Thisimpliesthat V| (2) =V(2), 0<l <L -1 asthe

E\/L_l(z)H Hof
first column of D has al elementsequal to 1. Asaresult, the L-channel QMF bank is alias-free
if and only if V| (2) isthe samefor al I.

The two figures below show the polyphase realizations of Vp(z) and V 1(2).

P, o(zh)
0,0 —;—1 [ Poa@H) .
I VA
PLo@") ) e 3
] )
z Z—l
° ! o
. 1 .
i 7t
I:)L—J,O(ZL) o ' y PL—1;L(ZL) 77t
(& Vo2 (b) V12

The realization of V1(z) can be redrawn as indicated below.

L
Riz7) M=
1
Z
P2,1(ZL) {3
=
° !
. i
1
Z
LR (25

(©) Vi@

Because of the constraint Vg(z) = V 1(2), the polyphase components in Figures (a) and (c)
should be the same. From these two figuresit follows that the first column of P(z) isan
1

upwards-shifted version of the second column, with the topmost element appearing with az™
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attached. thistype of relation holds for the k-th column and the (k+1)-th column of P(z). Asa
result, P(z) is a pseudo-circulant matrix of the form of Eg. (10.214).

10.50 byy[3n]+b,y[3n =1 +b,y[3n— 2]+ bgy[3n =3] = ayX[3n] + a;x[3n —1] + a,x[3n — 2] + a;x[3n - 3],
boy[3n+1] +b,y[3n] +b,y[3n—1 + bay[3n - 2] =a X[3n +1] +a;X[3n] + &,X[3n —1] + a;x[3n - 2],
bgy[3n +2] + b, y[3n+ 1 + byy[3n] + bay[3n =1 = ayx[3n + 2] + ax[3n+ I + a,X[3n] + azx[3n - 1].

In matrix form, the above set of equations can be written as

(1): BoYk +B1Yo1 = AgX *A X, 1.
Py 0 O- 5 by bi- yi3k] O Cy[3k -3
where B, = Db by 00, B;=00 by b, Y, @y[sku] Y= %{% 218
Hb b, byH Ho 0 b, [3+2] [3-1H
o 0 OF a5 03 0 _Xan-3t
Ag=y a, 0g,A;=00 a aDX [3k+]] [3n 2].
0~ 0 1 3 2 k™
R, & gpE  HO 0 af [3k + 2] [3n -1

A multirate implementation of the block difference equation is shown below:
From Eq. (1) we have (Bo +z71 Bl) Yy = (Ao +z_1A1)X K Or
-1 -1
_ -1 -1 _ -1 -1
Y =(Bo+27'By) (Ag+2 A )X, Hence, H@) =By +27By) (Ag+27"A )X,

10.51

X(2) lxo(z)=l s D hy @ 0@ s v

-1
el 1O [ U

z—l 4

[ X2(2) |3 Vo(2) | HE) U, (2) It 3 Y2(2) 77

Analysis of the 3-path filter yields
1 _ -
Vi(@) =3 [Xi 2W8) + Xi (2"3wzh) + Xi(ZH W), Ui(2) =H@)Vi(2), and

Yi(2)= Ui(z%).for i =0,12. Thus, Yi(2)= —;H(z‘*)[xi (WD) + X; (2W5D) + X; (ZW3_2)].
But X;(2) = z_iX(z). Hence,
Yi(2) = éH(zs)[(zW;?)_i X; (2WS) + (2W3H T X (2Wa L) + @W52) 7T X (ZW3_2)] Therefore,

Y(2)= Yo(2)+ 2Y,(2)+22Y(2) = éH(zs)[WQX(zW;,Q) + WIX (2W32) + WO X (2W5 )]
+ éH(ZS) z[z_1VV§X(zW39) + Z_L\N%X(zwg 1) + z_1VV32X(zW3_ 2)]

1 _ _ - _
+§H(z3)22 [z 2WEX (2W9) + 2 PWEX (2W5 1) + 2 2W§X(zW32)]
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- %H(Z3)[3X(Z) + (W?P + W3 + wgz)X(zwgl) + (Wg + W2+ Wf?)X(zng)] - H)X(2) since

by Eq. (3.28), (wgJ +Wh + w32): (w:§J + W2+ w§) -0.

It follows from the above that in the general N-path case, Y(z) = H(zN X (2)

10.52 From the results of Problem 10.51 we observe that the transfer function of an N-path filter is
H(zN) . Hence the transfer function of the cascade of a 3-path filter and a 4-path filter is given

by H(zg) H(z4). For the magnitude response of H(z) shown in Figure P10.9, thus, the
magnitude response of the transfer function of a 3-path filter is as indicated below

HZ)
on 7n 9m 15m 17n 2r ¢
12 12 12 12 12 12 21

and the magnitude response of the transfer function of a 4-path filter is asindicated below

H(z%)
t 1im 1 251
n 7" 16 151 16 231 16 31n
16 16 16 16 16

Hence, the magnitude response of their cascade is of the form shown below:

H(Z*)H(z*)
01 o w
ud 3in
16 16
10.53 (&)
\% W, U R
[ O(Z)=12 0@ (e 0(z)=T2 0(z)= —
X V W. U R Y
@ " 1+271 l(Z)=12 1(Z)= Ho(2) + Hy(2) 1(Z)=T 2 1) "zt 2
Vz(Z)=12 W, (2) [ha Uz(z)=T2 Rz(z)= g
B\/ 2)H 0,10 (Z)D 0 -2 [ % 12 D
V@ =M@= 17 @, W= W) = e 2 V2 7 V),
V8 H 1 gw @8 § 1 & -1 @
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Uyl L 2D A O
U(z) = %31((?)% @(ﬁz 1’2)LH?gz)+H1(z)}§x 1’2)+§1 z 1/2)LH(0()2)+H1(z)}§X(—21/2).
2 0 1 0 0 1t 0
()D i z_lHO(zz) H H z_lHO(zz) E
R@) = [R,@) = E{ +27H{H(2) +H1(22)}§X(z) +E(l—z_l){Ho(ZZHHl(zz)}EX(—z).
HQZ(Z)H i Hl(zz) i i Hl(zz) i

Y@ =(1-Z HRy(D+Z Ry +E@ > -2 HR,(2)
=@z Hy @)+ @+ 2z H{H (@) +H ) + (2 -2 )| XE)
+-1-2H7 Ho@) +@-2 2 Ho@) +H, D)) +@ P2, X (2)

- 22_1H0(22)+22_2H1(22)]X(z):22_1[H0(22)+z_lH1(22)]X(z). Hence,

T@) =22 H,(Z)+ z_lHl(zz)].

(b) T(2)= 22‘% H(z)+% H(-2)+ % H(z)—% H(—z)gz 227 H@).
(c) Lengthof Hp(z) = K and length of H1(z) = K

F
(d) The number of multplicationsin the above structure is given by 3K ?T per second where

Fr isthe sampling frquency in Hz. On the other hand for a direct implementation of H(z)
requires 2KFy multiplications per second.

10.54 (a) Anequivaent representation of the structure of Figure P10.7 is as indicated below:

X(2) L2 -+ - —12
01 o0 00 1 o[
= O 0 )
00 o1 P2 12T o 1f
-1
12 —+ 5 OD—r — —hTz +) Y(2)
whose simplified equivalent representation is as shown below:
Q(2)
0 0
_ 0o 1 OD 0 1 OD
where Q(z)—HZ—l o 1A P(2) g 01 17. It thusfollows from Problem 10.39 that the structure
[z 0d

of Figure P10.7 istime-invariant (i.e. alias-free) if and only if Q(2) is pseudo-circulant.

448



(b) A redlization of the structure of Figure P10.7 based on critical down-sampling and critical
up-sampling is shown above in Part (a).

10.55 R(2)

12— Yi(2)

X1(2) —A|T2

_1 1 -1
7+ z

Xz(z)_'Tz +) 12_’Y2(Z)

R(2=27X,(z%) +X,(Z).
Y,(2)=REZY) +R(-7?) = [z‘l’ 2X,@) +X 2(z)] + [—z‘l’ 2X (2) + Xz(z)] =2X ,(2).
Y2 (Z) — Z—l/ 2 R(Zl/ 2) _ Z—1/2R(_21/2)

= [z‘lx (@) +77Y2X 2(z)] +[ 7%, (2)- 27V 2(z)] = 227X, (2).

Thus, the output yq[n] is ascaled replicaof the input xo[n] while the output y»[n] is a scaled
replica of the delayed input x4[n—1] .

10.56
wln]
xan] —{T 2 _.{J;r)_. H(Z?) V[E] q| 2 > yaln]
z 1 271
X2[n]—bT 2 T I—bl 2 —+yo[n|

W(2) = (Xy(2%) + 27 X,(23)),
V(2) = HZA)X(Z) + 2 H@Z)X (ZP),
Vi) =5 (V@2 + V(2% =H X, @)

Y,(2) =% (ZV2v(2'%)- 7V2v(-22)) = 7 H@)X, ).

Y. (2) Y,(@)
Therefore, X,(2) =H(z), and X_z(z) =

z_lH(z). Hence, the system istime-invariant.

10.57

xq[n] —pT —»(-l;—}—p l =l n]

x{n] ’—»T B L] yalnl
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Asin Problem 10.56, Yl—(z) =H(z), and YZ—(Z) =
X1(2) X,(2)

hence, Y,(2) =2 H(2)X ,(2) = 2 H(2)Y,@) = 2 H> (@)X ,(2). Thus,

Z'H(z). Herenow, X »(2) = Y,(2), and

-1,,2
=z "H“(2). Hence,
X4(2)

the system is time-invariant.

10.58

vin|

xa[n] ———iT _.@ﬂ. HEZ3) I 1l

D@yt

- (C+)

ravs

x4 ’—'T

W(2) =X,(Z%) + 21X, (2% +272X4(2%),
V(2) = HZ)X,(Z3) + 7 H(Z)X o(2%) +272HZ®)X 5(2D),

Y(2)= %%[V(z”?’) +V(Z13e7I2M3) 4 vy (1 3gTi4T3)

= %[H(z)xl(z) + H(ze PMX, (2672 + H(ze 14X (z6714T)

+ %[2—1/ SH(Z) X, (2) + ;113" jzmsH(Z e j2n) X (26" j2Tt) +77 13" j4n/3H(Z e j4n)x J(ze” j4n)]

+ %[2‘2/3H(z)x L)+ ;2! Se—j4n/3H(Z e—j4rr)x S(Ze—j4n) + 2—2/3€—j8n/3H(Z e—j8n)X3(Ze—j8Tr)]
= 2[HEX,@)+ Hz )X, @ +H2)X, (2]

¥ % 27 H@)X, @) +7 e PV3HR)X, () + 27 %MV HE)X o 2)

+ % [2'2/ SH@)X 4(2)+ 272314 3H(Z) X (2) + 272/ %18 3H(z)X3(z): = H(2)X,(2),

1r - - i —i /3 i ] -
Y2(Z) :5[2 1/3V(Zl/3)+ 7z l/3ejo[/3V(21/3e j2T[/3) +7 1/3ej4T[/3V(Z]./3e ]41'[/3) =z 1H(Z)X3(Z),

1r - “1/3_j i /3 i _
Ys(z):g[z 1/3V(21/3)+z U3 4”’3\/(21’3e jZﬂ/3)+Z 1/3e18n/3v(21/36 141'[/3)] -5 2H(z)X2(z).

Now, X 5(2) =Y5(2) and X ,(2) = Y,(2). Hence,
Y,(2) =2 H@X 4@ = 2 THE@) Y4(2) = z‘lH(z)[z‘lH(z)x 2(z)] = 772HY2)Y,(2) =2 2H3(2)X 4 (2).

Therefore, Y(2) = -2Y,(2) +32 (“DY,(2) = -2272H3(2) X,(2) + 32 C V2 H2 ()X, (2)
=272[3H2(2) + 3H2(z)] X,(2), for C=0.
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10.59 (a) Ho(z)=%—z‘1+%lz_2 —§2_3—52_4 —22_5.

41 __,21 2 213 - 4_5.5
Ho(z )—5 Z+52"-=2Z 5z 52 -
Ho(2)Ho@ ™) =1.252° - 282° - 72,752+ 325-72.752 1 - 28273 -1.252™. Thus,
Ho(z)HO(z'1)+HO(—z)HO(—z_l)=650. Hence, H(2) isapower-symmetric function. The
highpass analysisfilter is given by
H.(d=zH (-7 h=>_5,142,2,21 -3, -4,1-5

1=z "Hy(-z )—5 z -2 SZ +z 52
The two synthesis filters are time-reversed versions of the analysisfilter as per Eq. (10.146) and
are given by
Fo(@ = 22_5H0(z_1) =-5-102"1-2722+2173-272%+2°, and

F@)=22"H,(z ) =1+2271+21772 +2773-107* +527.

(b) Hy(2)=1+3z1+1472+27273-127* +42°,
Ho(z ) =1+32+147% +272° -122% + 42°,
Ho(@Ho@ 1) =42°+4273+ 412 +850 + 41271 +42773 + 477>, Thus,

Ho(z)Ho(z_1)+ Ho(-2H 0(—z_l) =1700. Hence, Hy(2) isapower-symmetric function. The
highpass analysisfilter is given by

H.(29= zH O(—z_l) =-4-1271-22722 +14273-327%+ 5.

The two synthesis filters are time-reversed versions of the analysisfilter as per Eq. (10.146) and
are given by

Fo(2) = 22_5H0(z_1) =8-247 1+ 4477% + 28273 +6274 +227,

F @ = ZstHl(z_l) =2-32"1414772 - 2273 ~1277% - 47°°.

10.60 Hy(2)=1+ azt+z2 and H(9=1+ az t+bz?+az3+z7% The corresponding synthesis

filtersare given by G(2) = H;(-2) =1- az l+bz2-az3+77%

G,@) =-Hy(-2)=-1+ azl-772.

, and

To show that the filter bank is alias-free and satisfies the perfect reconstruction property we
OH(z) H,(2) 00G(2)0 ék K[
0 1 o\4)-_Cz
need to show that H"o(‘z) Hl(_Z)HHGl(Z)H 0 H where ¢ #0. Now,

Ho(2Gy(2) +H(2)G,(2)
= (1+ azl+ 2_2)(1— azl+bz?-az3+ 2_4) + (—1+ az - 2_2)(1+ azt+bz?+az 3+ z_4)

=2a(b-2 273 and H o(=2Gy(2) +H,(2)G,(-2) =Hy(-2)H,(-2) —~Hy(-2)H,(-2) = 0. Thus; if
a#z0 and b # 2, the abovefilter bank is alias-free and also satisfies the perfect reconstruction
property.

10.61 If Hy(2) isrequired to have 2 zeros at z = -1, then it is of the form H(z) =(1+ z_l)2 C(2),
where C(z) isafirst-order polynomial.
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Now P(2) = Hy(2Ho(z ) = (1+27H%(1+2)? R(2), where R(2) is a zero-phase polynomial of the

form R( =az+ b+az L For perfect reconstruction we require, P(z) +P(-z) = 2, i.e,,
1+ 2_1)2(1 + z)z(az +b+ az_l) +(1- z_l)2 - z)2 (—az +b- az_l) =2.

Since the above equation must hold for all values of z, we observe that at z = 1, we get
2a+b= %. Likewise, atz=j,weget b =%. Hence, a= —1—16. Therefore,

P@) = (L+z H2(1+ z)2(—1—162+% —%z_l).

The analysisfilter H(z) is obtained by a spectral factorization of P(z). Two choices of spectral

factorization are given in Examples 10.17 and 10.20. The choice given in Example 10.20
resultsin linear-phase analysis filters with two zeros at z = 1.

10.62
The polyphase matrices are E(z) = 53(12) % and R(z) = E—Pl(z) (BE Therefore
oo01 od_[

R(2)E(2) = E—Pl(z) 186P(2) 18~ 0 (1)% Hence, the above structure is a perfect
reconstruction filter bank.

10.63
The polyphase matrices are E(z)=% Q(lz)gép(lz) %and R(z) = E—Pl(z) 25% _Q1(Z)§-

Therefore, R(2)E(2) = E_pl(z) 8%% _%(Z)E% Qf)%P(lZ) (1%

= E—F:’L(Z) (1)% (1)5%3(12) (1)5 =é% (135 Hence, the above structure is a perfect

reconstruction filter bank.

10.64 If the 2-channel QMF banks in the middle of the structure of Figure 10.71 are of perfect
reconstruction type, then each of these two filter banks have a distortion transfer function of the

formaz ™ , Where M is apositive integer:
{ Hlo(z) Glo(z) %}.. ) —
= —doazf—
Hll(z) Gll(z)
Likewise, the 2-channel analysis filter bank on the left with the 2-channel synthesis filter bank
on the right form a perfect reconstruction QMF bank with a distortion tranfer function Bz_" :

GL(2@
%}—» = — BZ_L —
Gy @
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where L is apositive integer:

{HL(Z)
Hy @

.‘_
N
—
N

.‘_
N
—
N




Hence an equivalent representation of Figure 10.71 is asindicated bel ow

H @ az™ G2

Hy®@ az ™ Gy (@
ol Hee

which reducesto

i

Hu () Gu (@

Thus, the overall structure is also of perfect reconstruction type with a distortion transfer
-(2M +L)

function given by a3z

10.65 We analyze the 3-channel filter bank of Figure 10.74(b). If the 2-channel QMF bank of

Figure 10.74(4) is of perfect reconstruction type with a distortion transfer function Bz_" , the
structure of Figure 10.74(b) should be implemented as indicated below to ensure perfect
reconstruction:

An equivalent representation of the above structure is as shown below:

H@ ple2 |z —{t2p{ L

Ra@Mz} {5 2 hCa®
H.@ Wiz |-t bG, @

—{pz 2 H.@ s 2]t 26, @

verifying the perfect reconstruction property of Figure 10.74(b).

which reducesto

In asimilar manner the perfect reconstruction property of Figure 10.74(c) can be proved.

M10.1 (a) For Part (i) usethe MATLAB statement
X = sin(2*pi *0.2*n) + sin(2*pi *0. 35*n);

in Program 10_1 with L =4 and N = 50, and remove the statement
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wo = input('lnput signal frequency =");
The plots generated by the modified program are shown bel ow:

Input sequence ) Output sequence upsampled by4

2 r

1H (‘; (‘; - 1t

RDCEDIDCEDEDCEDCIDCED (-:o“(-x.:-x.:o:o’(-zo) O
d O o

1l ] 1l

0 10 20 30 40 50 0 10 20 30 40 50
Time index n Time index n

For Part (ii) usethe MATLAB statement x = n; inProgram 10_1 withL =4 and N = 50,
and remove the statement

wo = input('Input signal frequency = ");
The plots generated by the modified program are shown bel ow:

Input sequence Output sequence upsampled by4

50 12

D

T T N
5 o)
401 10} O
w 0 ?
30} y [ © O
6 (@)
20} (®)
4t [0}
(®)
10 2 (T
AV faTaN MaTal SaTal fa'a) @ TWTYS e
0 10 20 30 40 50 0 10 20 30 40 50
Time index n Time index n

For Part (iii) usex = square(N, duty); whereduty canbechosenasl10,20,30, ...

(b) UselL =5inthe modified program as described above.

M 10.2 (a) For Part (i) usethe MATLAB statement
X = sin(2*pi *0.2*mM + sin(2*pi *0. 35*m;
in Program 10_2 with L =4 and N = 50, and remove the statement
wo = input('lnput signal frequency = "');

The plots generated by the modified program are shown bel ow:
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5 Input sequence 5 Output sequence downsampled by 4

| T&? Iﬁﬁj |
0¢ 0d
1l i i i -1
2 -2 R R R R
0 10 20 30 40 50 0 10 20 30 40 50
Time index n Time index n

For Part (ii) usethe MATLAB statement x = n1 inProgram 10 1 withL =4 and N =50,
and remove the statement

wo = input('lInput signal frequency =");
The plots generated by the modified program are shown below:

Input sequence Output sequence downsampled by 4
50 200
i A
40 | §§g§, ;
150 }
5 ;@S
30} § ) SP
100 }
20t
10l 50
(5 i
0 10 20 30 40 50 0 10 20 30 40 50
Time index n Time index n

For Part (iii) usex = square(N, duty); whereduty canbechosenasl10,20,30, ..
(b) UselL =5inthe modified program as described above.
M 10.3 (a) Plots generated are shown below:

Input spectrum Output spectrum

0 0..2 0:4 0..6 o..s 1 0 0.2 0.4 0.6 0.8 1
w/T w/T

Since L =5, the output spectrum consists of the input spectrum shrunk by a factor of 5 and
there are L—1 = 4 aliased spectra.
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(b) Plots generated are shown below:

Input spectrum

0.8}

0.6}

04}

0.2}

0

0.4 0.6 0.8
w/TT

0 0.2

1

Output spectrum

0.8}

0.6}

0.4}

0.2}

0

0

0.4 0.6 0.8 1
w/TT

0.2

Since L = 6, the output spectrum consists of the input spectrum shrunk by a factor of 6 and

there are L—1 = 5 aliased spectra.
M 10.4 (a) Plots generated are shown below:

Input spectrum

08}

0.6}

04}

0.2}

0.4 0.6 0.8
w/Tt

0 0.2

(b) Plots generated are shown below:

Input spectrum

08}

0.6

04}

0.2}

0.4 0.6 0.8
w/Tt

0 0.2

M 10.5 (a) Plots generated are shown below:
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Output spectrum

08}

0.6}

04}

0.2}

0.2 0.4 0.6 0.8 1

Output spectrum

0 0.2

0.8 1

0.6
w/T

0.4



Input spectrum Output spectrum

0.25

0.2}

0.15 }

0.1}

0.05

0 02 04 06 08 1 0 02 04 06 08 1
w/T w/Tt

Since M =4 and the input is bandlimited to 174, the output spectrum is a stretched version of
the input spectrum stretched by afactor of 4 and thereisno aliasing. Moreover, the output
spectrum is scaled by afactor 1/4 as expected.

(b) Plots generated are shown below:

Input spectrum Output spectrum

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
w/T w/TT

Since M =5 and the input is bandlimited to 174, the output spectrum is a stretched version of

the input spectrum stretched by afactor of 5 and there is some visible adliasing. Moreover,
the output spectrum is scaled by afactor 1/5 as expected.

M10.6 (a) Plots generated are shown below:

Input sequence 5 Output sequence

; q> TW

eyl

0 10 20 30 40
Time index n Time index n

(b) Plots generated are shown below:
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Input sequence

40
Time index n

M10.7 (a) Plotsgenerated are shown below:

Input sequence
S,

0 10 20 30 40
Time index n

LT
d L]k
® i |

(b) Plots generated are shown below:

Input sequence

Ay

-1 D?T T?Q%(LMJ)W

0 10 20 30
Time index n

p=d

M10.8 (a) Plots generated are as shown below:
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Output sequence

2
1 ﬂ
‘F ollo
od G’o oo @
J;D
\ l & 4|
2 10 20 30
Time index n

Output sequence

0 20

Output sequence

40 60 80 100
Time index n

0 20 40 60 80 100

Time index n



Input sequence Output sequence

kil ﬁﬁmﬁﬁ% - |

_1 TWW °‘

0 10 20 30 0 10 20 30 40
Time index n Time index n

(b) Plots generated are as shown below:

Input sequence

Output sequence

od T(D 1010./¢}
J;(L lJ)é Sbbo
1t 1t
2 R R R 2 R R R R
0 10 20 30 40 0 5 10 15 20
Time index n Time index n
Polyphase component #1
0.25
0.2
0.15
0.1
0.05
-80 1 | ] L 0
0 0.2 (1 | 6" 9. ”ll 1 0 0.2 0.4 0.6 0.8 1
W/t w/T
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Polyphase component #3

Polyphase component #2
0.25
0.25 ]
02} ‘M\\\; 0.2}
0.15} i 015}
0.1} 0.1}
0.05} 0.05 |
0 1 1 1 1 0 1 l 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6
w/m w/m
Polyphase component #4
0.25 4
02 \\\\;
IO.15 ]
0.1
0.05
0
0 0.2 0.4 0.6 0.8 1

w/m

0.8

M10.10 Asshown in Problem 10.39, adigital lowpass Butterworth half-band filter can be designed
by applying a bilinear transformation to an analog lowpass Butterworth transfer function with a
3-dB cutoff frequency at 1 rad/sec. The 3-dB cutoff frequency of the digital lowpass

Butterworth half-band filter is therefore at w, = 2tan ~(1)/ 1= 0.5. Thusto design a 5th-order
digital lowpass Butterworth half-band filter we usethe MATLAB statement

[ hum den] = butter(5,0.5);

whichyields H(z) =

0.052786(1+ z 4)°

. As
1+0.63344772 +0.055728z74

can be seen from the pole plot obtained using zplane, all poles are on the imaginary axis.

1
(0]

0.5
(0]
0 (V]
(0]

-0.5
(0]

-1

-1 -05 0 0.5 1
Real part
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Using the pole interlacing property we can express H(z) as H(z) = %(Ao(zz) + z'lAl(zz)),

0.52786+2 and A, (2) = Q10557+ 7t
1+0.52786z°1 B 1+0.10557z71
using only 2 multipliers.

where Ay(2) = Hence, H(z) can be realized

M10.11 To design a 7th-order digital lowpass Butterworth half-band filter we usethe MATLAB

statement [ num den] = butter(5,0.5); whichyields
~ 0.016565(1+2z 1)’
H(z) = =) = =7
1+0.91997z7~ +0.1927z~* + 0.00768352
As can be seen from the pole plot obtained using zplane, all poles are on the imaginary axis.

0}

0.5 O
(0}

0 O
O

-0.5 0}

O

-1 -05 0 0.5 1
Real part

Using the pole interlacing property we can express H(z) as H(z) = %(Ao(zz) + z'lAl(zz)),

0.033131+0.688062 * + 772 A(2)= 023191+7°%
1+0.68806z1 +0.033131z 2 1 1+0.23191271
realized using only 3 multipliers.

where A(2) = Hence, H(z) can be

M10.12 The specifications given are Ws = 0.55mand o = 0.01. Hence, Wp = 0.45mand

Op=1-y1- 65 = 0.0000005. Therefore, Rp = —20log1o(1- dp) =4.3429 x 107% dB and

Rs=-20log (85) =60 dB. Using the commands

[N,w] = ellipord(w, ws, Rp, Rs) and

[b,a] = ellip(7, Rp, Rs, W) wethendetermine the transfer function of an N-th
order eliptic filter and plot its pole locations using zpl ane( b) . The poles of the transfer

function generated are not on the imaginary axis. We next adjust the value of &, and found
that for &, = 0.01 the poles of the transfer function H(z) generated are on the imaginary axis.

Using the pole interlacing property we can express Hp(z) as Hp(z) =% (Ao(zz) + z_lAl(zz)),
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0.1657 +1.0544z71 + 772 0.5559+ 71

whereAo(2) = = — and A1(z) = ————— . Thus, the half-band
1+1.05447z - +0.1657z 1+0.5559z
lowpass elliptic filter isgiven by Hg(z) = 1001657 + 105442~ +7 - +z71 05550 +7 "
P P J y o 2E1+1 0544772 +0.1657Z % 1+0.5559z" %
Its power-complementary highpasstransfer function is then
Hi(2) = ED 01657 + 105447 ° +2 % —2_1—05559 b The gain responses of Hp(z) and
N T+ 10544272 + 016572 1+ 0565507 11 gantep 0
H1(z) are shown below:
1y o)
0)
05} o 0
-10 } [

ot o 20} (
H !
05l 0 {

240 b - va { -
: =1 VY Y
L . . . ol R .

-1 -05 0 0.5 1 0 0.2 0.4 |0|6 0.8 ‘

Real part w/T

M10.13 Replacewi n = hammi ng(N) withwi n = hanni ng(N) inProgran] 10_8. The
gain response of the 6th-band filter of length 43 is shown below:

AL
M10.14 The specifications of the corresponding zero-phase half-band filter are as follows:

stopband edge wg = 0.651 and a minimum stopband attenuation of o5 =56 dB. The desired
stopband ripple is therefore 5 = 0.0016. The passband edge of thefilter isat

wp = 11— 0.65m = 0.351 Using the function r emezor d we then estimate the order of F(z) and
using the function remez we next design Q(z). To thisend the code fragments used are

[N fpts,mag, w] = remezord([0.35 0.65],[1 0],[0.0016 0.0016]);
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The order of F(z) isfound to be 19. The next number which is of the form 4K+2isN = 22,
therefore we use N = 22 to determine Hg(z) which will be of order 11 . Thefilter Q(2) is
designed using the statement

[g, err] = renmez(22,fpts, mag, w);

To determine the coefficients of the filter F(z) we add err to the central coefficient g[12]. Next,
using the function r oot s, we determine the roots of F(z) which should theoretically exhibit a
mirror image symmetry with respect to the unit circle with double roots on the unit circle.
Choosing the rootsinside the unit circle along with the roots on the unit circle we get the

minimum-phase spectral factor Hg(z)). The coefficients of Hg(z) are asfollows:

The coefficients of are
Col unmms 1 through 6
0. 19902 0. 47583 0. 42992 0. 040154 -0.18235 -0.036342

Col ums 7 through 12
0. 095385 0.015368 -0.050690 -0.0011198 0.025506 -0.010676

The highpass analysisfilter H1(z) can be obtained using the following MATLAB
statements

k = 0:11;
hl = ((-1)."k).*hoO;

The synthesis filters can be obtained from the analysisfilters using the commands

g0
gl

I
—n —h
j==1

20

0

20}
40

-60 |

-80 . . . .
0 02 04 06 08 1

M10.15 Thefollowing MATLAB programs can be used to design the analysis filters corresponding
to atwo-channel QMF paraunitary lattice filter bank. (The program uses the function f m nu
from the MATLAB Optimization Toolbox, which in turn uses the functions cubi ci 2,
cubi ci 3,0pti nt,sear chq, and updhess.)

% Program for the design of a two-channel QWF
% lattice filter bank.
Len = input(' The length of the filter =");
if (rmod(Len,2) ~= 0)

sprintf('Length has to be an even nunber')
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Len = Len+1;

end
ord = Len/ 2-1;
ws = 0.55%pi;

kinit = [1;zeros([ord, 1])];

% set the paraneters for the optinization routine

options = foptions;

options(1) = 1;

options(14) = 2500; % maxi num nunber of iterations for the
optim zation routine

kfin = fmnu('filtopt',kinit,options,[],Len,ws);

e00ol d = 1;

e0lold = kfin(l);

elOold = -kfin(1);

ellold = 1;

for k = 2: 1 engt h(kfin)
e00new = [e00old 0]-kfin(k)*[0 eOlold];
eOlnew = kfin(k)*[e00old 0] +[0 eOlol d];
elOnew = [elOold O]-kfin(k)*[0 ellold];
ellnew = kfin(k)*[elOold O] +[0 ellold];
e00o0l d = e0O0new,
eOlol d = eOlnew,
elOol d = elOnew,
ellold = ellnew,

end

El = [e00ol d; eOlol d];

hO = E1(:);

scal e_factor = abs(sun(h0));
ho hO/ scal e factor;

E2 = [el0ol d; ellol d] -
hl = E2(:);
hl = hl/scal e factor;

[HO,W = freqz(hO, 1, 1024);

[HL, W = freqz(hl, 1,1024);

pl ot (W pi, 20*1 0og10(abs(H0)), Wpi, 20*10glO(abs(Hl)));
grid on

title('Gain response of the analysis filters');

x| abel (' \omega/\pi'); ylabel ('Gain, dB);

function val = filtopt(kval, Len, ws)
e00ol d = 1;

eOlol d = kval (1);

elOold = -kval (1);

ellol d 1;
for k = 2:1ength(kval)

e00new = [e00ol d 0] -kval (k)*[0 eOlold];
eOlnew = kval (k) *[e00old 0] +[| 0 eOlol d];
elOnew = [elOold O] -kval (k)*[0 ellold];
ellnew = kval (k) *[el0old O] +[ 0 ellol d];
e00ol d = eOOnew,
eOlol d = eOlnew,
elOol d = elOnew,
ellold = ellnew,

end

El = [e00ol d; eOlol d];

hO = E1(:);

[HO,W = freqz(hO, 1, 1024);

val = 0;
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for k = 1:1ength(W

if (WKk) > ws)
val = val +abs(HO(k))"2;
end

end

Due to the non-linear nature of the function to be optimized, different valuesof ki ni t
should be used to optimize the analysisfilter'sgain response. The gain responses of the two
analysisfiltersis as shown below. From the gain response, the minimum stopband attenuation
of the analysis filtersis observed to be about 24 dB.

Gain response of the analysis filters
10 x r r .

0

-10 ¢
I-20 :
-30

240 b

-50

0 0.2 0.4 0.6 0.8 1
w/Tt

M10.16 The MATLAB program used to generate the prototype lowpass filter and the analysisfilters
of the 4-channel uniform DFT filter bank is given below:

L=21 f =[00.20.31]; m=[1100]; w=7/[10 1];
N =4, WN = exp(-2*pi *j/ N);
plottag = ['- ";"'"--";"-.";": X
h = zeros(N, L);
n = 0:L-1;
h(1l,:) =renez(L-1, f, m w;
for i = 1: N1
h(i+1,:) = h(1,:).*(WN.*(-i*n));
end;
clf;
for i = 1:N
[Hw = freqz(h(i,:), 1, 256, 'whole');
pl ot (W pi, abs(H), plottag(i,:));
hol d on;
end;
grid on;
hol d of f;

x| abel (' Normal i zed frequency'); yl abel (' Magni tude');
title(' Magni tude responses of uniform DFT analysis filter
bank');

The plots generated by the above program is given below:
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Magnitude responses of uniform DFT analweis filter bank
1.2 T T T

5 1 .
Hormalized frequency

M10.17 Thefirst 8 impulse response coefficients of Johnston's 16A lowpass filter H| (z) are given by

0.001050167, —0.005054526, —0.002589756, 0.0276414, —0.009666376, —0.09039223,
0.09779817, 0.4810284

The remaining 8 coefficients are given by flipping the coefficients left to right, From Eq.
(10.157), the highpass filter in the tree-structured 3-channel filter bank is given by Hy(z) =

77154 (z1). Thetwo remaining filters are given by Hy(2) = Hy (2)H (z?) and H1(2) =

H (2H H(zz). The MATLAB program used to generate the gain plots of the 3 analysisfiltersis
given by:

Gl = [0.10501670e-2 -0.50545260e-2 -0.25897560e- 2
0.27641400e-1 -0.96663760e-2 -0.90392230e-1 0.97798170e-1
0. 48102840] ;

G=[aG fliplr(Gl)];

n 0: 15;

HO = (-1)."n.*G

Hsqar = zeros(1,31); Gsqgar = zeros(1, 31);

Hsqgar (1:2:31) = HO; Gsqgar(1:2:31) = G

HL = conv(Hsgar,Q; H2 = conv(Gsqar, Q;

[AO,W0] = freqz(HO,[1]); [hl,wl] = freqz(HL,[1]); [h2,wW2] =
freqz(H2,[1]);

pl ot (WO/ pi , 20*1 0og10( abs( hO0)
", w2/ pi, 20*| ogl0(abs(h2)),"’
axis([0 1 -120 20]);

grid on;

x| abel (' Normal i zed Frequency');ylabel ('Gain in dB);

), " b-",wl/pi, 20*| 0og1l0(abs(h1)),"r-
g-.");

The plots generated are given below:
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11.2

11.3
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Chapter 11 (2e)

If R = 1250, then the frequency resolution = 7500 =6 Hz.
1250
. 7500
If frequency resolution = 4.5 Hz, thenR = a5 —— =1667 points.
(a) resolution = 8000 =31.25 Hz.
256
(b) Weneedtotakea % =500-point DFT.
(c) resolution = 8?\]& Hence desired length N of the DFT isgivenby N = % =625.
ince N must be an integer we choose N = 63 asthe DFT size.
kFr 200 x10% kF;  350x10%
a) F L= = 2000 Hz, F = = 3500 Hz,
@ Fao =g 1000 30~ R 1000
kF 4
Fagg = —L _824x10° _oonp.
R 1000
KF 3 kF 3
(b) Figg=—L = 195x14x107 _ 5700.97 Hz, Fag = —F = 339x14 X107 _ 4609 Hz,
R 1010 R 1010
kF 3
Fopy = —L = 222407 _ 1571080,
R 1010
kFr  97x10% kFr 187x 10
c F —L= =18762, Fg, = = =3617.02,
© For="g 517 1877 R 517
kF 4
Faoy = —L = 220 _ 5829 05,
R 517
L et the samples sequence be represented as g[n] = cos(w, n+@). Then, itsDTFT isgiven by

GEY) =n > (ej‘pé(w—ooo +21)+ e 195(w+w, +2 )).
| =—c0

1 0snsN-]

The windowed sequence is given by y[n] =g[n]w[n] where w[n] = [ otherwise. The

DTFT of the windowed sequence is then given by
re®) = % P (@79 + 1 e 1P (@ 90)) where W, () isthe DTFT of wn] and is

)=e Jm(N—l)/z sin(N/2)

given by R(e Sn@/2)

The DFT '[K] isasampled version of I(e!®) sampled at W, =%. To prevent leakage

phenomenon we require that w, = % for someinteger | . Now w, = Fg where Q isthe
T
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11.6

11.7

11.8

21 F
angular frequency of the analog signal. If Q = N L then the CTFT G,(iQ) of the analog
signal can be determined from I'[k ] .

g,(t) =cos(200mt). If werequire I'[k]=0 for all values of k except k = 64 and k = 448, we

21 F
require Q = 2007t to be of theform Q ; = v L for | =64. Therefore

2TTx 64 X FT

2001t = or FT =800 Hz.

(@) F,, =6 kHz. Let F; =12. Theresolution = F;/R. Hence, sz =4616.
2.6

(b) R= %) =4000. The closest power-of-2 to 4000 is R = 4096. Hence, a 4096-point FFT

should be used.

x[n] =A cos(2rif,n/ 64) + B cos(2mif,n/ 64). Since |X[k]| =0 for all values of k except k = 15,
nf,  2mx15 o 2nf,  2mx 27

2
27, 37 and 49, it follows then that either
64 64

f1 =15 or 27.

. Therefore,

Case (i): f1 =15, A =64, and f2 =27, B = 32. Therefore,
X[n] =64 cos(30TN /64) + 32cos(541m / 64).

Case (ii): f1 =27, A=32, and f2 =15, B = 64. Therefore,
X[n] =32cos(541 / 64) + 64 cos(30Tm / 64).

Thus, there are two possible solutions as indicated above.

(@) A direct DFT evauation (no FFT) requires N? = 250,000 complex multiplications and
N(N - 1) = 249,500 complex additions.
(b) Digital resolution = R = — = 0,002.
500
100

() Anaog frequency resolution = = =00 =0.2 Hz.

F
(d) The stopband edge of the filter should be at ?T =50 Hz.

(e) Digital frequency corresponding to the DFT sample X[31] = 53710 =0.062 and that
corresponding to the DFT sample X[390] = 2—28 =0.78.

Analog frequency corresponding to the DFT sample X[31] = 271x 53710 x100 =12.471t rad/s and

that corresponding to the DFT sample X[390] = 21tx 2—28 %100 =156t rad/s.



(f) length of FFT =512, and therefore 12 zer-valued samples should be appended.

(9) The FFT sampleindex that is closest to the old DFT sample X[31] is k= 31><%2) =32 and

the FFT sampleindex that is closest to the old DFT sample X[390] is k =390 X% (1399.36

and hence k = 399 is the closest.
11.9 In oder to distinguish two closely spaced sinusoids we require that the separation between the

two frequencies be atleast half of the main-lobe width of the window being used. From Table
7.3, the main-lobe widths of the 4 windows are given by:

(a) Rectangular window: Aoo-4n il Therefore, f, >f; + — 2 =0.283.
N 60 60
(b) Hamming window: Aoo—8r[ 8—“ Therefore, f, >f, + — —O 316.
N 60 60
(c) Hannwindow: Aw = g _ 8—“ Therefore, f, >f; + 4 =0.316.
N 60 60
(d) Blackman window: Aw_lZn:_lzn' Therefore, f, >f, + — 6 =0.35.
N 60 60
2 4 4
11.10 (&) f,>f + O—0268 (b) f,>f + O—0286 (o f,>f+ 10—0.286.
6
d) f,>f, +—=0.304.
(@ f2>h* 70
1111 (&) Fy=2F,. Hence, the minimum sampling frequency is FT,min =2F,.

F
(b) R= WT <AF. Therefore F; < N(AF). Hence the maximum sampling frequency is
Fr max = N(AF).

(©) If F, =4 kHz, then F; . =8 kHz.

T,min

|
If AF=10 Hzand N=2', then F; =2 (10).

T, max
(0]

1112 (a) Xger(€¥n)= Zx[n—m]w[m]e‘j‘*’m.

Grer@ i) = Zg[n mlwmle " = Z ax[n—m] + By{n—mi)w{m]e "
m=—o m=—oo

=q Zx[n—m]w[m]e_j‘*’m+[3 Zy[n—m]w[m]e_j("m =0(XST,_—r(ej°°, n)+BYST,__r(ej°’, n).



(b) y[n] = x[n—ng]. Hence, YST,_—r(ejw,n): Zy[n—m]w[m] gjom

m=—oo
)

= Zx[n—no—m]w[m] glom _ XST,__r(ej“’,n—no).
m=—co

(© y[n]=ej°)0x[n]. Hence, YST,__r(ejw,n)z Zy[n—m]w[m]e_jwm
m=—oo

Z x[n-mw[m] e /@ @M = x ST,_—r(ej(("_("o) n).
m=—c

11.13 XSTFT(ejw,n): Zx[n—m]vv[m]e_jwm. Replacing m in this expression with n —m we

m=—oo
00

arrive at XST,__r(ejw,n) = Z x[m]w{n —m]e N g oM = g7ien Zx[m]w[n—m] g lom
m=—oo m=—oo

Tlen 2 ,_—r(e “ n). Hence, )_(STl__r(ejw,n)=e_j°mXST,__r(e_jw,n). Thus, in computing

e
X S,T,_—r(e ,n) theinput x[n] is shifted through the window w[n], whereas, in computing

X ST,:T(ej“’, n) the window w[n] is shifted through the input x[n].

00

11.14 >_(ST,_—r(ejw, n) = Z x[mw{n—m]e ™ Hence, by inverse DTFT we obtain

"on
x{mlw[n-m] = 2_th.[ srer (€, M &M dw. Therefore,
0

0 21
jw joom
n_Z;([m]w[n m] = an'n_z_wx srer (€, ) €™ doo, which is equivalent to
21

x[m] Zw[n m] =x[m] W[0] = —I ZXST,__r(er n) €™ dey, where

n=—oo 0 N=—0

21

W[0] = n_Zan m] = n_Zw[n] or X[m]=— W[O] I Z Sﬂ__r(er )™ dea

11.15 From the alternate definition of the STFT giveni Problem 11.13 we have

Xrer (€9,1) = Zx[m]vv[l -m]e 19" Therefore,

m=—co



ZYSTFr(ejm,I)ej(m= > dmiwl —m] e 1M Hence,

| =0 | =—co m=-00
00 () 21

Y Rerer@ o= 3 Y s - [GEaR™
0

| =—co0 | =—co m=-o0

21

jwk ¢ . )21 if k=0,
Now, J’e dow —{ 0, if k20, Thus,,
0

2T

.:Zme:[m]W[l — m]2rtdm -n] =£|:Z§STFr(eJ°’,|)eJ‘mdw, or
0 21

2§ wil —n]&x[n] = X orer (€19, 1) €

nI:Zw n]X[n -L;Zoo srer (€91 €.

2T o
o< __ 1 2 ed® Vel
Let W[0] = an_ww[n]. Then x[n] = WG] { | :meSTFr(er,l )&l N,

[oe]

1116 X g (€,n) = Y x[n—m]w{mle ®™ Hence,

m=—oco
(o]

XSTI—‘r[k'n]= ZX[n—m]w[m] e—jZT[km/N =x[n] @W[n] e—j2nkn/N
m=—oo

X sterlk, n] can be obtained by filtering x[n] by an LTI dystem with an impulse response

heInl = winje 7% asindicated in Figure P11.1.

. Or in other words,

00

11.17 XST,__r(ejw,n) = z x[n—mjwim]e

m=—co

TIOM - Hence,

|XST,_—r(ej‘°, n)|2 = i ix[n—m]x[n—s]w[m]w[s] eI OMTIWS  Thyg,

S=—00 M=—o00

21 () 00
M = [Kerer @0 @¥dwo= 5 sin-mixn-guimp{gois+k -
0 S=—00 M=—00

[o¢]

= Zx[n—m]x[n—m+k]vv[m]\/\l[m—k]-

m=—oo

11.18 (a) Length of thewindow N =F; T



F-t
(b) The number of complex multiplicationsis C = glog2 N = % log,(F71). AnFFT is

performed after every K amples, i.e after every K/F; seconds. Thus, the number of complex

multiplications per second is

11.19

11.20

11.21

2
C FT

= ——log,(F 1).
KIFr 2K %R ™)

(o]

brlk,n]= Z xImlw[n-m]x[m+ k] win-k -m]|.

@ og[-k,n= Zx[m]w[n—m]x[m—k]w[n+k—m].
Substitute in the agozggexpression m-—-k=si.ee m=k+s. Thisyields
dsrl-knl = xs+Kwin -k -5 x[gwin - = pglk.rl.

S=—00
o]

(b) Letm+k=s. Then, ¢[k,n]= Z X[s—k]X[gwn-s+k]w[n-g] . It followsfrom
S=—00

this expression that ¢ o[k, n] can be computed by a convolution of hy[n] = w[n]w[n+k] with

X[n]x[n —¢g] asindicated in Figure P11.2.

Anaysisyields S@) =0z 192)+ X(2), and Y(2) =—a X(2) + 1-0a%)z 1gz). Solving the

first equation we get S(z) = 1 X(Z)_l , which when substituted in the second equation yields
-az
Yz -a+z* o
after some algebra X(2) = 7 — . Thetransfer functionisthus seento beaType 1
-az

alpass of the form of Eq. (6.58) and can thus be realized using any one of the single-
multiplier structures of Figure 6.36.

Y(Z) _ -a+Z 'A@)
X@ 1-az 'A@2)
transfer function of the "allpass reverberator”. Note that this expression is similar in form to
that of Eq. (6.58) with "d" replaced by "—a " and nzln replaced by "z‘lA(z)". Hence an
efficient realization of the structure of Figure P11.4 also is obtained readily from any one of
the structures of Figure 6.36. One such redlization isindicated below:

Analysis of the structure of Figure P11.4 yields , where A(z) denotes the



X(@) ——@{z 1 AQ TD_Q%
iy
—a-l 4)_'
W+ Y(2)

0 0
11.22 G,(2)= - {1 A2(z)} {1+A2(z)} —KZE;K {1-A,@} + 1{1+A2(z)}g

Hencein thls case, theratio K 1/K, determines the amount of boost or cut at low frequencies,
K> determines the amount of dc gain or attenuation at all frequencies, o determinesthe

, isrelated to B

3-dB bandwidth Aw,_ g =

through 3 = cosw, .

al pha = 0. 8;

beta = 0. 4;

Kl =1[0.9];

K2 = [0.5 2];

nbp = ((1- aIpha)/2) [1 0 -1];
dbp = [1 - beta*(1+alpha) alpha]
nbs = ((1+al pha)/2)*[1 -2*beta 1]
dbs = dbp;

[H p,w = freqz(nbp, dbp, 512);

[ Hhp, W = freqgz(nbs, dbs, 512);
hol d on

for k = 1:1 engt h(K1)
for m= 1:1engt h(K2)
H = K1(k)*H p+K2(m * Hhp;
sem | ogx(w pi, 20*1 og1l0(abs(H)));
x|l abel (' Gain, dB);
yl abel (' \onmegal/\pi');

clear H
hol d on;
end
end
grid on

axis([.01 1 -8 8]);

11.23 The transpose of the decimator structure of Figure 11.63 yields



x[n] "2 1 Eqo(2)
il —+ E01(2
[
—— Ego(2)
]2 4 Eq0(2)
— Enn(@
L Eq5(2)
11.24
—rT 3 ¥ H(2) :l 4 —
# Ro(2)—11 —N:—I;—}—bl L+ — T 4{4;-)—;1 -
-1 4
— R1(29—{1 3 — — T —o{{i—)
71 4
L Ry(2)—{13 —T Ly —+ T —T
@ ()
S L L L
a Z
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z zt
(c) (d)
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M11.1 Figuresbelow illustrate the application of Program 11_1 in detecting the touch-tone digits A
and 3:
100 LT T T T L 100 gt ! & H
3 00 T N O T 0
— BOf.... ......... ....... ] = B0F. ............. ............ ............ i
= A = e e :
R I o o o - 1 V] SN B R S ]
Y 0 U0 OO SO SO SN O O o] S I - R _
a ? @ ra n n @ 0 ?G‘Im m @ 'TP
15 2 25 3| 3’ a8 10 20 W 40 50
Touch-Tone Synbol = A Touch- Tone Synbol = 3

M11.2 For R = 16, the two strong peaks occur at k = 3 and 5. The associated frequencies are

_ 2mx3 _ 3 _ _ 5 _ _
Wy = —, O f, = - 0.1875 and f, = T =0.3125. For R = 32, the two strong peaks occur at

k =5and 10. The associated frequenciesare f; = 3—52 =0.15625 and f, = 13—2 =0.3125.



Lol e] b b L)

For R = 64, the two strong peaks occur at k = 11 and 22. The associated frequencies are
f, =11/64 =0.1718, and f, = 20/64 = 0.3125. For R = 128, the two strong peaks occur at k =
21 and 39. The associated frequencies are f; =21/128 = 0.1641, and f, =39/128 = 0.3047.

Moreover, the last two plots show a number of minor peaks and it is not clear by examining
these plots whether or not there are other sinusoids of lesser strengths present in the sequence

being analyzed.
R=84 R=123
8 H H H H H H
% g
3 A -n SR P SO SIS | S

20 1] 40 50
k

(ool
0 Z0 40 EiEIk g0 100 120

Anincreasein the size of the DFT increases the resolution of the spectral analysis by reducing
the separation between adjacent DFT samples. Also the estimated values of the frequencies of
the sinusoid get closer to the actual values of 0.167 and 0.3076 as the size of the DFT increases.

M11.3 Asthe separation between the two frequencies decreases, the distance between the two
maximasin the DFT of the sequence decreases, and when f, = 0.21, the second sinusoid
cannot be determined from the DFT plot. Thisis dueto the use of alength-16 rectangular
window to truncate the original infinite-length sequence. For alength-16 rectangular
window, two adjacent sinusoids can be distinguished if their angular frequencies are apart by

half the mainlobe width of %ﬁ radians or equivalently, if their frequencies are apart by

% = 0.0625. Notethat the DFT length R = 128 isall plats.



fl =0.65,f2=077

fl=0065,{Z2=0.38
10 . . . 10
= PO . A ]
— = Bkl T ]
2t o
e Soal e R _
bl RN | (1[11) .=, I, " . |1 (1| PO ]
uli: hindll P 1 0 || |||I| || |I|I
0 20 40 E-IIIk a0 oo 120 0 20 40 E-IIIk a0 1IIIIII 12III
f1 =068, f2=0.74 f1=0631fZ=07
10 . . . 10 : : :
) )
] A
] +--
iy % |III ||| i T [
0 20 40 E-IZIk a0 1IIIIII 12IZI 0 40 E-Dk a0 oo 120

M11.4 f,=0.21, f; =0.18. Hence, Af =0.03. For aHamming window the mainlobe width

Ay =17 TheDFT length R = 128 in all plots.
=16 =32

oo Z0 40

(i) N=16. Hereitisnot possible to distinguish the two sinusoids. This also can be seen
fromthevalue of Ay, = %=O.5, and hence, half of the mainlobe width is greater than Af .

(i) Increasing N to 32, makes the separation between the two peaks visible. However, itis
difficult to identify the peaks accurately.



H=15

(iii) Increasing N to 64, makes the separation between the two peaks more visible. However,
itisdtill difficult to identify the peaks accurately.

(iv) For N = 128, the separation between the two peaks clearly visible.

Note also the suppression of the minor peaks due to the use of atapered window.

M11.5 Results are similar to that in Problem M11.4.
H =16

oo 20 40 B0 &0 100 len

M11.6 f,=0.21,f; =0.18. Hence, Af =0.03. The DFT length R =128 in all plots.



[EIE]

[} I
[E[E]

[h} Iu o

L]
-3

(i) For N =16, itisdifficult to identify the two sinusoids.

(ii) For N = 32, there are two peaks clearly visible at k = 36 and 43, respectively.

20 . . . . . . H =123

(iii) For N =64, itisdifficult to identify the two sinusoids.
(iv) For N =128, there are two peaks clearly visible at k = 37 and 41, respectively.
M11.7

ncormpted sinnsoid Hoize cormpted sinusoid

Aunplitade

i i i i i
0 50 100 150 200 250
Time index n




| 1 I 1
1] =] 100 K 150 200 250

The SNR computed by the program is—7.4147 dB. Thereisapeak at the frequency index 29
whose normalized frequency equivalent is equal to 29/256 = 0.1133. Hence the DFT approach
has correctly identified the frequency of the sinusoid corrupted by the noise.

M11.8
Unearmpted simsoid . Moize cormpted sinnsoid
| S S S U AU T ! ! ! ! !
0.5 i
E = Tl
b § I
-0.5 HIH- -
1_.! ...... ANTARSRa AR L LS = ; ; ; ; ;
u} =] 100 150 200 250 o =18 100 150 200 250
Time index o Time index n
1zob........]. "" ............ !
1oak.......f LY
% aob........) ............. ......................................
3 : :
! a0l ......................................
= Qo bk AU B X
z0 i 14l
i} 1 1 1 1 1
u] 50 100 K 150 200 250

The SNR computed by the program is—7.7938 dB. Thereis apeak at the frequency index 42
whose normalized frequency equivalent is equal to 42/256 = 0.1641. Hence the DFT approach
has correctly identified the frequency of the sinusoid corrupted by the noise.

M11.9 The following program can be used to plot the power spectrum estimates of the noise
corrupted signal windowed by a rectangular window.

% Power Spectrum Estinmation %
nfft = input(' Type in the fft size ="');

n = 0:1000;

g = sin(0.1*pi*n) + sin(0.2*pi*n) + randn(size(n));

w ndow = boxcar (nfft);

[ Pxx, f] = psd(g,nfft, 2, w ndow);

plot(f/2,10*1 oglO(Pxx));grid

x| abel (' \ormega/\ pi');yl abel (' Power Spectrum dB');
titletext=sprintf(' Power Spectrum Wth Wndow Si ze =
%' , nfft);

title(titletext);



The power spectrum estimate with window size = 64 and 256 are shown below

Power Spectrum With Window Size = 64

Power Spectrum With Window Size = 256
0 r r r .

10

0 0.1 0.2 0.3 0.4 0.5 ) 0 0.1 0.2 0.3 0.4 0.5
w/TT w/Tt

M11.10 Program_11 4 can be used to evaluate the Bartlett and Welch estimate by changing

g = 2*sin(0.12*pi*n) + sin(0.28*pi*n) + randn(size(n));
tog = sin(0.1*pi*n) + sin(0.2*pi*n) + randn(size(n));

and thelinewi ndow = hanmi ng(256) withwi ndow = boxcar (1024) forthe
Bartlett estimate, and withwi ndow = hanni ng(1024) for the Welch estimate. Also set
nfft=1024.

The plot of the Bartlett estimate of the power spectrum estimate for the noise corrupted signal
is shown below

Bartlett Estimate (Overalp = 0 samples)

0.1 0.2 0.3 0.4 0.5
w/Tt

The Welch estimates of the power spectrum with an overlapping Hann window for overlaps of
64 and 128 samples are shown below
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Welch Estimate (Overalp = 64 samples)

0.2 0.3 0.4
w/TT

0.1

0.5

Welch Estimate (Overalp = 128 samples)
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0.5

M11.11 Usethe statementb = renez(11,[0 0.3 0.5 1],[12 1 0 0],[1 1]); to

design the FIR filter. Then use the statement [d, pO]

| pc(b, order);

and run it for

order = 4,5 and 6 to determine an equivalent all-pole model. The magnitude response of the
orignial FIR filter (solid line) and the all-pole equivalent (dotted line) are shown below for
different values of order.

Order of all-pole equivalent = 4

Order of all-pole equivalent =5

15 15

— Original — Original

—— Estimate /'\ — Estimate
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